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PREFACE

The purpose of this book is to present the major.advances in the fundamentals of
quantum physics from 1927 to the present in a manner that cannot be made any
simpler. In selecting the materials covered in this book I have omitted those topics
which are discussed in conventional textbooks on nonrelativistic quantum me-
charics, group-theoretic methods, atomic and molecular structure, solid-state
physics, low-energy nuclear physics, and elementary particle physics. With some
regret I have also omitted the formal theory of collision processes; fortunately a
careful and detailed treatment of this subject can be found in a companion Addison-
Wesley volume, Advanced Quantum Theory, by P. Roman. Thus the emphasis
is primarily on the quantum theory of radiation, the Dirac theory of leptons, and
covariant quantum electrodynamics. No familiarity with relativistic quantum
mechanics or quantum field theory is presupposed, but the reader is assumed to
be familiar with nonrelativistic quantum mechanics (as covered in Dicke and
Wittke or in Merzbacher), classical electrodynamics (as covered in Panofsky and
Phillips or in Jackson), and classical mechanics (as covered in Goldstein).

The book has its origin in lecture notes I prepared for the third part of a three-
quarter sequence of courses in quantum mechanics required of a// Ph.D. candidates
in physics at the University of Chicago. Twenty years ago such a short course
in “advanced quantum mechanics” might have covered the materials discussed
in the last three chapters of Schiff. We must realize, however, that forty years have
passed since P. A. M. Dirac wrote down the relativistic wave equation for the
electron; it was nearly twenty years ago that R, P. Feynman invented the famous
graphical techniques that have had profound influences, not only on quantum
electrodynamics and high-energy nuclear physics, but also on such remotely
related topics as statistical mechanics, superconductivity, and nuclear many-body
problems. It is evident that, as the frontier of physics advances, the sort of curric-
ulum adequate for graduate students twenty years ago is no longer satisfactory
today.

Chapter 1 of this book is concerned with a very brief introduction to classical
field theory needed for the latter parts of the book. The subject matter of Chapter
2 is the quantum theory of radiation. First, the transverse electromagnetic field
is quantized in analogy with quantum-mechanical harmonic oscillators. The
subsequent parts of the chapter deal with standard topics such as the emission,
absorption, and scattering of light by atoms, and thus provide rigorously correct
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v PREFACE

(as opposed to superficial) explanations of a number of atomic phenomena (e. g.,
spontaneous emission, Planck’s radiation law, and the photoelectric effect) with
which the students are already familiar from their earlier courses. In addition,
we discuss more advanced topics including radiation damping, resonance fluores-
cence, the Kramers-Kronig (dispersion) relations, the idea of mass renormalization,
and Bethe’s treatment of the Lamb shift.

It is deplorable that fewer and fewer students nowadays study Heitler’s classica
treatise on the quantum theory of radiation. As a result, we see a number
sophisticated, yet uneducated, theoreticians who are conversant in the L&7
formalism of the Heisenberg field operators, but do not know why an excited atom
radiates, or are ignorant of the quantum-theoretic derivation of Rayleigh’s law
'that accounts for the blueness of the sky. It is hoped that Chapter 2 of this book
will fill the missing gap in the education of physicists in the mid-twentieth century.

The wave equation of Dirac is introduced in Chapter 3 by linearizing the rela-
tivistic second-order equation involving Pauli matrices, as originally done by
B. L. van der Waerden. In addition to presenting standard topics such as the
plane-wave solutions, an approximate and the exact treatment of the hydrogen
atom, and the physical interpretations of Zitterbewegung, we make special attempts
to familiarize the reader with the physical meanings of the various gamma matrices.
The inadequacy of the single-particle interpretation of the Dirac theory is pointed
out, and towards the end of the chapter we quantize the Dirac field using the
Jordan-Wigner method. Although a rigorous proof of the spin-statistics connec-
tion is not given, we demonstrate that it is difficult to construct a sensible field
theory in which the electron does not obey the Pauli exclusion principle. The
chapter ends with applications to weak interactions, including short discussions
on the two-component neutrino and parity nonconservation in nuclear beta
decay, hyperon decay, and pion decay.

Symmetry considerations are emphasized throughout Chapter 3. We not
only discuss the formal transformation properties of the Dirac wave function and
the quantized Dirac field under Lorentz transformations, parity, and charge
conjugation, but also show how the various symmetry operators can actually be
used in specific problems (e. g., in constructing momentum and helicity eigen-
functions or in proving that the intrinsic parity of the positron is opposite to that
of the electron). In Sections 9 and 10 we attempt to clarify the basic differen-:
between charge conjugation in the unquantized Dirac theory and charge conjug:-
tion in the quantized Dirac theory, which is often a source of confusion in the
literature.

Covariant perturbation theory is covered in Chapter 4. A distinct feature of
this chapter is that we present covariant quantum electrodynamics not as a “new
theory” but rather as a natural and almost immediate consequence of relativistic
quantum mechanics and elementary quantum field theory, whose foundations
had been laid down by 1932. In the usual derivation of the Feynman rules from
quantum field theory, one first defines five different kinds of invariant functions,
three different kinds of ordered products, etc., and during that time the novice
has no idea why these concepts are introduced. Instead of deriving the Feynman
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rules in the most general case from field theory using the Dyson-Wick formalism,
we demonstrate how, in a concrete physical example, the vacuum expectation
value of the time-ordercd product (0|7 (y(x’) ¢ (x))[0) emerges in a natural
manner. It is then pointed out how this vacuum expectation value can be inter-
preted pictorially in terms of the propagation of an electron going forward or
backward in time i la Feynman. The simplicity and elegance of the postwar
calculational techniques are explicitly exhibited as we demonstrate how two non-
covariant expressions add up to a single covariant expression. The Feynman
rules are also discussed from the point of view of the unit source solution (the
Green’s function) of the wave eqnation, and Feynman’s intuitive space-time
approach is compared to the field-theoretic approach. Some electromagnetic
processes (e. g., Mott scattering, two-photon annihilation of electron-positron
pairs, Moller scattering) are worked out in detail. The last section of Chapter 4
conzists of brief discussions of higher-order processes, the mass and charge re-
nor:nalization, and difficulties with the present field theory. In addition to dis-
cussing standard topics such as the electron self-energy and the vertex correction,
we demonstrate how the principles of unitarity and causality can be utilized to
obtain a sum rule that relates the charge renormalization constant to the prob-
ability of pair creation in an external field. The method for evaluating integrals
appearing in covariant perturbation theory is discussed in Appendix E ; as examples,
the self-energy and the anomalous magnetic moment of the electron are caleulated
in detail.

We present the covariant calculational techniques in such a manner that the
reader is least likely to make mistakes with factors of 2, i, —1, etc. For this
reason we employ, throughout the book, the normalization convention according
to which there is one particle in a box of volume V; this is more convenient in
practice because we know that the various ¥’s must cancel at the very end, whereas
the same cannot be said about (2x)'s. A good amount of space is devoted to
showing how observable quantities like differential cross sections and decay
rates are simply related to the covariant .#-matrices, which we can iminediately
write down just by looking at the “‘graphs.”

Throughout this book the emphasis is on physics with a capital P. Complicated
mathematical concepts and formalisms that have little relation to physical reality
are eliminated as much as possible. For instance, the starting point of the quan-
tization of the Dirac field is the anticommutation relations among the creation and
annihilation operators rather than the anticommutation selation between two
Dirac Helds; this is because the Dirac Tield itselfl 1s not measurable, whereas the
anticommutation relation between two creation operators has a simple and direct
physical meaning in terms of physically permissible states consistent with the
Pauli exclusion principle. In this sense our approach is closer to the *particle”
poiiie of view thun to the “field” point of view, even though we talk extensively
about the quantized Dirac field in the last third of the book.

Whenever there are several alternative methods for deriving the same result,
we do not necessarily choose the most elegant, but rather present the one that
makes the physics of the problemn most transparent at cach stage of the derivation.
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For example, in discussing the Mpller interaction between two electrons we start
with the radiation (Coulomb) gauge formalism of E. Fermi and show how this
noncovariant but simple method can be used to derive, in an almost miraculous
manner, a manifestly covariant matrix element which can be visualized as arising
from the exchange of four types of “covariant photons.” We prefer this approach
to the one based on the Bleuler-Gupta method because the latter introduces
artificial concepts, such as the indefinite metric and negative probabilities, which
are not very enlightening from the point of view of the beginner’s physical under-
standing of quantum electrodynamics.

Wherever possible, we show how the concepts introduced in this book are
rclated to concepts familiar from nonrelativistic quantum mechanics or classical
electrodynamics. For example, as we discuss classical electrodynamics in Chapter
1 we review the role of the vector potential in nonrelativistic quantum mechanics
and, in particular, consider the Aharonov-Bohm effect and flux quantization.
In Chapter 2 the scattering of light by atoms in the quantum theory is compared to
its classical analog. In discussing the polarization correlation of the two-photon
system resulting from the annihilation of an electron-positron pair, we illustrate
some peculiar features of the quantum theory of measurement which have disturbed
such great minds as A. Einstein. In Chapter 4 a fair amount of attention is paid to
the connection between the calculational methods of the old-fashioned perturba-
tion theory (based on energy denominators) and those of covariant perturbation
theory (based on relativistically invariant denominators). In discussing the
Moller interaction and the nucleon-nucleon interaction, we try to indicate how
the potential concept one learns about in nonrelativistic quantum mechanics is
related to the field-theoretic description based on the exchange of quanta.

Although numerous examples from meson theory and nuclear physics arc
treated throughout the book, it is not our intention to present systematic accounts
of nuclear or high-energy phenomena. Nonelectromagnetic processes are dis-
cussed solely to illustrate how the ideas and techniques which we acquire in
working out electromagnetic problems can readily be applied to other areas of
physics.

The forty-seven problems scattered throughout comprise a vital part of the
book. The reader who has read the book but cannot work out the problems has
learned nothing. Even though some of the problems are more difficult and chal-
lenging than others, none are excessively difficult or time-consuming. Nearly
every one of them has been worked out by students at the University of Chicago;
some, in the final examination of the course on which the book is based.

In recent years several excellent textbooks have appeared on the calculational
techniques in relativistic quantum mechanics. .The distinct feature of this book
is not just to teach the bag of tricks useful only to high-energy physicists or to
show how to compute the trace of the product of Dirac matrices, but to make the
reader aware of the progress we have made sincc 1927 in our understanding of
fundamental physical processes in the quantum domain. From this point of view
we believe it is just as important for the student to know how the quantum descrip-
tion of the radiation field reduces to the familiar classical description in the limit
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of a large number of quanta, or why the spin-4 particle “must” obey the exclusion
principle, as it is to master the rules that enable us to calculate the magnetic
moment of the electron to eight decimals.

To summarize our philosophy: Relativistic quantum mechanics and field
theory should be viewed as part of the heroic intellectual endeavor of a large
number of twentieth-century theoretical physicists in the finest tradition of M.
Planck, A. Einstein, and N. Bohr. It would be catastrophic for the future develop-
ment of physics if the terminal course in theoretical physics for most Ph.D. level
students in physics were nonrelativistic quantum mechanics, the fundamentals of
which had essentially been perfected by 1926. For this reason I believe that the
topics covered in this book should be studied seriously by every Ph.D. candidate
in physics, just as nonrelativistic quantum mechanics has become recognized as
a subject matter to be digested by every student of physics and chemistry.

I am grateful to the Alfred P. Sloan Foundation for a fellowship which enabled
me fo write the last chapter of the book in the congenial atmosphere of CERN
(Eurapean Organization for Nuclear Research). I wish to thank Drs. J. S. Bell,
S. Fenster, and A. Maksymowicz, and Mr. D. F. Greenberg for reading various
parts of the book and making many valuable suggestions. Particular thanks are
due to Mr. I. Kimel for the painstaking task of filling in the equations.

May 1967 J.I.S.
Chicago, Illinois
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CHAPTER 1

CLASSICAL FIELDS

1-1. PARTICLES AND FIELDS

Nonrelativistic quantum mechanics, developed in the years from 1923 to 1926,
provides a unified and logically consistent picture of numerous phenomena in the
atomic and molecular domain. Following P.A.M. Dirac, we might be tempted
to assert: “The underlying physical laws necessary for the mathematical theory
of a large part of physics and the whole of chemistry are completely known.”

There are, however, basically two reasons for believing that the description
of physical phenomena based on nonrelativistic quantum mechanics is incomplete.
First, since nonrelativistic quantum mechanics is formulated in such a way as to
yield the nonrelativistic energy-momentum relation in the classical limit, it is
incapable of accounting for the fine structure of a hydrogen-like atom. (This
problem was treated earlier by A. Sommerfeld, who used a relativistic generaliza-
tion of N. Bohr’s atomic model.) In general, nonrelativistic quantum mechanics
makes no prediction about the dynamical behavior of particles moving at rela-
tivistic velocities. This defect was amended by the relativistic theory of electrons
developed by Dirac in 1928, which will be discussed in Chapter 3. Second, and
what is more serious, nonrelativistic quantum mechanics is essentially a single-
particie theory in which the probability density for finding a given particle inte-
grated over all space is unity at all times. Thus it is not constructed to describe
phenomena such as nuclear beta decay in which an electron and an antineutrino
are created as the neutron becomes a proton or to describe even a simpler process
in which an excited atom returns to its ground state by “spontaneously” emitting
a single photon in the absence of any external field. Indeed, it is no accident that
many of the most creative theoretical physicists in the past forty years have spent
their main efforts on attempts to understand physical phenomena in which various
particles are created or annihilated. The major part of this book is devoted to the
progress physicists have made along these lines since the historic 1927 paper of
Dirac entitled “The Quantum Theory of the Emission and Absorption of
Radiation” opened up a new subject called the quantum theory of fields.

The concept of a field was originally introduced in classical physics to account
for the interaction between two bodies separated by a finite distance. In ¢lassical
plysics the electric field E(x, #), for instance, is a three-component function defined
at each space-time point, and the interaction between two charged bodies, 1 and
2, is to be viewed as the interaction of body 2 with the electric field created by
body 1. In the quantum theory, however, the field concept acquires a new dimen-
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sion. As originally formulated in the late 1920°s and the early 1930, the basic
idea of quantum field theory is that we associate particles with fields such as the
electromagnetic field. To put it more precisely, quantum-mechanical excitations
of a field appear as particles of definite mass and spin, a notion we shalt iltustrate
in Section 2-2, where the connection between the transverse electromagnetic fic::l
and photons is discussed in detail.

Even before the advent of postwar calculational techniques which enabled us
to compute quantities such as the 2s-2p, , separation of the hydrogen atom to
an accuracy of one part in 10%, there had been a number of brilliant successes
of the quantum theory of fields. First, as we shall discuss in Chapter 2, the quantum
theory of radiation developed by Dirac and others provides quantitative under-
standings of a wide class of phenomena in which real photons are emitted or
absorbed. Second, the requirements imposed by quantum field theory, when
combined with other general principles such as Lorentz invariance and the
probabilistic interpretation of state vectors, severely restrict the class of particles
that are permitted to exist in nature..In particular, we may cite the following two
rules derivable from relativistic quantum field theory:

a) For every charged particle there must exist an antiparticle with opposite charge
and with the same mass and lifetime.

b) The particles that occur in nature must obey the spin-statistics theorem (first
proved by W. Pauli in 1940) which states that half-integer spin particles
(e.g., electron, proton, A-hyperon) must obey Fermi-Dirac statistics, whereas
integer spin particles (e.g., photon, x-meson, K-meson) must obey Bose-
Einstein statistics.

Empirically there is no known exception to these rules. Third, the existence of
a nonelectromagnetic interaction between two nucleons at short but finite distances
prompts us to infer that a field is responsible for nuclear forces; this, in turn,
implies the existence of massive particles associated with the field, a point first
emphasized by H. Yukawa in 1935. As is well known, the desired particles, now
known as z-mesons or pions, were found experimentally twelve years after the
theoretical prediction of their existence.

These considerations appear to indicate that the idea of associating particlus
with fields and, conversely, fields with particles is not entirely wrong. There are,
however, difficulties with the present form of quantum field theory which must
be overcome in the future. First, as we shall show in the last section of Chapter
4, despite the striking success of postwar quantum electrodyaamics in calculating
various observable effects, the “unobservable” modifications in the mass and charge
of the electron due to the emission and reabsorption of a virtual photon turn out
to diverge logarithmically with the frequency of the virtual photon. Second, the
idea of associating a field with each “particle” observed in nature becomes ridic-
ulous and distasteful when we consider the realm of strong interactions where
many different kinds of “particles” are known to interact with one another; we
know from experiment that nearly 100 “particles” or *resonances” participate
in the physics of strong interactions. This difficulty became particularly acute
in 1961-1964 when a successful classification scheme of strongly interacting
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particles was formulated which groups together into a single “family” highly un-
stable “particles” (lifetimes 107** sec, often called strong interaction resonances)
and moderately metastable particles (lifetimes 107'° sec).] Yet, despite these difficul-
ties, it is almost certain that there are many elements in present-day quantum
field theory which are likely to survive, say, one hundred years from now.

Before we study quantized fields, we will study classical fields. In part this deci-
sion is motivated by the historical fact that prior to the development of quantum
electrodynamics there was the classical electrodynamics of Maxwell which, among
other things, successfully predicted the existence of Hertzian electromagnetic
waves. This chapter is primarily concerned with the elements of classical field
theory needed for the understanding of quantized fields. As a preliminary to the
study of quantization we are particularly interested in the dynamical properties
of classical fields. For this reason we will follow an approach analogous to Hamil-
ton’s formulation of Lagrangian mechanics.

1-2. DISCRETE AND CONTINUOUS MECHANICAL SYSTEMS

The dynamical behavior of a single particle, or more precisely, a mass point in
classical mechanics, can be inferred from Lagrange’s equation of motion

d 8L) _ oL _
:Tz(‘a“é; =0 .
whicic is derivable from Hamilton’s variational principle
43
3 Jl L(q., §)dt = 0. (1.2)

The Lagrangian L (assumed here not to depend explicitly on time) is given by the
difference of the kinetic energy 7" and the potential energy V,

L=T-V, (1.3)

and the variation in (1.2) is to be taken over an arbitrary path ¢,(?) such that 8¢,
vanishes at 7, and 7,. The Hamiltonian of the system is

H = ?Pt‘?z—‘L' (1.4

where the momentum py, canonical conjugate to ¢, is given by

(1.5)

e = L.
7

$In fact the onc-to-one correspondence between a “field” and a “particle” appears to be
lost in a more modern formulation of the field theory of strong interaciions as many (if
not all) of the so-called “elementary” particles may well be regarded as bound (or
resonant) states of each other. The distinction between fundamental particles and com-
posite states, however, is much more clear-cut in the realm of the electromagnetic inter-
actions among electrons, muons, and photons. As an example, in Section 4-4 we shall
caicuiate the lifctime of the ground state of positronium without introducing a field
corresponding to the positronium.
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These considerations can be generalized to a system with many particles. As
a concrete example, let us consider a collection of N particles connected with
identical springs of force constant k and aligned in one dimension, as shown in
Fig. 1-1.1 By calling », the displacement of the ith particle from its equilibrium
position we write the Lagrangian L as follows:

=33 it — Koo~ 7' — G000 00000~

1 m_., Niel ™ i "
ax [7 " ka( * a Fig. 1-1. Particles connectcd with identical
springs.

It

a?,, (1.6)

Mz M=

where a is the separation distance between the equilibrium positions of two neigh-
boring particles and %, is the linear Lagrangian density, i.e. the Lagrangian den-
sity per unit length.

We can pass from the above discrete mechanical system to a continuous
mechanical system as the number of degrees of freedom becomes infinite in such
a way that the separation distance becomes infinitesimal:

a—» dx, -'g — u = linear mass density,
(1.7)
T el TR/ N PR Young’s modulus.
a ox
We now have
L= j.? dx, (1.8)
where
2
o= (2]

We note that 5 itself has become a function of the continuous parameters x and ¢.
Yet in the Lagrangian formalism n should be treated like a generalized “coor-
dinate™ just as ¢; in L of Eq. (1.2).

In formulating the varational principle in the continuous case we consider

5 ::Ldt= sj:dtjdxf(f,,f,,gg). (1.10)

The variation on 7 is assumed to vanish at ¢; and ¢, and also at the extremities
of the space integration. (In ficld theory this latter requirement is not stated ex-
plicitly since we are usually considering a field which goes to zero sufficiently
rapidly at infinity.) Otherwise the nature of the variation is completely arbitrary.
The variational integral becomes

sfra=faf dx{ &y + a(ar,/ax)s(ax) + a(gy}%z)g(%l)}
= f d’f dx {25%5” aax (a(aa;,%x)) & — aéi alan/az) "’} (.10

1This problem is treated in greater detail in Goldstein (1951), Chapter 11.
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where the integrations by parts of the last two terms can be justified since 87 vanishes
at the end points of the space and time intervals. If (1.11) is to vanish for any
arbitrary variation satisfying the above requirements, we must have

o _o% 9 0% 2%
ax A(anjox) Tt d(onjony ~ o

This is called the Euler-Lagrange equation.i In our particular example (1.9),
Eq. (1.12) becomes

0. (1.12)

32
) G/ _?zo. (1.13)

This is to be identified with the wave equation for the one-dimensional propaga-
tion of a disturbance with velocity o/ ¥/x. We can define the Hamiltonian density
J# in analogy with (1.5} as

. 0F
H 77—~—-ar_] L
.2 AR
=yt + 5 Y (51)5 (1.14)

0% 97 is called the canonical momentum conjugate to », and is often denoted
by . The two terms in (1.14) can be identified respectively with the kinetic and
potential energy densities.

1-3. CLASSICAL SCALAR FIELDS

Covariant notation. The arguments of the preceding section can readily be gen-
eralized to three space dimensions. Consider a field which is assumed to be a real
function defined at each space-time point, x, t; % now depends on ¢, oPjox;
(k = 1,2, 3), and 2¢/ar. The Euler-Lagrange equation reads

S 2 A 3 o% 2.2
25w T ot Gosen 9 - O (1.15)
We wish to write (1.15) in a relativistically covariant form, but first let us recall
some properties of Lorentz transformations. We introduce a four-vector notation
in which the four-vector b, with p = 1,2, 3, 4 stands for
b, = (by, b, ba, b)) = (b, iby), (1.16)

where by, b,, and b, arc real, and b, = ib, is purely imaginary. In general, the
Greek indices g, v, A, etc., run from [ to 4, whereas the italic indices i, J, &, etc.,

tIn the literature this equation is sometimes writen in the form
a 3% 37

e e = ()
at oonfaty Oy >

where 8.%/87 is called the functional derivative of .Z with respect to 7. This version is not

recommended since (2) it obscures the dependence of % on the space coordinate, and

(b) it singles out time, which is against the spirit of the covariant approach {to be discussed

in the next section).
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run from 1 to 3. The coordinate vector x, is given by
X, = (Xx, X3, X3, Xy)
= (x, icf). 1.17)

The symbols x, y, and z may also be used in place of x,, x,, and x;. Under a Lor'entz
transformation, we have

Xy = Uy Xy, (1.18)
where the a,, satisfy
Uyl = Swh (a_l)uv = Uy - (]]9)
Hence
Xy = (a0 X) = X, (1.20)

when x’ and x are related by (1.18). The matrnix elements aj;, a,4 are purely real,
whereas a,, and a,; are purely imaginary. A four-vector, by definition, transforms
in the same way as x, under Lorentz transformations. Because of (1.20) we have

2 o, 2

= Ay — &
ox,  9x,0x, ox,’

so the four-gradient 9/dx, is a four-vector. The scalar product &-c¢ is defined by

(1.21)

3
bc=1b,c,= 3 byc, + bcy
J=1
=b-c — byco- (1.22)
It is unchanged under Lorentz transformations, since

7/ j—
beg == a,,,,b,,a,,lcl = Bub,cl

= b-c. (1.23)
A tensor of second rank, ¢,,, transforms as
thy = G Qo trge (1.24)

Generalizations to tensors of higher rank are straightforward. Note that we make
no distinction between a covariant and a contravariant vector, nor do we define
the metric tensor g,.,. These complications are absolutely unnecessary in the special
theory of relativity. (It is regrettable that many textbook writers do not emphasize
this elementary point.)
Equation (1.15) can now be written as
] 2.F 0

o2 swre) ~ 56 ~© (23
It is seen that the field equation derivable from the Lagrangian-density % is covari-
ant (i.e., the equation “looks the same” in all Lorentz frames) if the Lagrangian
density % is chosen to be a relativistically scalar density, This is an important
point because the relativistic invariance of % is so restrictive that it can be used
as a guiding principle for “deriving” a covariant wave equation.

Neutral scalar field. As an ilfustration let ¢(x) be a scalar field which, by definition,
transfortos like

$'(x) = $(x), (1.26)
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under a Lorentz transformation, where ¢’ is the functional form of the field in the
primzd system. Now the dependence of % on space-time coordinates is only
through the field and its first derivatives, and x, cannot appear explicitly in &.
This means that 8¢/dx, is the only four-vector at our disposal; when it appears
in % it must be contracted with itself. Moreover, if we are interested in obtaining
a linear wave equation, % must be a quadratic function of ¢ and 2¢/ax,. A pos-
sible candidate for % consistent with the above requirements is

. (34’9&,- 2 z).
£ = 7 \7x, 3x, bt 1.27)
From the Euler-Lagrange equation (1.25) we obtain
~19 (9% 24 =
2 2x, (zax,‘) +u'¢=0 (1.28)
or
Clp — p*¢ =0, (1.29)
where
L2
O=V~ S5 (1.30)

The wave equation (1.29) is called the Klein-Gordon equation. It was considered
in the middle 1920’s by E. Schrédinger, as well as by O. Klein and W. Gordon,
as a candidate for the relativistic analog of the nonrelativistic Schrédinger wave
equation for a free particle. The similarity of (1.29) to the relativistic energy
momentum relation for a free particle of mass m,

E? —|plPc? = m®ci, (1.31)
becomes apparent as we consider heuristic substitutions:

y D
E-—«»lhé-t«, D> Ih—a—;(—k (1.32)

The parameter p in (1.29) has the dimension of inverse length, and, using (1.32),
we may make the identification

= mcfh. (1.33)
Numerically 1/p is 1.4} X 107" cm for a particle of mass 140 MeV/c? (corre-
sponding to the mass of the charged pion).

Yukawa potential. So far we have been concerned with a field in the absence of any
source. Such a field is often called a free field. The interaction of ¢ with a source
can easily be incorporated into the Lagrangian formalism by adding

glnt = —¢P7 (134)

to (1.27), where p is the source density, which is, in general, a function of space-
time coordinates. The field equation now becomes

(b — wd = p. (135)
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Let us consider a static (i.e., time-independent) solution to (1.35) where the
source is assumed to be a point source at the origin, independent of time. We have
(V — p) = G3O(x), (1.36)
where G, the numerical constant that characterizes the strength of the coupling
of the field to the source, is analogous to the constant e in electrodynamics.
Although the solution to (1.36) can be guessed immediately, for pedagogical
reasons we solve this equation using the Fourier transform method. First, we
define $(k) as follows:

$%) = oy | A=K,
. 1 1.37)
$0) = gy [ @xe =),

where d%k and d*x, respectively, stand for volume elementsin the three-dimensional
k-space and the coordinate space. If we multiply both sides of (1.36) by e~kx/(2x)**
and integrate with dx, we obtain, after integrating by parts twice (assuming that
¢ and V¢ go to zero sufficiently rapidly at infinity),

(—IkF = )P0 = o700 (1.35)

Thus the differential equation (1.36) has been converted into an algebraic equation
which can easily be solved:

G ]

Hlk) = ~ PR (1.39)
- —(—2-—0”—)327: [Tixpa [ dtcose r‘;};’% (1.40)

where r = | x| and 6, = £ (k, x). The integration can be performed to give
s =—2 (1.41)

Yukawa proposed that a nucleon is the source of a force field, called the meson
Jfield, in the same way as an electrically charged object is the source of an elec-
trostatic field. Suppose that the static meson field around a nucleon located at the
origin satisfies (1.36). The strength of the meson field at point x, due to the presence
of a nucleon at point x, is given by

P(x,) =

Since the interaction Lagrangian density (1.34) does not involve the time derivative
of ¢, the interaction Hamiltonian density (cf. Eq. 1.14), is given by #,, = — %,
Hence the total interaction Hamiltonian is

G e—#hn—xll

TaTw (142

Hy =[%”m d*x = _qu.o dx. (1.4%)
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The interaction energy between two nucleons, one located at point x,, the other
at point x,, is
G? e—ul!:-—!nl
Hon — Y . .
" dr [x, — x| (1-44)
Unlike the Coulomb case, this interaction is attractivel and short-ranged; it
goes to zero very rapidly for
X, — x| > 1. (1.45)

We have seen that by postulating the existence of a field obeying (1.36), we can
qualitatively understand the short-ranged force between two nucleons. The mass
of a quantum associated with the field was originally estimated by Yukawa to be
about 200 times the electron mass. This estimate is not too far from the mass
of the observed pion (about 270 times the electron mass) discovered by C. F. Powell
and his coworkers in 1947. To represent the interaction of the pion field with the
nucleon in a more realistic way, we must make a few more modifications. First,
we must take into account the spin of the nucleon and the intrinsic odd parity
of the pion, both of which will be discussed in Sections 3-10 and 3-11. Second, we
must note that the pions observed in nature have three charge states (%, z°, n7).
These considerations naturally lead us to a discussion of a complex field.

Complex scalar field. Suppose we consider two real fields of identical masses.
We can always construct complex fields ¢ and ¢* by§
_ +l'¢7z, * _.=¢7| — i,
v S SV, (1.46)

_ bt gt _$ =4
R (L.47)

The free-field Lagrangian density can be written either in terms of the real fields
¢, and ¢, or in terms of the complex fields ¢ and $*:

=5 (G2 ) - 5 (5250 + a)

90X, 90X, ax, dx,
(28 9 . 4y,
(522 + wome) (1.48)

The field equations for ¢ and ¢* can be obtained from the variational principle
by treating ¢ and ¢* as two independent fields:

il

o Sogo) ~ g 0~ O — w9t =0,

o ¥ 2.7
I, Fadaxy ~opr ~ 0T L — e =0.

(1.49)

}The reason for the Coulomb repulsion and the Yukawa attraction will be treated in
Section 4-6. The difference stems from the fact that the Coulomb field transforms like
the fourth component of a vector, whereas our ¢ field is a scalar field.

§Throughout this book the superscript * stands for complex conjugation. The super-
script 1 will be used for Hermitian cotjugation.
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What is the physical interpretation of a complex field ? 1t is not difficult to show
that if ¢ is a solution to the Klein-Gordon equation in the presence of 4, with
charge e, then ¢* is a solution to the Klein-Gordon equation in the presence of
the same A4, but with charge —e. This demonstration is left as an exercise
(Problem 1-3).

To see further the connection between the complexity of a scalar field and
an internal attribute such as electric charge associated with it, we consider the
following unitary (actually orthogonal) transformation on ¢, and ¢,:

¢y = P cosA — ¢ sin A, ¢: = Py sinh 4 P, cos A, (1.50)
where A is a real constant independent of space-time points. Since the masses
associated with ¢, and ¢, are assumed to be strictly the same in (1.48), the free-
field Lagrangian (1.48) is clearly invariant under (1.50). In terms of ¢ and ¢*,
the transformation (1.50) amounts to

¢ = e, P = e~ gp*. (L.51)
Let us consider (1.51) with A taken to be infinitesimally small. We then have

5p = iNd,  Bp* = —irg*, (1.52)
for the changes in ¢ and ¢*. Meanwhile, the variation in.% induced by (1.52) is

(55 86 + gy (B0)] + [5e 39" + sy (5

=155 — o Ggem) |20 + 56 — o (o)) 29"

] 2.F
+ 50 Lo 2 + sy o]

__,7\_(_35_95_95*5%), (1.53)

9x, \ dx,

8F =

where we have used the Euler-Lagrange equation. Since the Lagrangian density
is known to be unchanged from our earlier argument, 8. must be zero. Thus
we have the important result

o5
5:!%, =0, (1.54)
where
5. «z(a‘i’ b — ¢* a‘?5) (1.55)

This means that there exists a conserved four-vector current [i.e., a four-vector
density that satisfies the continuity equation (1.54)] associated with a complex
field ¢.

Under the substitution ¢ > ¢*, 5, changes its sign. This suggests that s, is
to be interpreted as the charge-current density up to a constant, and that if ¢ is
a field corresponding to a particle with charge e, then ¢* is a field corresponding
to a particle with charge —e, in agreement with the interpretation suggested in
Problem 1-3. It is a remarkable feature of relativistic field theory that it can readily



1-3 CLASSICAL SCALAR FIELDS 11

accommodate a pair of particles with the same mass but cpposite charges. In the
formalism, however, there is nothing that compels us to relate s, to the charge-
current density that appears in electrodynamics. In fact, our formalism can ac-
commodate any conserved internal attribute associated with a complex field.

Let us get back to pions. In order to describe the three charge states observed
in nature, we ignore the mass difference between the z* and the z° (about 5 MeV
out of 140 MeV) and start with

3
oo A[BEIE) es] s
Xa

a1 aX“

where the orthogonal linear combinations of ¢, and ¢, given by (1.46) correspond
to the charged pions, and ¢; corresponds to the neutral pion. This suggests that
we may consider a class of unitary transformations wider than (1.50) in which
not only ¢, and ¢, but also all three ¢, are mixed with one another. This is essen-
tially the starting point of isospin formalism, a subject which we shall not discuss
in this book.

To sum up, the strict mass degeneracy of ¢, and ¢, implies the invariance of &
under (1.50) and (1.51) which in turn gives the conservation law of electric charge,
or some similar internal attribute, associated with the complex fields ¢ and ¢*.
The connection between invariance under a certain transformation and an as-
sociated conservation law is well known in both classical and quantum mechanics,
e.g., the connection between rotational invariance (isotropy of space) and angular
momentum conservation. But here we see that the conservation law of a non-
geometrical attribute such as electric charge can also be formulated in terms of
invariance under a transformation (1.51) which is called, after W. Pauli, the gauge
transformation of the first kind.

Perhaps the real significance of what we have accomplished can be appreciated
only by considering an example in which the conservation of an internal attribute
is approximate. In field theory neutral K mesons created in high-energy collisions
must be described by complex fields even though they are electrically neutral.
This is because K and its antiparticle K® carry internal attributes called hyper-
charge, denoted by Y; ¥ = 41 for K® with which we may associate a complex
field ¢, and ¥ = —1 for K® with which we may associate ¢*. Hypercharge con-
servation] (which is equivalent to the conservation of strangeness, introduced
by M. Gell-Mann and K. Nishijima in 1953) is a very useful conservation law,
but it is broken by a class of imeractions about 10'* times weaker than the
kind of interactions responsible for the production of K° and K° with definite
hypercharges. As a result, the particle states known as K; and K, which essentially
correspond to our ¢, and ¢. turn out to have a very small but measurable mass
difference (~10~"' MeV/c?). Thanks to the nonconservation of hypercharge
we have a realistic example that illustrates the connection between the noncon-
servation of an internal attribute and a removal of the mass degeneracy.

{For an elementary discussion of hypercharge conservation see, for example, Segré
(1964), Chapter 3. For a more complete discussion consult Nishijima (1964), Chapter 6,
and 3akurai (1964), Chapter 10.
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1-4. CLASSICAL MAXWELL FIELDS

Basic equations. We shall now discuss electromagnetic fields within the framewori:
of classical electrodynamtics. In this chapter and the next we shall use Heaviside-
Lorentz (rationalized) units in which the Maxwell equations read:

V-E =p,

_12E_ .
VxB cot ¢’

V-B=0,

1 0B _
VXE’f“C—-a—{'—-O

(1.57)

(1.58)

According to our units the fine-structure constant is given by

e!

1
dzhe S T37.08° (1.59)

which is equal to e*/ic in Gaussian (cgs) uinits and e*/(4nhce,) in mKs rationalized
units. The fields and potentials in our units are related to the corresponding fields
and potentials in Gaussian units by 1/a/47; for example, (1/2)(Ef? + |B[?) in
our units should read (1/8z) (Ef* + |BJ*) in Gaussian units. Note, however, that
expressions such as p — eA/c are the same in both units since

(Var €) (A/n/37) = eA.

The Maxwell equations can be written more concisely if we introduce the field
tensor F,,, antisymmetric in x and », and the charge-current four-vector j, as
follows:

0 B, —B, —iE,
F ~B, 0 B, —iE, 160
“~\ B, —B, 0 —ik]| (1.60)
iE, iFE, iE, O
Ju=(j, icp). (1.61)
Equation (1.57) now becomes
oF, J
9l - Jp. .
= (1.62)

The simplicity of the covariant form of the Maxwell equations should be noted.
In fact, what is now known as Lorentz invariance was first noted by H. Poincaré
as he examined the transformation properties of the Maxwell equations.

By virtue of the antisymmetry of F,,, we have the continuity equation for the
charge-current density. To show this we just take the four-divergence of both sides

of (1.62). We have
1 ( 2 oF,,

7 (5 —_

2 0y
ax, 2 \ox, ax, dx, 9x,

ax, Zz

5 ORI (0 0Fu 0 oFu)
)_ (ax,, e 0. (1.63)

ax, 9x,
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Hen. =

2
53?_: = 0. (1.64)
In other words, the Maxwell theory is constructed in such a way that the charge-
current conservation is guaranteed automatically once F,, is introduced. His-
torically, the conservation of electric charge played a crucial role in the formula-
tion of classical electrodynamics. C. Maxwell introduced the notion of displacement
current, the 8KE/3¢ term in (1.57), so that the charge would be conserved even in
nonsteady-state problems.
The vector potential 4, is introduced by

gi‘ 33’: =F,,. (1.65)

The second pair of the Maxwell equations (1.58) can be written as

Lipw + qu.x + tvl,y, =0, (166)

where a third-rank tensor t,,, is defined by
_ob, @ (BA 04, > -
hn,v = axu“ = % \5xs ar“ (]61’)

We see that once the vector potential is introduced by (1.65), the second pair of
the Maxwell equations are automatically satisfied. Conversely, if there were
magnetic monopoles analogous to electric charges so that

v-B .-:pmm¢0, vV x E+—L‘a’§'_’ jmag;“'oy (168)

then the description of E and B in terms of A, alone would be untenable.

Lagyr:agian and Hamiltonian. The only true scalar density that can be constructed
form the field tensor ist

Fo F,=2(B—{EP. (1.6%)
We may try the Lagrangian density,
g = _%'F#VI:;LV + (ju.Au)/c' (]70)

By regarding each component of 4, as an independent field, we obtain

o5, i~ ~ 4 5% e | G — ) (B — 5 )

_ 13[ 9 (aA,aA, aA.,@_,g_x)]

T x, L8004, ]ox,)\" 5%, 9xy ox; 0%,

S 94, ?_f:‘_v)

! .,(4 9x, 423)gL

=-2F (1.71)
6,\’., vy

1An alternative form, (f/8)e,10FunFro = B-E (Where ey is zero unless g, v, A, o areall
different, is 1 for an even permutation of 1, 2, 3,4, aad is ~1 for an odd permutation of
1,2,3, 4), is not considered here because it is not invariant under space inversion {parity}.
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and
0L _Ju. (1.72)

So the Euler-Lagrange equation for each component of 4, gives the Maxwell
equations (1.62).

The Hamiltonian density 5, for the free Maxwell field can be evaluated from
Lon = —4F.F,, as follows:]

0L 0A, _
9(0A,/ox,) ox, Zom

A4
= —Fo (Fu + 52t) + 40BP ~ [ED)
=4 (B’ +|E[) — iE-VA,. (1.7.)

In the free-field case the last term of (1.73) has no effect when integrated by parts,
since V:E = p=0, and E as well as A, vanish sufficiently rapidly at infinity.
In this way we get the familiar expression

Hoow =

Hon = j Hond®x

=3 [(BE +IEP2x (1.74)
in the free-field case.

Gauge transformations. Let us now go back to the covariant form of the Maxwell
equations (1.62) which can be written as

9 (24, j
SO 7. W /)
DM, ~ ( ax,,) . (1.75)
Suppose that
24,
o (1.76)

We may redefine A, without changing F,, as follows:

AT = A% g'_i(:, .77

where
Oy = _%f%f. (1.78)

Then
%":ﬁz%%?-k Ox =0. (.72

1Strictly speaking, the Lagrangian density (1.70) is not suitable for the Hamiltonian
formulation of the Maxwell theory. This is because the canonical momentum conjugate
to A4, vanishes identically due to the fact that the Lagrangian density does not contain
A ax,.
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We take the point of view that the F,, are the only quantities of physical signifi-
cance; the potential A4, is introduced merely to simplify computations. So we
may as well work with the simpler equation:

Uy = —jfe, (1.80)
where A, satisfies
A, [ox, = 0. (1.81)
Equation (1.81) is known as the Lorentz condition.
Even if we work within the framework of (1.81), the potential 4, is still not
unique. We are free to make a further change:
' oA
Au—~)Au=Au+5‘€‘7 (]82)
where A now satisfies the homogeneous D’Alembertian equation [in contrast
to the inhomogeneous equation (1.78)]:
A =0. (1.83)

The transformation (1.82) is known as a gauge transformation of the second kind.

1-5. VECTOR POTENTIALS IN QUANTUM MECHANICS

Charged particles in the Schridinger theory. We know from classical mechanics
that the Hamiltonian of a nonrelativistic mass point of an electronic charge}
e = --|e|is given by§

H=71&(p—£§)’ + ed,, (1.84)
A, = (A, i4,), (1.85)

when it is subject to a Lorentz force
F = e[E + (1/c)(x x B)}. (1.86)

It is important to note that p, is the momentum conjugate to xi and is not equal
to mx,. Rather
mx = p — eAjc. (1.87)
When A s 0, the classical velocity one measures is not p/m but the X which occurs
in (1.86). A gauge transformation on A must be accompanied by a corresponding
change in p so that mx is unachanged. To see explicitly how this comes about,
let us recall that the Lorentz force (1.86) can be obtained from
L=T— ed, + (e/c) A-X, (1.88)
and that p, is equal to oL/9x,.
In nonrelativistic quantuin mechanics, if the interaction of the spin magnetic

moment is ignored, one starts with a Hamiltonian operator of the same form as
(1.84) with p replaced by the operator p. In the coordinate representation this

1Throughout this book the constant e is taken to be negative.
§See Goldstein (1951), p. 222,
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operator is given by —ihV. The time-independent Schrédinger equation reads

»L<~—ihV - E;A)z«p + Vap = Eqr (1.89)
2m c ’ :
where ¥ = eA,, and both A and V are assumed to be time independent.

We now show that in a magnetic-field free region (B = 0) the solution 4> when
A(x) 5= 0 can be written in the form

%) = O exp [ 12 [ Ay -ds |5 (1.90)

where Y@(x) satisfies the Schrodinger wave equation with the same ¥ but witi.
A set equal to zero. The line integral can be taken along any path so long as tf.
end point s(x) is the point x itself, and the curl of A vanishes. To prove this we
first note that

(-inv- 52})11, — exp (;!_‘Z " A-ds) [(—ih‘? - 5‘2_‘)«1@ + 1[r‘°’(——iiz)(%)A(x)}
= exp (;'Fc e A-ds ) (~inV ) (1.91)

Similarly,
(~inv - gcé)ﬂ!, = exp th.‘ic ""A-ds’] (R V24, (1.92)

Thus x(x) satisfies the Schrodinger equation with A 7= 0 so long as -"(x) satisfies
the Schrédinger equation with the same ¥ but with A = 0.
As an application, let us first consider the gauge transformation

A— A=A+ VA(x). (1.93)
Since for time-independent fields the noncovariant form of (1.65) reads
B=V XA E=-—-V4, (1949

neither B nor E is changed. Equation (1.90) tells us that we must change ~» (first
emphasized by F. London):

W' = yrexp U_i " V'A(x')-ds’] = 4 exp ['_8;%51‘_)] (1.95)

apart from an irrelevant space-time independent phase factor. We thus see that
the form of the nonrelativistic wave function depends on the particular gauge
we happen to use.

The Aharonov-Bohm effect and flux quantization. We shall now consider a muci:
more startling example (first treated by Y. Aharonov and D. Bohm in 1959) in
which a coherent beam of electrons is directed around two sides of a solenoid,
as shown in Fig. 1-2. The beam is separated into two parts by a double slit but
brought together again in an area denoted in the figure as the “interference region.”
In the interference region the wave function for the electron can be written as

=g e[ [ A)-as’ |+ ypexp [E [0 Ae)as] 196)

Path 2

8(X)

Path i
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1t follows that in the interference region there is an observable effect that depends on

cos{[ e cos| [ e ~
{sin} [fTng A-ds] = {sin} [EE J- B-a dS]
cos| eP
- [sin}rTc’ (1.97)
where the closed line integral is along path | and then along path 2 in the opposite
direction, the surface integral is over an area bounded by paths | and 2, and ®
stands for the total magnetic flux enclosed by paths | and 2. Note that the amount
of interference can be controlled by varying the magnetic flux. This is most remark-
able because in this idealized experimental arrangement the electrons never eater
the B 5= 0 region. Classically, the dynamical behavior of the electron was thought
to depend only on the Lorentz force, which is zero when the electrons go through
field-free regions; yet in quantum mechanics, observable effects do depend on the
strength of the magnetic field in a region inaccessible to the electrons. R. G.
Chambers and others actually performed experiments to detect an effect of this
type and experimentally established the existence of the interference’ phenomena
indic:ted by (1.97).

interference
region

Fig. 1-2. An idealized experimenta] arrange- Fig. 1-3. Magnetic flux trapped
ment to illustrate the Aharonov-Bohm effect. by a superconductor ring.

Finally, let us consider the quantum-mechanical behavior of a correlated pair
of electrons in a superconductor ring. In this example, the ring is assumed to
enclose a magnetic flux as shown in Fig. 1-3. There is no magnetic field inside the
superconductor material itself. (The absence of the magnetic field in a super-
conducting material is known as the Meissner effect.) This time we write the wave
function for an electron pair as a quantum-mechanical “quasi-particle.” We have

Y (x}
¥ = ¥ exp [?-5'_2 [ Aw)- ds’], (1.98)
since the electric charge of the quasi-particle is 2e.] Now we must have the same
}Since the paired electrons are correlated not in coordinate (x) space but in momentnm
(p) space, some justification is needed to treat them as through they were a single particle

of chirge 2e. For a detailed discussion of the pairing effect in a superconductor see, for
example, Blatt (1964), Chapter 3.
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wave function 4, whether or not the path of integration encloses the flux; otherwise,
the wave function would be multivalued. This imposes a severe restriction on the
flux enclosed by the ring. A line integral enclosing the flux once must satisfy

(2e/hc)§ A-ds = 2nx, (1.99)

or
D = gnhcle, n=0,41,42,... (1.100)

Thus we arrive at the far-reaching conclusion that the magnetic flux trapped by
the superconductor ring must exhibit a step behavior in units of

%" - %g = 2.07 X 107 gauss-cm?, (1.101)
as first discussed by F. London and L. Onsager (apart from the factor 2). The
expected behavior was verified experimentally in 1961 by B. S. Deaver and W. M.
Fairbank and by R. Doll and M. Nibauer. This experiment also illustrates in
a direct and striking manner the existence of pairing effects in superconductors,
which forms the basis for currently accepted theories of superconductivity.

We emphasize that throughout this chapter the electromagnetic field has been
regarded as classical. In particular, the “quantization” of magnetic flux we have
just discussed has nothing to do with the quantization of the electromagnetic field
to be discussed in the next chapter.

PROBLEMS

1-1. (a) Show that the energy-momentum tensor density defined by

w 3:., 3(3¢/3X ) g
satisfies the continuity equalion

0 g,
Xy

when the Euler-Lagrange equation for ¢ is assumed.
(b) Show that each component of the four-vector

Pl) = —if Fodix

is constant in time if ¢ vanishes sufficiently rapidly at infinity. (The integration is
over three-dimensional space at a given instant 2.}
(c) Obtain the Hamiltonian density o# = —J,, for the real scalar field.

1-2. Let ¢(x, #) be a solution to the free-field Klein-Gordon equation. Write

9')()(, ) = 1[;()(, f)e~tmeit/n

Under what condition will «» satisfy the nonrelativistic Schrodinger equation?
Interpret your condition physically when ¢ is given by a plane-wave solution.
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Using the prescription

. 0 L @ eA
—ih Ly L jpY 4k
ih o, ~ —ih 7, 5

write the field equation for the charged scalar field interacting with A,. Show thatif ¢
is a solution with A, = (0, 0, 0, i4,), then ¢* is a solution with 4, replaced by —A,,.

. The Lagrangian density for a massive vector field interacting with a four-vector

density j, is given by

& = — [—‘IT (947., - —Q(E‘f) (?jﬁ' - ?ﬁ‘l&) + & pi by 4’#] + n P

9x, ox,/\dx, 0x,

Obtain the field equation. Show that the continuity equation for j, is not guaranteed
by the field equation, as it is in the Maxwell case. Show also that the subsidiary

condition
A, [0x, =0

necessarily holds if the source is conserved (that is, if j, satisfies the continuity equa-
tion). Nofe: A massive vector field was first considered by A. Proca.

. Consider a Klein-Gordon particle subject to the four-vector potential A, assumed

to be dependent on both x and ¢. Write a relativistic generalization of Eq. (1.91).
State explicitly what kind of path in four-dimensional (Minkowski) space is con-
sidered.



CHAPTER 2

THE QUANTUM THEORY OF RADIATION

2-1. CLASSICAL RADIATION FIELD

Transversality condition. In order to study radiation phenomena in the quantum
domain we shall first discuss in detail the properties of the vector potential satis-
fying

V-A= @.H

within the framework of classical electrodynamics. Equation (2.1) is known as the
transversality condition; it should not be confused with the Lorentz condition (1.81).
The electric or magnetic fields derivable from vector potentials satisfying (2.1) are
called transverse fields or radiation fields. Often the term “transverse field” or
“radiation field” is used to refer to a vector potential itself satisfying (2.1).

The transversality condition (2.1) is of interest under a variety of circumstances.
First, suppose j, = 0. We can then consider a gauge transformation that eliminates
the fourth component of 4, and makes A obey (2.1). Consider

A—- A=A+ VA,

1 A 2.2)
Ag— Ay = Ay + ?%t’
such that
1 9A __
T Ao. (2.3)

Since the fourth component of A4, has been eliminated in the new gauge, the
Lorentz condition (1.81) reduces to the transversality condition (2.1).
Let us consider a situation in which j, % 0, as in the case of mutually interacting

electrons, We may first decompose A so that
A=A, +Ay, V-A; =0, i
(2.'-'.')
VxXA;=0

This can always be done.l Here A, and A, are called respectively the transverse
and the Jongitudinal component of A. In 1930 E. Fermi was able to show that A,
and A, together give rise to the instantaneous static Coulomb interactions between

1See, for example, Morse and Feshbach (1953), pp. 52-54.
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the charged particles, whereas A; accounts for the electromagnetic radiation of
moving charged particles. The total Hamiltonian of the charged particles (treated
nonrelativistically) and the electromagnetic fields generated by them can be written
(apart from the magnetic moment interaction) as:

) 2
H= Ej] Q%n—,[pm - eJAL(Z‘ )] + (§>:j 47z|x"‘3’tei | + Hea, 2.5)
where H.,; (which we shall discuss later in detail) is the free field Hamiltonian of
A, only. Equation (2.5) is derived in Appendix A. Note that nowhere in (2.5)
do A, and A, appear explicitly.

Fermi’s formalism based on (2.5) is called the radiation (or Coulomb) gauge
method. Since the decomposition (2.5) is not relativistically covariant, nor is the
transversality condition itself, the whole formalism appears noncovariant; each
time we perform a Lorentz transformation, we must simultaneously make a gauge
transformation to obtain a new set of A and A4,. Yet it is possible to develop mani-
festly covariant calculational techniques starting with the relativistic analog of the
Hamiltonian (2.5), as will be shown in Chapter 4 when we discuss Mgiller (electron-
electron) scattering. It is also possible to construct a formalism which preserves
relativistic covariance at every stage.

In any case, it is worth studying a theory of transverse electromagnetic fields
before we learn about more sophisticated formalisms. When the theory is quan-
tized, it provides simple and physically transparent descriptions of a variety of
processes in which real photons are emitted, absorbed, or scattered. The three
basic equations we work with for the free-field case are

B=VxA E= ~-i %\ 2.6)
2
. A
VA — ‘“clz ——%t, =0, @7

where A satisfies the transversality condition (2.1).

Fourier decomposition and radiation oscillators. At a given instant, say 7 = 0, we
expand A in Fourier series. We assume the periodic boundary conditions for A
enclosed in a box taken to be a cube of side L = (¥)"/?. Remembering the reality of
A, we have

AD| =75 S B On.) + O, 8
where
“k,u(x) = gV plkx (29)

and €', called a (linear) polarization vector, is a real unit vector whose direction
depends on the propagation direction k (even though we will not write it in this text
as €(k) as is done in many books). Given k, we choose €’ and €'® in such a
way that (¢, €®, kj| k) form a right-handed set of mutually orthogonal unit
vectors. Note that €' and €'’ are, in general, not along the x- and the y- axes since
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Kk is, in general, not along the z-axis. Since €'*’ is perpendicular to k, the trans-
versality condition is guaranteed. The Fourier component n,_, satisfies

—]V— J- d*x uk-"'u:‘."" = Bkk'amx"

| " (2.10)
VJ d*x {“E:UE:} = 8y —wBaar
where
Koy by k. = 2n7/L, n=+1,+2 ... 2.1
because of the periodic boundary conditions.
To obtain A (x, t) for 1 5= 0, we simply replace ¢x, .(0) and ¢ ,(0) by
Galt) = a0, u(t) = g a(0)e, (2-12)
where
o=|kjc (2.13)

With this replacement both the wave equation (2.7) and the reality condition on A
are satisfied. So

A1) = 7 TS ()€ €55 £ L (1)ee )

= 5T 5 (0t + qLOee ) @19)

with
kex=k-x — ot = k-x — |k|ct. 2.13;

The Hamiltontan of the field is
=4 [UBf* + B[
=3 [0V x AI* -+ 1(1fe)(@A/20)| "l x. (2.16)
A typical term we must evaluate for the {B|? integration is

f(V X o) (VX wh ydPx = fV-[u,Uz X (V X wt )d*x
+ f eIV X (V g ) x

= [ o ViU dx = (Pé’_)zyskk,sw., @.17)

where we have used the periodic boundary conditions and the identity
VX (Vx )=V(V. )-— V2 Similarly, for the |Ef integration it is useful
to evaluate first

”_031 (ck,uka)] [—Ca——-(ck‘,uka,}d’\*( ) V ki B Ck o €t (2.18)
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Using these relations, we obtain
H=2 % Awfc) € e (2.19)
where ¢y, , is a time-dependent Fourier coefficient satisfying
O = —@% ¢y , (2.20)

(cf. Eq. 2.12). This reminds us of an cxpression for the energy in a collection of
independent and uncoupled harmonic oscillators. To make the analogy more
vivid, we define

Q= (et Gl Pua= — 20000 — 2. (2.21)
Then
- @\ [0k = iPk.«>] [c(ka,u + ka.a)]
H % 2: 2( c ) [ 20w 20
=33 $(Pia+ 0’ Of o) (2.22)
The Py . and QO . are now seen to be canonical variables:
oH _ 5 oH _ |
500 Py s Py + Ok o (2.23)

Thus the radiation field can be regarded as a collection of independent harmonic
oscillators each of which is characterized by k, & and whose dynamical variables
are orthogonal linear combinations of the Fourier coefficients.

2-2, CREATION, ANNIHILATION, AND NUMBER OPERATORS

Quantization of radiation oscillators. At the end of the nineteenth century it was
recognized that the space-time development of the radiation field satisfying the
wave equation (2.7) resembles the dynamical behavior of a collection of harmonic
oscillators. By assigning an average energy k7 to each radiation oscillator, Lord
Rayleigh and J. H. Jeans wrote an expressioon for the energy distribution of the
radiation field as a function of w in an ideal situation where the radiation field is
enclosed by perfectly absorbing walls. The expression they obtained was in satis-
factory agreement with observation for low values of o at sufficiently high tem-
peratures, but in marked disagreement for high values of . This difficulty led M.
Planck to take one of the most revolutionary steps ever taken in the history of
science. He proposed that:

The energy of each radiation oscillator is not an arbitrary quantity but must be

an integral multiple of fio, where £ is a new fundamental constant in nature.
This ke did in 1901, Four years later, in order to explain the photoelectric effect,
A. Einstein proposed that aun clectromagnetic wave of wavelength A == 2wc/ow
be regarded as a collection af massless particles each of which has energy hw.
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We can now do better than did Planck and Einstein, but only because we kno-.
nenrelativistic quantum mechanics. Indeed, no sooner was nonrelativistic quantui
mechanics fully developed than P. A. M. Dirac proposed that the canonical
dynamical variables of a radiation oscillator be treated as noncommutable oper-
ators, just as x and p of a one-dimensional harmonic oscillator are treated in
nonrelativistic quantum mechanics.

We postulate that P and @ of the radiation oscillators are no longer mere
numbers but are operators satisfying

[Okar Prc o] = 1A 81 8ar (2.242)
{Oas Quel = 0,

2.24b

[Py Pyw} = 0. ( )

‘We next consider linear combinations of Py , and O .. given by
. = (1/V2h0) (@0 Ck.a + iPx2),
& . = (1/A2he) (0 Qo — [Pk 4)-

Thus a . and &f . are seen to be the operator analogs of the Fouricr coefficients
6= and cf . when we insert a factor to make 4, and af . dimensionless:

Cpa— N A20ay ..

They satisfy the communication relations

(2.25)

[0 s @] = ~ 5[ Qe Prcwd + 3 Prar Qi)

= 8y B (226>
(8K > Qircc] = (8} e Afra] = O. (2.265)
These communication relations are to be evaluated for operators taken at equal
times; for example, {ay ., af. .} actually stands for [ay .(7), af. .(1)].
Before we discuss the physical interpretations of ay . and 4} ., it is instructive
to study the properties of the operator defined by

N o = @} o8 .27
We have
{0 s Mo = Bk ol a0 — B O 20O
S U V- WA AP 1 N A |
= Skt e B, ar (2.28)
Similarly,
(8 Ny o] = =818 @ (2.29)

Uniike a and 4, the operator N is Hermitian. (In this paragraph and the next
we shall suppress the indices k, . All the relations are valid for given k, @.) The
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Hermiticity of N encourages us to consider a normalized eigenvector of the oper-
ator N denoted by | n > such that

N|n) =n|n), (2.30)
where 7 is the eigenvalue of N. Because N is Hermitian, 7 must be real. Now,
Nat|n) = (a'N 4 a®)|n)
= (n+4-1)at{n), (2.31)

where we have used (2.29). This can be viewed as a new eigenvalue equation in
which the eigenvector a* |n ) is shown to have eigenvalue n - 1. Similarly,

Naln) = (n— Da|n). (2.32)

The roles of a* and a are now clear; a*(a) acting on |n) gives 2 new eigenvector
with eigenvalue increased (decreased) by one. So

atlny =c,|n-+ 1,

alny=c_|n—15, 233)
where ¢, and c. are constants. To determine ¢, we evaluate
feu]?=le "1 Ln 4 1D =da'n|a'n)
= (nlaa|ny = (n|N 4 [a, a']| n)
1 (234)
e |? = anlany = {nlatajn) = n. (2.35)

The phases of ¢, are indeterminate; they may be chosen to be zero at t = 0 by
convention. We have, at ¢ = 0,
atlny=a/n+1|n+ 1,
(2.36)
alny =a/nin— 1)
Meanwhile
n={n|N|ny={<_nlatalny >0, (2.37)
since the norm of a|z) must be positive definite. This immediately tells us that
n cannot be a noninteger; otherwise, the eigenvalue of |{n) could be made to
decrease indefinitely as we successively apply 4, and »n would eventually take
negative values, in contradiction to (2.37). On the other hand, if n is a positive
integer, successive applications of the operator a proceed as
aly=Tln=1y--,  al2>=~7Z[1)
alip =105  ¢{0p=0.
Note that we obtain a “null vector” (to be distinguished from |0)) when a is

applied to |0). By applying & to such a null vector, we again obtain a null vector.
Hence » = 0 is the lowest possible eigenvalue of the operator N.

(2.38)



26  THE QUANTUM THEORY OF RADIATION 22

Explicit matrix representations of a, a*, and N consistent with the commutation
relations (2.26), (2.28), and (2.29) can be written as follows:

01 0 0 0 6 0 0 0 0 -
0 042 0 0 1 0 0 00 -
00 0 V3 0 - - , lo~2 0 00 -
1o 0 0 0 JF - " Tlo o0 /T oo :
0000 (2.39)
01 0 0
N= 0 020
0 060 3
They are assumed to act on a column vector represented by
0
0
= | 0], (2.40)
1
0

where only the (z -+ 1)-entry is different from zero.

Photon states. The algebra developed above can be applied to a physical situation
in which the number of photons with given momentum and polarization is in-
creased or decreased. The wave vector k will later be identified with the photon
momentum divided by &, and « will be shown to represent the polarization state
of the photon. We interpret an eigenvector of & . as the state vector for a state
with a definite number of photons in state (k, &). To represent a situation in which
there are many types of photons with different sets of (k, &), we consider the
direct product of eigenvectors as follows:

lnk,,a|, Mygars = >3 Mpap - » -> = Ink|.¢n> fnk,.u.> b inlu,m) te (2-45\"

This state vector corresponds to the physical situation in which there are #,, .,
photons present in state (k,, @,), 7, o, photons in state (kg, &), etc. The number
Ny . is called the occupation number for state (k, &).
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As an example, the state represented by

10> = [Ok.a0? [ O~ * [Oe = (242)
has the property that if a,, is applied to it, then we obtain a null vector for any
(k, ar). Hence the eigenvatue of Ny . = a} .y . is zero for any (k, ). Therefore the
state corresponding to (2.42) is called the vacuum state. A single-photon state with
definite (k, @) is represented by

al« |0, (243)

since the eigenvalue of N . is one (cf. Eq. 2.31). A two-photon state is represented
by the normalized cigenvector

(Un2)a} ot} | Op (244)
when the two photons are in the same state, and
5, oG o |0) (245)

when the two photons are in different states. More generally,

(ak. a;) ke ¢

av My,an; - - - 0 240
Inkx. 13 ks, e > e '\/nkx ot > ( )

Note that when af, «, s applied to the most general state vector, we obtain

a;,.a. |"k|.nrn nk..uv cvey nk;,a.: . >
= &My o + ] l"k-,an My ans -+ o2 My + 1, .. > (2‘47)

Thus af, ., has the property of creating an additional photon in state (k,, &),
leaving the occupuation numbers of states other than (k, ) unchanged. For
this rcason g, is called the creation operator for a photon in state k, c. Similarly,
.« ¢ n be interpreted as the annihilation or destruction operator for a photon in
state k, . In contrast, N ,, being diagonal, does not change the occupation number
of photons; it simply gives as its eigenvalue the number of photons in state k, a.
We might say that the three operators g} ., 0y, and Ny« correspond respectively
to the Creator (Brahma), the Destroyer (Siva), and the Preserver (Vishnu) in Hindu
mythology.

Our formalism is capable of describing a physical situation in which the number
of photons in a given state is unrestricted. Moreover, any many-photon system we
can construct is necessarily symmetric under interchange of any pair of labels.
For instance, the two-photon state (2.45) is evidently symmetric under interchange
k, a) <> (k’, ") since

ap ot o |0 = af paf |0 (2.48)

because of the commutation rule. Thus the state vectors we obtain by applying
creation operators to |0) are automatically consistent with Bose-Einstein sta-
tistics. With esscntially no modifications our formalism can be applied to physical
states made up of indetical particles other than photons as long as they obey Bose-
Einstein statistics.
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Fermion operators. There exist, in nature, particles that do not obey Bose-Einstein
statistics but rather obey Fermi-Dirac statistics—electron, muons, protons, etc.
For such particles the formalism we have developed is obviously inadequate.
We must somehow incorporate the Pauli exclusion principle. This can be done. In
1928 P. Jordan and E. P. Wigner proposed a formalism in which we again con-
sider the operators & and b, but they now satisfy the the “anticommutatic
relations”

{b, b1} =8,, (b, 6,3 = (b}, b1} =0, (2.49)
where the term in braces is defined by
{A, B} = AB + BA. (2.50)

The operators b! and b, are again interpreted as the creation and annihilation oper-
ators, and the index r provides a collective description of the momentum state, the
spin state, and according to the Dirac hole theory (to be discussed in Sections
3-9 and 3-10), the sign of the energy as well. A single-particle state can be con-
structed just as before:
[1,) = 6}{03, (2.51)
but, since
bibt 0y = 4{b1, b1}10) = 0 (2.52)
according to (2.49), we cannot put two particles in the same state. This is just
what is needed if the electrons are to satisfy the Pauli exclusion principle. However,
if r 5 /', then we can construct a two-particle state
bibt |0 = —bLbt| 0. (2.53)
Note that it is necessarily antisymmetric under interchange r <— r', in conformity
with Fermi-Dirac statistics. We define a Hermitian operator N, by
N, = btb, (2.54)
just as before. When b} and b, are interpreted as the creation and annihilation
operators, it is natura] to regard N, as the occupation number operator:

N, 105 = b}b, 0% = 0;

(255
N, B} [0) = bi(1 — btb,)|0) = b} | 0).
In general, N, has the property
Nt = b2b,bb, = bY(—bib, + 1)b, = N, (2.56)
Hence
NN, —1)=0, (2.57)

which means that the eigenvalue of N, is either zero or one. Physically speaking,
state s is either unoccupied or occupied by just one electron. Explicit matrix
representations of b,, b, and N, consistent with the anticommunication relations
are not difficult to find:

0 1 0 ¢ 0 0
b, = . b= . N, = : ,
(0 0) (1 0> (0 1) 2:38)



23 QUANTIZED RADIATION FIELD 29

‘They act on the following column vectors:

|o>=(;) and |1>=<?)- (2.59)

Although the algebra of b and &' is similar to that of g and &, it is important to
tole that & and &* cannot be written as linear combinations of P and @, satisfying
thie commutation relations (2.24). This point can be shown to be related to the
fuct that there is no classically measurable field that corresponds to the quantized
fermion field. In this chapter we shall not say anything more about the fermion
operators, but we shall come back to this subject in Section 3-10.

2-3. QUANTIZED RADIATION FIELD

Photons as quantum-mechanical excitations of the radiation field. The Fourier
coefficients in the expansion of the classical radiation field must be replaced by the
corresponding annihilation and creation operators if the canonical variables of the
radiation oscillator are to be interpreted as noncommutative quantum-mechanical
operators. With the substitutions

Oa(t) = e/ B0 ay o(1) and it (1) = e/ B20 al, (1),
we havef

A(x,1) = (1/a/V) % by e/ h2[a, (1) €% 4 ab (1)eW e kx], (2.60)

Although this expansion is similar in appearance to (2.14), the meaning of A is
very different. The A of (2.14) is a classical function with three components
defined at each space-time point. In contrast, the A of (2.60) is an operator that acts
on state vectors in occupation number space along the lines discussed in the
previous section, Note, however, that it is parametrized by x and ¢ just as a classical
field. Such an operator is called a field operator or a quantized field.

The Hamiltonian operator of the quantized radiation field can be taken as

H=}[(®B+EEIx (2.61)

It can be evaluated using equations such as {2.16) and (2.17) just as before. This
time, however, we must be careful with the order of a, , and a} . since they are no
longer mere numbers. We obtain

H= b3 %: b hm(alt.aak.a + ak.aalt.a)

=%z (N o + Hho, (2.62)

1In Gaussian uoraticnalized units, ¢/Af2w should be replaced by c/27h/w because
the expression for the total energy has 1/8x in place of 1/2 (cf. Eq. 2.16).
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with @ = |k| c. Since the absolute energy scale is arbitrary, we may use the energy
scale in which the energy of the vacuum state is zero,

H[0y = 0. (2.63)
This amounts to subtracting 3, 3} heo/2 from (2.62), so that (2.62) is replaced by
H=73 3 hoNg.. (2.64)
k «

The Hamiltonian operator H acting on a many-photon state gives

H ity a0 Pgayy o2 ) = %: a5 | Mg, s Py s -+ - o D (2.65)

The total momentum of the radiation field is given in classical electrodynamics »
the space integral of the Poynting vector (E X B)/c.t Using an operator expressica
identical in appearance to the total momentum of the field in classical electro-
dynamics, we obtain the momentum operator as follows:

P = (fc) [ (B X Bd’x = 3 3 $hK(@} e + hent, )
= %: E hk(Nk,a '“‘" %)’ (266)
where we have used relations such as

c¢h (1 @'\ 4 el ' @y L [ ptt-kx g3
m(c)“m(c)“wf XK x ) [etoxds

>

—2—ak,“a,t‘“k8kk.8aa.. (2.67)

(Note: €V X (k x €7)=10, € x(k X €)=Kk, etc) The } that appears
in (2.66) can be dropped because when we sum over the allowed Kk, sk cancels with
—hk. Hence
P=3 Y kN, (2.68)
k a
Let us consider the effect of H and P on a single-photon state:
Hal 10> = hoap . |0, Paf . 10D = hkal .| 0. (2.69)
We see that hw == h|k|c and hk are respectively the energy and the momentum
of the photon. The mass of the photon is given by

(mass)? = (1/e)(E* — [p]*e?)
= Ll(ho) — [kl e)]

= 0. (2.74;

The photon state is characterized not just by its momentum but also by the
polarization vector €'*’. Since €' transforms like a vector, the general theory of
angular momentum encourages us to associate with it one unit of angular momen-
um. This is what is meant by the statement that the photon has one unit of spin

1This expression can also be obtained by evaluating the 4-k component of the encrgy
momentum tensor of the transverse electromagnetic field (cf. Problem 1~1).
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angular momentum.} To find spin components we first consider
e = (1 /2.)(6“’ + je®), 27D

which are called circular polarization vectors. Under an infinitesimal rotation
awound the propagation direction k by an amount 8¢, the circular polarization
vectors are changed by

Se(ﬁl

I

1(84}/«/‘2—)(6‘” ¥ 1'6“’)
= Fidpe®). 2.12)

enee we associate with €*? the spin component m = 4:1 where the quantization
axis has been chosen in the propagation direction. If €'*! were along k, we would
associate i = 0 (since k is unchanged under an infinitesimal rotation about k);
however, the m = 0 state is missing in the expansion of A because of the trans-
versality condition k-€'® = 0. In other words, the photon spin is either parallel
or antiparallel to the propagation direction. We note that the absence of the m = 0
state has an invariant meaning only for a particle whose mass is strictly zero. If the
phioton mass is different from zero, we can perform a Lorentz transformation such
that in the new frame the photon is at rest; in such a frame the photon spin is
“parallel to nothing.”

The description of the polarization state with €* as the base vectors is called
the circular polarization representation in contrast to the linear polarization
representation based on €*? and €. The orthogonality relations for €*’ are

€F eI o (B T o |

F (2.73a)
€T = etV e(2) = ()

k-e'*) = 0, (2.73b)

We could have started with an expansion of A with €*’ in place of €/ and €®.
A single-photon state with definite circular polarization can be constructed by
applying the creation operator

ahs = Fp(al, F ial,) @74)

to the vacuum state. Conversely, af . {0> with @ = 1, 2 and k in the z-direction can
be regarded as a 50/50 mixture of the m = | and m = —1 state.

To sum up, the quantum postulate applied to the canonical variables of the
radiation oscillator naturally leads to the idea that the quantum-mechanical excita-
tions of the radiation field can be regarded as particles of mass zero and spin one.
It is a general feature of the quantum theory of fields that with every field we
associate a particle of definite mass and spin. The arguments we have presented
can be repeated for the quantization of other fields with essentially no modifications.

tFor a further discussion of this point, see Problem 2-2. The spin angular momentum
of the radiation field can also be discussed from the point of view of the total angular-
momentum operator {1/¢)[x x (E X B)]d*x which can be decomposed into the orbital
and the spin part. See, for example, Wentzel (1949), p. 123 and Messiah (1962), pp. 1022~
1024, pp. 1032-1034,
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To study the time development of the quantized radiation field, let us ficst note
that a, . and a} , are time-dependent operators satisfying the Heisenberg equation of
motion:

@y = (iIMIH, a, ]

= (i/h)EJ[hm'Nk'.us &y o
= — ik q; (2.75}
Gy« = (iMH, a.] = (i) [H, —iwa, .
= =0y . (2.76)

These are identical in appearance with the differential equations satisfied by the
Fourier coefficients ¢, . (¢) of the classical radiation field. Similarly,

4t . = ivaf ,, af = —o'al . 2.77)
From (2.76) and (2.77) it is evident that the quantized field A satisfies the same

wave equation (2.7) as does the classical field. Integrating (2.75) we obtain the
explicit time dependence for the annihilation and the creation operator:

@ e = @a0)e™™,  af .= af(0)e™ (2.78)

Finally, we have
Ax, 1) = 7‘7 % T epf a0 eterit 4 af (O)ereremtenr (279)

Note that the quantized field operator A is Hermitian while the classical field
A is real. It is important to note that the x and ¢ that appear in the quantized
field A(x, t) are not quantuin-mechanical variables but just parameters on which the
field operator depends. In particular, x and ¢ should not be regarded as the space-
time coordinates of the photon.

Fluctuations and the uncertainty relations. We are now in a position to discuss
some of the peculiarities arising from the quantum nature of the radiation field.
First, let us note that neither the individual occupation number operator N. .
nor the total number operator defined by

N= Zk 2; Ny o = % Z. af LGy o (2.80)

commutes with A, E, and B because of (2.28) and (2.29). As is well known, in
quantum mechanics the observables corresponding to noncommutable operators
cannot be simultaneously determined to arbitrary degrees of accuracy. In the
present case, if the number of photons is approximately fixed, there must neces-
sarily be uncertainties in the field strengths.f Such a fluctuation behavior is ex-
pected even for the vacuum state. To check this explicitly let us take the

1In general, by “uncertainty” we mean the square,root of the deviation of the expectation
value of the square of the operator in question from the square of the expectation value of
the operator, that is, Ag = /g%y — {g)%
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clectric field operator E = —(1/c)dA/21. Although the vacuum expectation value
of the electric field (0]E|0)> vanishes (because a,,|0> = 0) as expected from
symmetry considerations, the mean square fluctuation of the electric field can be
readily shown to be infinite:

O|E-E{0> — |{O|E|0)|? == (O |E-E|0) = co. (2.81)
This illustrates our assertion that if the occupation number is fixed (zero in this
case), then the field strength is completely uncertain. On the other hand, since
what we measure by a test body is the field strength averaged over some region in

space, it may be more realistic to consider the average field operator about some
point, for example the origin, defined by

E=q/ar) LV Ed’x, (2.82)

wherz AV is a small volume containing the point in question. We can then prove
(O{E-E|0) ~ hef(ATY, (2.83)
where Al is the linear dimension of the volume AV.] Equation (2.83) characterizes
the fluctuation in the electric field when no photons are present. In general, if the
set of occupation numbers is approximately fixed, then the electric or magnetic
field has no precise value but exhibits fluctuations about a certain average value.
Another peculiar feature of the quantized radiation field is that the components
of E and B do not necessarily commute, For instance, we have§

[EL%, 1), B(X, )] = ich :‘25°(" —x). (2.84)

ft follows that we cannot simultaneously determine E and B at the same pointin
space to arbitrary degrees of accuracy. However, it is possible to show that

[Eu(x, 1), Byx', 1)) = 0 for (x —x)— (/e —t'¥#0. (2.85)

Thus there is no interference between measurements of field strengths performed
at two space-time points separated by a distance that cannot be connected by a
light signal. This is in comformity with the principle of causality in the special
theory of relativity. The commutation relations (2.84), (2.85), and other similar
relations were first obtained by P. Jordan, W. Heisenberg, and W. Pauli.

Using the commutation relation (2.84) we can write an uncertainty relation
that involves AE and AB. However, before we interpret such a relation physically
we must first define what is meant in the quantum theory by the measurement of
field strength, This would require a rather careful discussion based on a 1933
paper by N. Bohr and L. Rosenfeld. Consequently we shall not discuss this subject
any further. An excellent treatment of it can be found in Heitler’s book. ||

1We shall not prove (2.83) since in Problem 2-3 the reader is asked to prove a similar
relation for the scalar field.
§Again we shall not prove this relation because Problem 2-3 is concerned with a similar
relation for the scalar field.
{{Heitler (1954), pp. 76-86.



34 THE QUANTUM THEORY OF RADIATION 2-3

We know from classical optics that a localized or converging light beam can be
constructed by superposing various plane waves with definite phase relations.
For this reason we wish to consider the phase operator ¢, . associated with given
k, « such that the observable corresponding to it is the phase of the plane wave in
question in the sense of classical optics. This we can do by setting

o = €O N,
alt.a = A Nk;ae‘((ék’a_uus

where the operator ~/N,_, satisfies the property (v/N .)* = Ny .. The guantized
radiation field can be written in such a way that the only operators appearing arc

'\/I_Vk-: and ¢y !
A, 1) = 717; B> c,\/—{%(e“" exp [i(k-X — of + by T

+ ANy € exp [—i(k-X — wf + qbk',,)]), (2.87)

(2.86)

which is of a form convenient for use in discussing the connection with the classical
description. The commutation relation for @ and a* (for given k, ) can now be
written as

e Ne ¥ — N =1,

e N — Nett = e'¢, 238
where we have suppressed the subscripts k, a. It is easy to prove by expanding
each exponential that the commutation relation (2.88) is satisfied whenever
N¢ — N = i. This leads to a new uncertainty relation for the corresponding

observables:
ANAD = 1. (2.89)

For example, if the phase difference of two plane-wave components is given pre-
cisely, then we cannot tell the occupation number associated with each of the wave
components.

The above uncertainty relation can be used to derive a more familiar-looking
uncertainty relation for the light beam. Since the momentum operator is written
as the sum of the number operators weighted by Ak (cf. Eq. 2.68) the momentum
of the light beam is uncertain whenever there are definite phase relations among
individual plane-wave components. Meanwhile a localized wave train can be
constructed by superposing plane-wave components with definite phase relations.
It then follows that we cannot associate a definite momentum to a well localized
beam. For simplicity let us consider a one-dimensional wave train confined to a
region whose characteristic dimension is ~ Ax. Although the actual mathematical
description of such a localized wave train is somewhat involved, we expect that the
phase of a typical plane wave component must be known qualitatively to an
accuracy of k. Ax if the localization is to be possible. The uncertainty relation
(2.89) then implies

Ap. AX = h, (2.99}
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since the momentum uncertainty is of the order of AN hk.. This relation is formally
identical to Heisenberg’s uncertainty relation for a “particle.” However, because
of (2.89), a single photon cannot be localized in the same sense that a particle
i nonrelativistic quantum mechanics can be localized. For this reason, it is better
to regard (2.90) as a relation imposed on the light beam, as we have done.

It is amusing to note that Heisenberg’s uncertainty principle for a material
particle, for example, an electron, can be formulated only when the light beam
also satisfies the uncertainty relation (2.90). If there were no restriction on Ax
and Ap, for the light beam, we would be able to determine the position of the
clectron to an infinite degree of accuracy by a very well-localized beam without
transferring an appreciable momentum uncertainty to the electron in an uncon-
trollable way. Two successive measurements of this kind would determine accu-
rately both the momentum and the position of the electron, in contradiction with
Heisenberg’s relation,

Validity of the classical description. All these peculiarities of the quantized radiation
field could be rather disturbing, especially if we recall that many of the con-
veniences of our civilization rely upon the validity of classical electrodynamics
which, as we have seen, must be modified. For instance, having learned about the
quantum fluctuations of the radiation field, how can we listen in peace to an FM
broadcast of symphonic music? In nonrelativistic quantum mechanics the classical
description is trustworthy whenever the noncommutativity of dynamical variables
is unimportant. Likewise, in the quantum theory of radiation, if we could ignore
the right-hand side of [u, a*] = 1, then we would return to the classical description.
Since the nonvanishing matrix elements of @ and a* are of the order of ~/n (cf.
£q. 2.36), the occupation number must be large if the classical description is to
be valid.

To be more specific, let us compare the vacuum fluctuation of a squared-field
operator and the square of the field strength for a classical clectromagnetic wave of
wavelength 2zA. When there are no photons of any kind, the square of the average
electric field operator has the following expectation value (cf. Eq. 2.83):

{O|E-E|0) ~ hefa, (291

where the average is taken over a volume A°. Meanwhile, according to classical
clectrodynamics, the time average of E? can be equated with the energy density of
the electromagnetic wave, So we set

(EMuvernse = AR(cfA), (2.92)

where 7 stands for the number of photons per unit volume. For the validity of the
classical description, purely quantum effects such as (2.91) must be completely
negligible in comparison to (2.92). For this we must have

i 1A% 2.93)
In other words, the description of physical phenomena based on classical electro-

dynamics is reliable when the number of photons per volume X3 is much greater than
one. As an example, for a Chicago FM station {WFMT), which broadcasts at
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98.7 Mc (A == 48 cm) with a power of 135,000 watts, the number of photons per
volume A2 at a distance five miles from the antenna is about 10'". Thus the classical
approximation is an extremely good one.

The historical development of quantum mechanics was guided by an analogy
between the electron and the photon both of which were recognized to exhibit the
famous wave-particle duality. As Heitler correctly emphasized in his treatise, this
similarity can be somewhat misleading. The classical limit of the quantum theory
of radiation is achieved when the number of photons becomes so large that the
occupation number may as well be regarded as a continuous variable. The
space-time development of the classical electromagnetic wave approximates the
dynamical behavior of trillions of photons. In contrast, the classical limit of
Schrodinger’s wave mechanics is the mechanics of a single mass point obeying
Newton’s equation of motion. Thus it was no coincidence that in the very begin-
ning only the wave nature of light and the particle nature of the electron were
apparent.

2-4. EMISSION AND ABSORPTION OF PHOTONS BY ATOMS

Basic matrix elements for emission and absorption. We now have the necessary
machinery to deal with the emission and absorption of photons by nonrelativis: -
atomic electrons, The interaction Hamiltonian between the atomic electrons at:.-
the radiation field is assumed to be obtainable from the standard prescription
p — p — eAjc, where A now stands for the quantized radiation field. We have

Hun= 3 [ =320 At 1) + AGxi 1)-p2) + 32 ACK 1)-ACK, ] @sa)

where the summation is over the various atomic electrons that participate in the
interaction. The expression A(x;, t) is now a field operator assumed to act on a
photon state or a many-photon state at x;, where x, refers to the coordinate of the
ith electron. The operator p; in pe- A is a differential operator that acts on every-
thing that stands to the right; however, because of the transversality condition
V.A =0, it is legitimate to replace p;- A by A-p,. Since the spin magnetic moment
1s known to interact with the magretic field, there is an additional interaction of
the form

ooiny s €0
jCTd ; sz‘a‘ [V X A(xs t)Jx-x.' (2‘95)

As we saw in the previous section, A(x, ¢) is a linear combination of the creation
and annihilation operators for photons. The question of which particular creation
or annihilation operator gives rise to a nonvanishing matrix element depends
entirely on the nature of the initial and final states in question.

From the time-dependent perturbation theory (which we will review shorily),
it is well known that the transition matrix element for 4—B (where 4 and B
may, for example, be atomic states) can be computed to first order in the inter-
action Hamiltonian A, by simply taking the matrix element of H, between 4 ani
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B. The H,, that appears in (2.94) and (2.95), however, acts not only on atomic
states but also on photon states. In a typical process appearing in the quantum
theory of radiation the state vector for the initial (or final) state is the direct product
of the state vector for an atomic state (denoted by A, B, etc.) and the state vector
for a single- or a multi-photon state (characterized by n, ). With this point in
mind we can still evaluate the transition matrix element to lowest order by taking
the rratrix element of (2.94) or (2.95) between the initial and final states.

Let us first consider the absorption of a light quantum characterized by k, .
An atom which 15 initially in state 4 makes a radiative transition to state B. For
simplicity we shall assume that there are only photons of the kind (k, @) present.
If there are 7, .. photons in the initial state, then there are n,_, — 1 photons in the
final state. Although A contains both g, , and af ., only a; , gives rise to a non-
vanishing matrix element so long as we are computing the absorption process to
lowest order. The quadratic term A-A makes no contribution to this process in
Jowest order since it changes the total number of photons by either 0 or 42. So,
ignoring the spin magnetic moment interaction, we have

B e~ Vil A
= B — 11 e O e [ A )

-£ ';kwlj 3 (Blelnp et | Ayenie, (2.96)
where we have used (2.36) and (2.79). Note that the annihilation operator for a
photon with momentum and polarization different from hk and €‘® gives a zero
matrix element.

It is instructive to compare this expression with the expression we obtain using
the semiclassical theory of radiation in which the vector potential A is treated
classically. Within the framework of the semiclassical theory we may define an
equivalent classical vector potential denoted by A™® such that when it is used for
an absorption process we obtain a matrix element identical to (2.96). Evidently

Al Mxnb¥)etk-x—i0t (297)

AGM = ¢ /;k.;;fetm_ (2,98)
@

According to the semiclassical theory the absorption probability is proportional
to the intensity | A,|?; in the quantum theory it is proportional to m .. We expect
on general grounds that the semiclassical theory approximates reahty for large
values of #y ,, but since the matrix element (2.96) is linear in ~/n ,, the semiclas-
sical theory gives the correct answer even for small values of 7. or for weak
radiation.

The above happy accident no longer takes place for emnission processes which
we will now discuss. This time it is the creation operator g, that gives rise to
a nonvanishing contribution since the photon occupation number is increased by

will do, where
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one. We have (cf. Egs. 2.36 and 2.79):

(B o + V Hol A me) = —5 [Wea T D5 ¢ plemsonp et gyetor,
m 20V i
(2-99)

If mc . is very large, the semiclassical treatment based on the complex conjugate
of the equivalent potential, (2.97) and (2.98), is adequate since, in practice, there is
no difference between ~/ny, - 1 and a/m .3 Therefore, for very intense radiation,
the problem can again be treated using the semiclassical theory. On the other hand,
for small values of m,. the correspondence with the semiclassical description
fails completely. In particular, the transition matrix element for emission need
not be zero when there are no photons at all present initially (s, = 0). This
accounts for the emission of a photon by an isolated excited atom when there are
no electromagnetic waves incident on it, a phenomenon known as “spontaneous
emission.” In contrast, the emission of a photon in the case where »y , 7= 0is known
as “induced (or stimulated) emission.” Note that in the quantum ficld-theoretic
treatment spontaneous emission and induced emission are discussed on the same
footing. The single expression (2.99) suffices for both.

The fact that we can account for spontaneous emission in such a natural way is
one of the trinmphs of the quantum theory of radiation as opposed to the semi-
classical theory of radiation. So long as the electromagnetic field is described by -
classical potential, the transition matrix element for emission is zero when therw
is no electromagnetic wave incident on the atom; A-p = 0 when A == 0, and that
is that. In the quanrum theory of radiation this is not the case because the matrix
element of the field operator A(x, ) taken between the vacuumn state and the one-
photon state does not vanish.

In general, in the classical theory, A is an externally applied potential that
influences the charged particles but is not influenced by them; A itself does not
change as an atom makes a radiative transition. This description is satisfactory,
even within the framework of quantum theory, whenever the occupation number
is so large that the radiation field can be regarded as an inexhaustible source and
sink of photons. It should be clear that, for intense radiation, taking one photon
away from the radiation field or adding one photon to it does not make much
practical difference. On the other hand, for weak or no incident radiation the
classical description runs into difficulty because the change in the radiation field
brought about by the emission and absorption of a photon by an atom is quite
noticeable.

With the above limitations in mind, we may still define an equivalent classical
potential appropriate for emission processes as follows:

A(emls) = A((’mnis)e-(kﬂx+£ut, (2100)

1We recall that the total time-dependent potential that appears in nonrelativistic quantum
mechanics must be Hermitian. In our particular case, the classical vector potential A
must be real anyway.




2-4 EMISSION AND ABSORPTION OF PHOTONS BY ATOMS 39

with
AP = ca/(My , + DAf20Ve™. (2.101)

By treating (2.100) as the time-dependent vector potential that appears in the
Schrédinger equation we can obtain the correct matrix elements (2.99) for emission
processes (including spontaneous emission). The fact that A“™ is no longer
linear in ~/mc . and is not guite the complex conjugate of A given by (2.97)
and (2.98), reflects the failure of the classical concepts.

To sum up, starting with the quantum theory of radiation, we have rigorously
derived the following very useful rule.

The emission or absorption of a light quantum by a charged particle is com-

pletely equivalent to an interaction of the charged particle with the equivalent
unquantized vector potential given below:

bs £ . (\/;k.th(u) ikox 1wt
absorption: ¢ P4 € )
(2.102)

emission: ¢, /UMka T DB etar pmiexstor
20V

where m¢, is the photon occupation number in the initial state.
This simple rule is one of the most important results of this book.]

Time-dependent perturbation theory. Before we start computing the transition
probabilities for various processes let us briefly review the time-dependent per-
turbution theory developed by Dirac. An atomic wave function 4 can be expanded
as

Y= 3 () w(x)e R, (2:103)
X
where u,(x) is the energy eigenfunction with energy E; satisfying
Hyu(x) == E u(x) (2.104)

in the absence of a time-dependent perturbation. The time-dependent Schrodinger
equation in the presence of a time-dependent potential H,(7) is

(Ho -+ H)p = ih(@:/00)
= ih 2;', (Cete B2 — J(F, [R)c upe™ 54 (2.105)

i

In our case, in addition to the kinetic energies of the electrons the unperturbed
Hamiltonian H, contains the Coulomb interactions between the electrons and the
nucleus, whereas H,(¢) accounts for the interaction of the atomic electrons with
the equivalent vector potential (2.102). Using (2.104), we have

3 Hicouee ™ = in 5, & e 15080, (2.106)
k i

$We again emphasize that in Gaussian unrationalized units /22w is to be replaced

by o 2rhjw,
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Muitiplying uXet”=* and integrating over the space coordinates, we obtain the
differential equation

= 3, (iny{m | H ()| KD et E=-Eatihe, (1), (2.107)
k
Suppose only state [ is populated when the time-dependent perturbation is turned
on at ¢t = 0;then
a0) == By (2.108)
We may then approximate c,, by

e (t) = ~—f dt' (m| Hy(t')] Iy et En=Eotn, .10°,

If & vanishes for some reason or if a better approximation is called for, we use

" Cn = D D), (2.110)
where

(1) = k3 [ a0yt s ey

= i 3 [, [ A Gy e e G a1y Dyt o,
2.111)

and so on.
When we are dealing with the emission and absorption of a photon by an atom,
we may work with just ¢{’. The tune-dependent potential H#, can be written as

R TZRR T absorption
Hy(t) = Hie™t  for {emission } @.112)
where H; is a time-independent operator. Hence
l r t 7 -E¥hw)i"
ot = - Cm | Hy | D Ldt i S BEROIN (2.113)

We can readily perform the time integration and obtain
Je) [ = Qufh) [<m| H [ D" 18(Em — £y T ho), (2.114)

where we have used

. Isin?ax s
‘1'1_1:2; = 8(x). .115
Note that the transition probability per unit time is |c()]?*/1, which i.
independent of 7.

Let us now apply our formalism to emission processes. The photon states allowed
by the periodic boundary conditions form a continuous energy spectrum as the
normalization volume becomes infinite (cf. Eq. 2.11). For a photon emitted into a
solid angle element 42, the number of allowed states in an energy interval [he,
h{ew -+ dw)] can be written as p,, 4o d(hw), Where

VIkPd|k]dQ _ Vo' dd

Pre,an == QY “dhey () e (2.116)
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So for the transition probability per unit time into a solid angle element dQ we
obtain the famous Goldern Rule

a0 = [ AP /t)pna, aad(ho)

= Qafhy|[{m| Hy | pao.an, Q.117
where Ao must satisfy
E, — FE + ho=0. (2.118)

Sporraneous emission in the dipole approximation. In the case of spontaneous
emission, an atomic state 4 makes a radiative transition to a state B in the absence
of any incident electromagnetic wave. The matrix element (B|H;|A4) in this
case is just (2.99) with 't omitted and ., set equal to zero. Hence for wyq we
obtain

2r_ e'h tkex o (@, 2 Vol dQ
Weo = e T (Blemne pu AYPESET (2119
where o satisfies the energy conservation E, = Ej, 4+ heo. The normalization

volume V cancels out as it should.
In a typical atomic transition in the optical region the wavelength of the emitted
photon is much greater than the linear dimension of the atom;

Xphown = l/ I k] >> ru\ulm (2.120)

since Apnown is typically of the order of several thousand angstrom units whereas
the atomic radius is of the order of one angstrom unit. This means that we can
replace

e thx = 1 — fkex; — (K-X)%2 4 - -+ (2.121)

by its leading term 1. It turns out that the spin-magnetic-moment interaction is
also negligible. To see this, just note that the matrix element of (efmc)e'™ -p, is
larger than that of (eh/2mc)a-(k X €®), again by Apnown/fuem SiNCE the matrix
element of p, is of the order of h/rywm. An approximation in which only the ¢/®-p,
term is kept is called the electric dipole (E 1) approximation.

To further simplify the problem let us assume that only one of the atomic elec-
trons participates in spontaueous emission, as in the case of a hydrogen-like atom
(an 2tom in which there is only one valence electron).} Omutting the sum over |
we have
[(B|p|A>-e= [dQ. (2.122)

W, -
L S;r m hc’

Meanwhile, using the commutation relation between p* and x,
[p?, x] = —2ikp, (2.123)

iMany of the results we derive for one-clectron atoms.can readily be generalized to
many-electron atoms.
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we can rewrite the matrix element (B |p| 4) asfollows:

(Blp| Ay = (B [Ha x| 4
. ”n(Fu - E')<le[ A
= iMwXy,. (2.124)

This matrix element is precisely what we would dircctly compute if the interaction
Hamiltonian were replaced as follows:

_eA'p e OA .. 2
e TR E, (2.125)

provided that we again kept only the leading term in the plane-wave expansion
of E. The origin of the terin “electric dipole transition” is now evident.
The angular momentum selection rule for £1 is

[Jy—Jdd=1,0; no 0-0. (2.126)

To derive this we first note that the components of x can be rearranged as follows:

yEl = ;?71.?(3: + iy) = r4/4*3—7tYs'+",

4 yo

(2.127)
Vo=z=r

Then the Wigner-Eckart theorem gives

I Mgl VT, _—===<J,4 Ing | Jumgy (B VL AD, (2.128)

0= N

where (S dm,q|Jymy) is a Clebsch-Gordan coefficient.f The condition that tt-
Clebsch-Gordan coefficient shall not vanish leads immediately to the angula:
momentum selection rule (2.126). Physically this selection rule is a consequence
of the fact that one unit of angular momentum is carried away by the spin of the
emitted photon in an E1 transition.

We also must consider the parity selection rule: parity change “yes.” To prove
this merely note that

(Blx| A = —(B|II"'xII| 4>
= I, {B|x| 4, (2 129)

where {1 and I, , stand for the parity operator and its eigenvalue.
Equation (2.122) can also be written as

e’w? PP IPEUN
Wag == mlx&, [* cos? @ d(}, (2.130)

where we have defined the angle @ by
cos @' =[x, €|/ x,,]. (2.131)

1Those who are unfamiliar with the Wigner-Eckart theorem and Clebsch-Gordan
coefficients may consult Merzbacher (1961), Chapter 22; Messiah (1962), Chapter 13.
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Note that
[l = | x Y + [za P

_(-\'m/\}‘_‘zj}’m) : + = + | zpal. (2.132)

Xat — i}’m
2

So far we have been concerncd with a radiative transition in which a photon with
definite k, o is emitted. We must now sum over two independent polarization
states for given k and integrate over all propagation directions. From Fig. 2-1 it is
evident that

cos &Y == sin 6 cos P, cos & = sin  sin ¢. (2.133)

The sum over the two polarization states just gives sin® . Integrating over all
possible propagation directions with
the direction of x,, fixed in space, we
obtain

2 [ sin® 6d (cos 6) = 8x/3.
-1
, (2.134)
Finally, for the integrated transition

probability for spontaneous emission
we have

2,03
e w 2 (2)
W= g | X 2
37!'flCJ | 4t |

e\ 40 2 <0
= (m)‘j;’f [ %l (2.135) Fig. 2-1. The orientation of X 4.

with (e*/4mhe) = 1/137. Note that the dimension of w is (time)™' as expected.
This expression was obtained prior to the advent of quantum field theory by W.
Heisenberg, who used the correspondence principle.

In order to compute the mean lifetime 7 of state 4 we must sum the transition
probabilities into all possible final states allowed by the selection rule and
energy conservation:

l/”',l = Zl Win, - (2'136)

In particular, it is important to sum over the magnetic quantum number of the
final state.

As u concrete example, we may mention that the mean lifetime of a radiative
E] transition from the state having the quantum numbers (n, /, m) to the state
having (', I', m"y where i’ = m, m + 1, is given by the reciprocalf of

2 wl(ntm)y—('l'm")]

_ e [+ DI+
3mhe* | 21 4 1)

41
7—1
(2.137)

} | [} ety Ruyrar| por 1= {
@

1See Merzbacher (1961), p. 481, for a detailed derivation of this formula.
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where R,(r) is the normalized radial wave function of a hydrogen-like ato:.
characterized by n and I Note that the lifetime is independent of m. This result,
which can be proved using the orthogonality properties of the Clebsch-Gordan
coefficients (cf. Eq. 2.128), is reasonable in view of rotational invariance; the life-
time of an excited state in the absence of an external field should not depend on
its orientation in space. In general, because the lifetime of an isolated state is in-
dependent of its m value, in computing the lifetime we can either sum over just
the final magnetic quantum numbers for a fixed initial magnetic quantum number
or sum over both the initial and the final magnetic quantum numbers and divide
by the multiplicity of tlie initial state. For instance, in (2.137) we are free to make
the replacement

3 — 21“22, (2.138)

where J (in this case, just /) is the angular momentum of the decaying state.

As an application of (2.137) we may coinpute the lifetime of the 2p state of the
hydrogen atom which decays into the ground (ls) state. The radial wave functions
are

i 1 T o-rpas — 2 -7 /ae
R, maoe and Ry 7333 ) (2.139)
where a, is the Bohr radius. We obtain
7(2p —> 15) = 1.6 x 1077 sec. (2.140)

The mean lifetimes of other excited states of the hydrogen atom are tabulated in
the literature.} In general, the lifetime of an excited hydrogen-like atom goes up
with increasing n, roughly as #* for a fixed value of /, and as

rae (g GLED)™  pes (2.14)
for the average over /.

Occasionally the symmetry of atomic states may be such that the electric dipole
emission of a photon is forbidden. This occurs when x5, = 0 for every state B with
an energy lower than A. It is then necessary to go back to the plane-wave
expansion (2.121) and take seriously the terin k-x which we previously ignored.
The matrix element we must evaluate can be decomposed as follows:

CBl(k-x)(e“-p)| A> = 3{BI(k-x)(e'-p) + (k-p)(e“-x)| 4)
+ (B (k-x)(e'-p) — (k- p)(e'’-x)| A). (2.142)
The first term can be rewritten using
H X)€@ p) + (ke p)(e-x)] = $k-(xp + px)-€®, (2.143)

where xp + pX is a symmetric dyadic. The radiative transition due to this term is
known as an electric quadripole (E2) transition since

xp + px = (imfh)[H,, xx], (2.144)

$Bethe and Salpeter (1957), p. 266.
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and §-<B|xp + x| Ay = — POk (Blxx| Ay, (2.145)

Because of the transversality condition k-€/®? = 0, it is legitimate to replace xx
by its traceless part whose individual components are

Toy = xix; — (5,/3) | x . (2.146)

Note that it has five independent components which can be written as linear
combinations of Y7*. It then follows from the Wigner-Eckhart theorem that the
angular inomentum selection rule for an E2 transition is

"]Jt“JJISZSJU‘f"J.(- (2~l47)
The second term in (2.142) can be written as follows:
(k-x)(e"-p) — (k-p)(e-x) = (k X €“)-(x X p). (2.148)

Now k X €'® is the leading term in the plane-wave expansion of the magnetic
field B while x X p is just the orbital angular momentum operator of the atomic
electron which gives the orbital magnetic moment operator when combined with
e/(2mc). Hence the radiative transition due to this term is called a magnetic dipole
(M) transition. Together with this term we should consider the leading term from
the spin magnetic moment interaction (2.95) (eh/2nmc) a-(k X €'“), which is of the
same order. The angular momentum selection rule for an M1 transition is |J,
— J4} <1, no 0— 0, just as in the E1] case. In contrast to an E1 transition, the
parity of the atomic states changes neither in an M1 nor in an E2 transition.

We can treat higher multipole transitions by considering the higher powers of k- x
in (2.121). However, it is better to use a formalism that employs vector spherical
harmonics, a more powerful technique based on an expansion of € e!**in terms
of the eigenfunctions of the angular momentum operator of the radiation field. We
shall not discuss this method; it is treated in standard textbooks on nuclear physics.}

The atomic states for which electric dipole transitions are forbidden have long
lifetimes. In contrast to the lifetime of order 102 sec characteristic of a typical £1
transition, the lifetimes of typical M1 or E2 transitions are of the order of 107 sec,
roughly (A/r....)° times the typical E'1 lifetime, as expected. As an example in which
El, M\, E2, etc., are all forbidden for practical purposes, we may mention the
radiative transition between the metastable 2s state and the ground (Is) state of
the hydrogen.atom. For this transition £l is forbidden by parity, the M1 matrix
elers=nt vanishes when the nonrelativistic wave functions are used, and E2 and all
othcr higher multipole transitions are forbidden by angular momentum conserva-
tion. Its decay mode turns out to be the simultaneous emission of two photons
which can be calculated to be 4 sec (cf. Problem 2-6). Note that this lifetime is
extremely long compared to the lifetime of the 2p state, 1.6 x 107 sec.

1Consult, for example, Blatt and Weisskopf (1952), Chapter 12.
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Planck’s radiation law. We wish to conclude this section with a derivation of
Planck’s radiation law from the point of view of quantum field theory. Suppose
we have atoms and a radiation field which can freely exchange energy by the
reversible process

A =>y-+B (2.149)
in such a way that thermal equilibrium is established. If the populations of the

upper and lower atomic Jevels are denoted by N(A) and N(B) respectively, we have
the equilibrium condition

N(B) Wy = N(A)"'emis, (2 1 50)
B - E y/AT o
N = S = e, (2.151)

where w,,, and w,... are respectively the transition probabilities for B -+ y —
and 4 — B + «. According to (2.96), (2.99), and (2.114) we have

(s DI BB ey [ A

Wiinia =
Van | Tiea 15 CATERRET g [ BT @152
i
But
<B ] e~ thow gl -ps | A> — <A IP‘,E(melk-x.l B>‘ — <Alelk-x-€(u),p‘l B>#.
(2.153)
Hence
N(B) _ Wania __ Hixa -+ 1.
N‘(‘Z‘)—T‘:mm—‘ (2.154)
Using (2.151) and (2.154) we obtain
R S (2.155)

prEX S

All this is for photon states which satisfy Ao = E, — E,. Suppose the radiation
field is enclosed by “black™ walls which are made up of various kinds of atoms
and are capable of absorbing and re-emitting photons of any energy. The energy
of the radiation field, per volume, in the angular frequency interval (@, 0 + dw)
is given by (cf. Eq. 2.116)

Uw)do = Z‘a(;m’;_‘g.r)z(if;)s4zkﬂdk

8rhi o \? 1
B 2 " G
e (Zn) (gx:.‘:x-‘f‘__ l)dm. (2.156)

The energy distribution per frequency per volume is

do _ 8xhv? 1

U@) = U(@)52 = 2 - (2.157)

This is Planck’s famous law which opened up the twentieth-century physics of the
guantum domain.
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1t is instructive to compare our derivation of Planck’s law with Einstein’s 1917
derivation.} They are both based on thermal equilibrium between the atoms and
the radiation field. In Einstein’s derivation the principle of detailed balance is
explicitly invoked; by contrast, in our derivation the physics of detailed balance is
contained in (2.153) which is an automatic consequence of the hermiticity of the
Hamiltonian used in the quantum theory of radiation. Note also thatin our deriva-~
tion we do not distinguish between the contributions from spontaneous emission
and induced emission.

Although our attention has been focused in this section on the radiative transi-
tions between two atomic states, the techniques we have acquired can readily be
applied to a host of other phenomena, For instance, the reader may calculate the
cross section for the photoelectric effect (Problem 2-4) or the lifetime of the X°
hyperon (Problem 2-5):

L0 Aty

2-5. RAYLEIGH SCATTERING, THOMSON SCATTERING, AND THE
RAMAN EFFECT

Kramers-Heisenberg formula. Let us now examine the field-theoretic treatment of
the scattering of photons by atomic electrons. Before the scattering, the atom is
in state A, and the incident photon is characterized by (k, €'®). After the scattering,
the atom is left in state B, and the outgoing photon is characterized by (K, 7).
For simplicity let us again consider a one-electron atom and neglect the spin-
magnetic-moment interaction.

The interaction Hamiltonian (2.94) is made up of a linear (A-p) term and a
quadratic (A- A) term. Since A changes the number of photons by one, A-p makes
no contribution in first order to a scattering process in which there is no net change
in the number of photons, On the other hand, the A-A term contains aa', ata,
aa, and a*at, the first two of which do give nonvanishing contributions provided
that a* and a, respectively, represent the creation operator for (k’, @’) and the
annihilation operator for (k, ), e.g., (&, @' ax . af- | X, @ = 1. Hence

<B’ k,: e(“v lHlm.] A , k7 e(«x)>

. L (') 82 . . (a
= (B, €| 5 A, )-Alx, D] A Ky €

2 2
i 4| e c*h .
= (B; K, e~ ’I (O o -+ “{('.u‘ak.a)z > (@ gha?

2mc?

X exp[i(k — X)-x — i(o — ')} 4; Kk, e

2 2
= 22?22‘767""2(,,/2‘5‘“"f‘"" exp [—i(w — o) (B| A, (2.158)

18See, for example, Kittel (1958), pp. 175~176.
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where we have replaced e’* and e #*"* by 1, since in the long-wave approximation
the atomic electron may be, assumed to be situated at the origin. For the first-
order transition amplitude ¢'*’(¢) we have

2 t
c(1) = chzzﬁ"'z&”‘fm €t foeXP i(ho' + Ex — ho — E)n/h]dt,
(2.159)

with © == | k| cand &' = |k'| ¢ as usual.

Although the A-p term makes no contribution in first order, the A-p ter: .
taken twice is of the same order as the A-A term, so far as powers of e are cos-
cerned. Therefore we must treat a double A- p interaction and a single A- A interac-
tionsimultaneously. The A« p interactionactingat t, can eitherannihilate theincident
photon (k, ) or create the outgoing photon (k', a’). When the A-p interaction
acts again at a time ¢, which is later than 7, it must necessarily create the outgoing
photon (k’, @) if the outgoing photon has not yet been created. Otherwise we
would end up with a zero matrix. element. On the other hand, if the outgoing
photon has already been created but the incoming photon has not yet been anaihi-
lated, the A-p interaction acting at ¢, > ¢, must annihilate the incoming photon
(k, ). Between ¢, and r, the atom is in state J which is, in general, different from
4 and B. To summarize, two types of intermediate states are possible. In the first
type the atom is in state / and no photons are present. In the second type the atom
is in state I and both the incident and the outgoing photon are present.}

B v of
\;F‘: B=A k’, o’
7
A k, a A k «
(a) (] ©

Fig. 2-2. Space-time diagram for scattering of light.

All this can best be visualized if we draw a space-time diagram (Feynman dia-
gram) in which a solid line represents the atom, and a wavy line represents a photon.
Time is assumed to run upward (Fig. 2-2). For a type 1 process, represented by
Fig. 2-2(a), the atomic state 4 first absorbs the incident photon at ¢, and becomes
state I; subsequently at ¢, the atomic state / emits the outgoing photon and changes

iStrictly speaking, we should also consider the case where I stands for a continuum
state. The relevant matrix elemnent then corresponds to a photo-effect matrix element
{cf. Problem 2-4). In practice such “distant” intermediate states arc not important be-
cause the energy denominators become large (cf. Eq. 2.160 below).
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into state B. For a type 2 process, represented by Fig. 2-2(b), state A first emits
the outgoing photon at 7, and changes into state /; subsequently at 1, state J absorbs
the incident photon (which has not yet been annihil!ﬂed) and becomes state B.
In contrast, the lowest-order A-A interaction, discussed earlier, is represented by
Fig. 2-2(c) (“seagull graph™).

As emphasized in the previous section, the emission and absorption of a photon
by an atomic electron are equivalent to interactions of the atomic electron with the
time-dependent potentials (2.102). Using this rule, we can readily write down the
second-order transition amplitude ¢‘*(7) as follows:

O = Gipzr e ae) 4L,
X [2}] (Blp-€“ | Iyexpi(Ey — E; + ho')to/h]
X | p-€“ | 4> exp [i(E; — E, — ho)t,/H]
+ 3 CBlpee® | Iy exp [(E, — By — ho)tfh]

x (1| p-€“| 4> exp [i(E; ~ E. -+ ha')t,/h]

- _ cth (L)i ((p'f(“)ln(P'f(“))i.l+(P‘f‘“’)m(9'5(“")m)
1h2V ./ e \me) 5 E,—E,— ho E, — E; + ho'

t
x jo dt, expli(Ey — E4 + ho! — ha)1,/hl, (2.160)

where we have made the dipole approximation and ignored a term that depends
on the artificial sudden turning of the perturbation (which is negligible if the
energy conservation, E, — E, 4 ho’ — ho = 0, is nearly satisfied). Combining
c'V(2) and ¢®'(r), we have the transition probability

Wagq = J(IC(“ + ¢/t pg,an dE

27[ CQh 2 ez 2 V le
L — A DA a7 £ § 1
h (?_V; o)m') (mcz) (2n)’hc3d
a a” ] (P € ur(P €)1 (P'Em))m(]’'Em.))m)l2 ’
(), glay L - (2.
X | Buue € — % ( E—E.—Fo | EZE, Fia (2.161)

To obtain the differential cross section we must divide this transition probability
by the flux deasity which is just ¢/V, since initially there is one photon f the nor-
malization box of volume V. Finally, we have for the differential cross section

= 2((—J)—i)|8 € gt — L p) ((____p-E“"'J)m(p.fm))“
/1

dsd m 7 E,—~E,—ho
(P'Em))lu(g‘f‘u.’)r.()r’
+ E—E, T ho (2.162)

where r, stands for the classical radius of the electron, and

&’ 1 A&

— PN S ~13
= Zmmet = TTme ~2.82 X 10 " cm. (2.163)

re
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A formula equivalent to (2.162) was first obtained by H. A. Kramers and W.
Heisenberg using the correspondence principle in 1925; hence it is called the
Kramers-Heisenberg formula.

Rayleigh scattering. There are certain special cases of (2.162) worth examining in
detail. Let us first discuss the case in which A = B, he = he’. This situation
corresponds to elastic scattering of light. 1t is also called Rayleigh scattering
because this problem was treated classically by Lord Rayleigh. To simplify (2.162)
we rewrite €'*’.&'?, using the commutation relation between x and p, the com-
pleteness of the intermediate states 7, and (2.124):1

elo) . gley =

[(X'f"").u(p'f‘“")m — (p-€) .y (x-€")]

3~ ,;_

21: [(P e(M).U(P € )IA + (p- f(a,)) «{p E(“))IA] (2-164)

@j4
where w;, = (E; — E )/h. We now sec that the three terms in (2.162) combine
so that

(@, gtary 2 P )uP-€" s | P €“N)gy(p-€)ra ]
Base € mhzll [ Wrq— @ + Y

— ,___l___ [w(P'f(w)u(P'f‘“))l.f . m(P‘f‘a)a.u(P‘f(“’))n{l‘ (2.165)
mh 7 O (©rg — @) ®r(@ra + o)

Using the expansion /(o F @) == [l & (0/w;.)}/w;,, valid for small values of
w, and

v l «’ « @ a’
3 PP ) — (p-€“)alp ),

== m? ; [(X'E‘“")AI(X'EK"’)“ _— (X'E(“))A;(X-E‘“")b{}

= (x4, X-€))

=D, (2.166)
we obtain the Ray]eigh cross section for o < w -
d a o 3
= mh IZ( ) [P €“)as(P € )ra + (p€)as(p-e
= (%Y ot 3 (L)t et e + (x-e‘"’)..,(x-e‘ﬂ)u}] :
h T \@rq
(2.16%)

Thus we sce that the scattering cross section at long wavelengths varies as the inverse
Sfourth power of the wavelength (Rayleigh’s law). For atoms in ordiunary coloriess
gases the light wave corresponding to a typical o, is in the ultraviolet region.

1The intermediate states 7 form a complete set only when we include the continuum
states as well as the discrete (bound) states.
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Hence the approximation o < w,, is good for « in the visible optical region.
This theory explains why the sky is blue and the sunset is red.

Thomson scattering. Let us now consider the opposite case in which the incident
photon energy is much larger than the atomic binding energy. It is then legitimate
to ignore the second and third term of (2.162), since ho(= hw’) is much larger than
(P-€“), (p€“)4/m, so the scattering is due solely to the matrix element corre-
sponding to the “seagull graph” (Fig. 2-2c). Now the §,,€-€'*? term is insensi-
tive to the nature of the binding of the atomic electron. The cross section we
compute in this case coincides with the cross section for the scattering of light by
a free (unbound) electron, first obtained classically by J. J. Thomson:

da

aQ

Note that this expression is independent of w.

=rile -, (2.168)

X

Fig. 2-3. Polarization in Thomson scattering.

To study the polarization dependence of Thomson scattering we consider a
coordinate system in which €' and k are taken along the x-and the z-axes respec-
tively, as shown in Fig. 2-3. The orientation of k’ is characterized by the spherical
coordinate angles 6 and ¢. The final polarization vector €*” may be taken to be
normal to the shaded plane (the plane determined by k and k') for o’ = 1; €'*”
with &’ = 2 must then lie jn the shaded plane, The Cartesian components of €«
are given by

. . £ ‘
) {(sm b, —~cos ¢, 0) . . or a, 1, (2.169)
(cos 6 cos ¢, cos & sin p, —sin 6) for a' =2.
Hence
du Lfsin® ¢ for a =1, 217
—— . 0
dQ rq{cos’ fcos*¢  for o =2 ( )
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For initially unpolarized photons we may either integrate (2.170) over the angle
¢ and divide by 2 or evaluate

do. = L4 =0y 4 22 (p = Z)]. @.171)
dQJomporacizes 2 LA aQ) 2/

The two procedures arc completely equivalent. Note that evenif the initial polariza-
tion vector is randomly oriented, the final photon emitted with cosd % +1 is
polarized, since the differential cross section is r§/2 for €*” normal to the plane
determined by k and k’ and (r3/2) cos® 8 for €7 lying in the plane. It is remarkable
that the polarization of the scattered phioton is complete for § = »/2. We find,
then, that a completely unpolarized light beam, when scattered through 90°, results
in a 100 % linearly polarized beam whose polarization vector is normal to the
plane determined by k and k'.

If the initial photon is polarized but the final photon polarization is not observed,
we must sum over the two possible states of polarization. We have

da.

aQ
iIf the initial photon is not polarized and the final photon polarization is nat
measured, we have

fmtarton = Fa(sin® ¢ + cos® 6 cos® ). (2.172)

sutnned

2
g% 2;“"5:2;"”3“0 = —;”—(l + cos?6). 2175}
The total cross section for Thomson scattering is
o = 320 6,65 x 10 e, (2.174)

As we emphasized earlier, this expression for the cross section is valid at photon
energies much greater than the atomic binding energy. However, the foregoing
derivation breaks down if the photon energy is so high that it actually becomes
comparable to the rest energy of the electron. We must then take into account
the relativistic nature of the electron, as we shall do in Section 4-4, discussing
Compton scattering.

The quantum-theoretic treatment of Rayleigh and Thomson scattering can be
compared to the classical counterpart. The scattering of an electromagnetic wave
can be visualized in classical mechanics by the following two-step process:

a) A bound electron oscillates when it is exposed to a time-dependent electric field.
b) The oscillating charge in turn radiates an electromagnetic wave.
For a model of the electron bound by a force obeying Hooke’s law, the displace-
ment x of the electron in the presence of an applied electric field E, e~ satisfies
the differential equation

% 4 wix = (e/m)Eg e™*, (2.175)
where w, is the characteristic angular frequency of the oscillator. Knowing that
the acceleration of the electron is given by

= —{& o? ~tot 5
o (m)(m’u‘- — mz)E"e : (2,175
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Fig. 2-4. (a) Stokes’ line, (b) anti-Stokes’ line.

we can readily compute the total scattering cross section in a straightforward
manner.f We obtain

_ 8xr} wt .
T =F T(w‘z; —_ 0)2)2 2.177)
For o < o, we have the o' dependence of (2.167), whereas for o > «, we recover
the frequency independent cross section (2.174).

The Raman effect. The Kramers-Heisenberg formula (2.162) can also be applied
to inelastic scattering of light in which @ 7= " and 4 3¢ B. In atomic physics
this phenomenon is called the Raman effect after C. V. Raman who observed a
shift in the frequency of radiation scattered in liquid solutions, an effect predicted
earlier by A. Smekal. If the initial atomic state A is the ground state, then the energy
of the final photon hw’ cannot be greater than the incident photon energy hw
because ho + E, = hw' + Ex (Fig. 2-4a). This accounts for the presence of a
Stokes’ line in atomic spectra, a spectral line more reddish than that of incident
radiation. On the other hand, if the atom is in an excited state, o’ can be larger
than o (Fig. 2-4b). This leads to an anti-Stokes’ line which is more violet than
the spectra! line of the incident radiation.

2-6. RADIATION DAMPING AND RESONANCE FLUORESCENCE

The Kramers-Heisenberg formula we derived in the previous section is clearly
inadequate if hew becomes equal to E; — E, for some state J. The cross section
according to {2.162) is then infinite, 2 phenomenon not observable in nature, of
course. It is nevertheless true that the scattering cross section becomes very large
and goes through a very sharp maximum in the neighborhood of £, — E, = ha.
This is a phenomenon known as resonance scattering of light or resonance
Nuorescence.

Where did our theory go wrong? When we use the second-order time-dependent
perturbation theory, we assumed that the intermediate state [ is a stationary state
with an infinitely long lifetime. In other words, we did not take into account the

tPanofsky and Phillips (1955), p. 326; Jackson (1962), pp. 602-604.
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instability of state I due to spontaneous emission. In this connection, it is amusing
to note that the classical expression for the Rayleigh scattering cross section (2.177)
also blows up for @ = @,. This catastrophe can be avoided by introducing a damp-
ing force in the differential equation (2.175) as follows:

X 4 yX 4 wix = (efm)E e . (2.178)

The scattering cross section is then given by

8rry w!

T3 (w3 — o) F 4
which is large but finite at ® = w,. As we shall see in a moment, in the quantum-
theoretic treatment the depletion of state I due to spontaneous emission plays a
role analogous to the damping force in the classical treatment; hence it is known
as radiation damping. The quantum theory of unstable states was first developed
by V. F. Weisskopf and E. P. Wigner precisely in this connection,

To simplify, let us assume that the initial atomic state A4 is a stable (ground)
state. As the light beam hits the atom, the coefficient ¢,(¢) builds up because state
A makes a transition to state I as it absorbs the incident photon. Mathematically
the differential equation for ¢,(r) due to this absorption process is (cf. Eq. 2.107)

(2.179)

Trot =

b= 7‘5H;?.W(z)cde“"r*’.«v", (2.180)

where Hi% (1) is the time-dependent matrix element characteristic of the photan
absorption. But this is not the whole story. The amplitude ¢,(t) changes with tir:. -
because of spontancous emission even if state I is left alone in the absence of auy
incident radiation. The probability of finding the excited state [ decreases with
time as e”""*/", where &', == h/7,, 7, being the mean life of state I given by (2.135)
and (2.136). Since the amplitude for state ] must vary as e "#?* in the absence of
any incident radiation, we can take into account the depletion of state I by adding
to the right-hand side of the differential equation (2.180) a new term as follows:

& = S HE (e e roon Do, @.181)
The first term of (2.181) characterizes the growth of state I due to the absorption
of light, while the second term describes the depletion of state J due to spontaneous
emission. Admittedly our approach is somewhat phenomenological; a more rigor-
ous justification of the second term will be given in Section 2-8 when we discuss the
second-order {evel shift due to the emission and absorption of a virtual photon.
We solve the differential equation (2.181) subject to the initial condition ¢,(0)
= 0, ¢,(0) = 1. By direct substitution we find that the solution to this differential
equation satisfying the above initial condition is
Hp (exp[—1",t/2h} — exp[I(E, — E, — ho)t/h])
E, — E(—ho —il',/2

where H}, is the time-independent matrix element given by

HEN (1) = Hlye#t = —(efme)I | eN/RZoVp-€« | Ave ™. (2.183)

ey =

(2.182)
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The lowest-order probability for finding state I is just | ¢{” (#)|>. Note that, unlike
(2.114) of Section 24, it is not proportional to 7 times (£, — E, — hw) as t — oo.
Wheiher (2.182) or (2.113) is the more realistic expression for describing a given
absorption process depends on whether the lifetime of state I is short or long
compared to the observation time. From (2.182) we obtain

LH ,
(B, —E,— ho)* + T3/

|e{p(o0) [t == (2.184)
State I is found copiously in abundance when the resonance condition £, — E,
= ha is satisfied. If (2.184) is regarded as a function of the incident photon energy
ho, it has the familiar Lorentz shape whose full width at half maximum is given
by I'; == h/r,. When the atom is irradiated by a continuous spectrum of radiation,
we expect an absorption line whose width corresponds in the energy scale to I},
often called the natural width. Using a similar argument, we can show that the
frequency dependence of an emission line for an excited state J returning to the
ground state A is also given by the same form, as we would expect from considera-
tions based on equilibrium (Kirchhofl’s law).}

Let us now return to the scattering problem. To compute the scattering cross
section forry + A4 — «y + B, where hw =~ E; — E, for some J, we must re-evaluate

¢’ using our modified ¢{” in the general formula (cf. Eq. 2.111).

(1) = 5 [ dCBIHA 1 @i o). (2185)
1 0

For a sufficiently large value of + we can omit the transient term e~"#/** in (2.182).
Denoting by R those intermediate states / for which the resonance condition
ho =~ E; — E is satisfied, we obtain the second-order amplitude ¢{?’ as follows:

L(__ ) 5, (Blev/B20'V p-€’ | RY(R| en/B20V p-&f A
ih me) % Ep— E(— ho — il’)2

c{t)y=—

13
X f dt" exp [i(Ey — E; + ho' — ho)t”'[h] + nonresonant terms,
L]
(2.186)

where the “nonresonant_terms” stand for (2.160) except that in the sum over I
for the type 1 intermediate states those states (R} which satisfy the resonance
condition are missing. We see that the only change necessary is the substitution

E — E, ~ (T'/2) (2.187)

1The foregoing discussion of line width ignores the broadenings of spectral lines due
to the Doppler effect and atomic collisions which, in many instances, are more important
than the broadening due to sponianeous emission. However, our phenomenological
treatment can easily be generalized to the case where the depletion of state 7 is due to
inelastic collisions. Compare our treatment with the discussion on absorption of radia-
tion found in Dicke and Wittke (1960), pp. 273-275, where the maia depletion is assumed
to be due to atomic collisions rather than spontaneous emission,
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for the type 1 intcrmediate states satisfying the resonance condition. Hence fu
any arbitrary o we have the modified Kramers-Heisenberg formula

()
a0 "\e
_J (p- €€ ) 1s (p-€)ulp 'C"W))ri] !1

m 2,3 {E, —E— ho — iI';]2 + E, —E ¥+ ho' - 2188
In practice I'; can be ignored except when E; — E, =~ ho.

In general, the resonant amplitude is much larger than the sum of the non-
resonant amplitudes. This is because the magnitude of the resonant amplitude is
of the order of A = ¢/w (cf. Problem 2-8) while the magnitude of the nonresonant
amplitude is of the order of ry. Ignoring the nonresonant amplitudes, we can obtain
a single-level resonance formula applicable to the scattering of fight in the vicinity
of a nondegenerate resonance state:

do _ z(@’)(L)I(P'E“‘”)m Plp-e )yl

aa "\ )\t ) (B, = F, — ko) + 1%/4 (2.189)
it is amusing to note that this expression is identical with the probability of finding
state R formed by the absorption of photon (k, @), multiplied by the spontaneous
emission probability per solid angle for R — B with the emission of photon (K’ «),
and divided by the flux density. To prove this statement we merely note that from
(2.184) and (2.119) we obtain

(absorption probability) X (emission probability per solid angle)

8‘4"5(‘“ €*)

flux density
eh [ [(pe€“)nal® ][%75 eh (p-€“")an[* Vo'?
_ 20m®V | {Eq — E4— ho?) + LRfalLk 2m* e’ VP o0 @ryhet )

cfV
(2.194,
which is identical to (2.189). Thus resonance scattering can be visualized as the
formation of the resonance state R due to the absorption of the incident photon
followed by the spontaneous emission of the outgoing photon.

The above simple interpretation of resonance fluorescence as the formation of
resonance followed by its decay is subject to the usual peculiarities of quantum
mechanics. First of all, if the nonresonant amplitudes are appreciable, (2.188)
tells us that they can interfere with the resonant amplitude. Interference between
the nonresonant amplitudes and the resonant amplitude is frequently observed
in nuclear resonance fluorescence. Further, if the resonant state has spin or, more
generally, if there are several resonant states of the same or approximately
the same energy, it is important to sum over the amplitudes corresponding to the
various resonant states as indicated in (2.186) before squaring the amplitude.
This point will be-illustrated in Problem 2-8.

These considerations naturaily lead to the following question: How can we
decide whether a particular physical phenomenon is best described as a single
quantum-mechanical process of resonance scattering or as two independent quan-
tum-mechanical processes of absorption followed by emission? The answer to this
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question depends critically on how the lifetime of the metastable state compares
with the collision time, that is, the time interval during which the atom is exposed
to the incident beam. To iflustrate this point, let us first consider an experimental
arrangement in which the temporal duration of the incident photon beam is short
compared to the lifetime of the resonance. The energy resolution of such a photon
beam is necessarily ifl-defined, A(hw) > I's, because of the uncertainty principle.
It is then possible to select the excited resonant state by observing the exponential
decay of the resonance long after the irradiation of the atom has stopped. In such
a case, it is legitimate to regard the formation of the metastable state and its sub-
sequent decay as two independent quantum-mechanical processes.

On the other hand, the situation is very different with scattering of a photon
beam of a very well-defined energy. If the energy resolution of the incident beam is
so good (or if the lifetime of the resonant state is so short) that the relation
A(ho) < T’y is satisfied, it is not possible to select the excited resonant statc by
a defayed lifetime measurement or any other measurement without disturbing the
system. This is because the uncertainty principle demands that such a monochro-
matic photon beam must last for a time interval much longer than the lifetime of
the resonance. We can stifl determine the lifetime of the resonance by measuring
the decay width I', through the variation of the scattering cross section as a func-
tion of w, using monochromatic beams of variable energies. Under such a cir-
cumstance the interference effect between the nonresonant amplitudes and the
resoniant amplitude discussed earlier can become important. In such a case, it is
mearungless to ask whether or not a particular photon has come from the resonance
state. If we are considering an everlasting, monochromatic, incident beam, re-
sonance fluorescence must be regarded as a single quantum-mechanical process
so long as the atom is undisturbed, or so long as no attempt is made to determine
the nature of the intermediate states,

In nuclear physics it is sometimes possible to obtain a sufficiently monochro-
matic photon beam so that we can study the Lorentzian energy dependence of the
cross section in the vicinity of a resonance whose lifetime is << 10-!° sec. For a
resonance with lifetime = 107!° sec, the mean life may be more readily determined
by observing the exponential decay. For a nuclear level with lifetime ~ 107'°sec
(corresponding to a decay width of about 1077 eV) we can determine the lifetime
both by a delayed lifetime measurement and by a study of the energy dependence of
the cross section. Whenever both procedures are available, the agreement between
the lifetimes determined by the two entirely differemt methods is quite satisfactory.

2-7. DISPERSION RELATIONS AND CAUSALITY

Real and imaginary parts of the forward scattering amplitude. In this section we shail
discuss the analytic properties of the amplitude for the elastic scattering of
photons by atoms in the forward direction, with no change in polarization. We
defined the coherent forward scattering amplitude f(w) by

(do]dQ)y. ot =T f()]*. (2.191)
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The sign of f{w) is taken to be opposite to that of the amplitude inside the absolut.
value sign of (2.188). This is because the amplitude computed in Born approxima-
tion is positive if the interaction is attractive and negative if it is repulsive.f

The explicit form of f{w) can be obtained directly from (2.188) if the scatterer is
assumed to be the ground state of a single-clectron atom:

- pl1 -3 Hp-e“) 4 ey ],
f(('J) = 70[1 7}’!— ;(EI — ﬁ!:WhOJ — 11\1/2 F E‘I . E( x &m)] (2]92)

We now evaluate the real and imaginary parts of f{w). In atomic physics the level
width I'; is of the order of 1077 eV, while the leve! spacing is of the order of 1eV.
Hence in computing the real part we may as well ignore the presence of I';. This
approximation breaks down only in very narrow intervals near hw = E, — E .
Using the trick already employed in obtaining (2.165), we have

_ 2ro0® | (p- tz“")“}2 y
Re[f(w)] E mhor, (ol = of) (2.193)
where hw;, = E; — E4. In computing the imaginary part we can make a narrow-
width approximation in which the very sharp peak at ho =~ E; — E, is replaced
by a 8-function. Thus

wten - 2 B

=3 T2l(p- €)1l 8wrs — o), (2.194)

where we have used
. € . 5
l‘l’l:rol m == 7t8(x). (2.19. A

We note that f(w) acquires an imaginary part only when there is an intermediai«:
state into which the initial system 4 + 4 can make a transition without violating
energy conservation.

Because of (2.193) and (2.194) the real and imaginary parts of f(w) satisfy the
relation

Zm “Im[f(o")] do’
Rel(f(w)) = 22 [T LDl (2.196)

This refation is known as the dispersion relation for scattering of light. It is equiva-
lent to a similar relation for the complex index of refraction (to be discussed later)
written by H. A. Kramers and R. Kronig in 1926-1927; hence it is sometimes
referred to as the Kramers-Kronig relation.§ The relation (2.196) can be shown
to be a direct consequence of a very general principle, loosely referred to as the
causality principle which we shall discuss presently. Its validity is independent of
the various approximations we have made, such as the narrow width approxima-
tion for states I, the dipole approximation for the emission and absorption matrix
elements, and the perturbation-theoretic expansion.

fMerzbacher (1961), pp. 491-493.
§The history of the Kramers-Kronig refation was traced back by M. L. Goldberger
to an 1871 paper by Sellmeier.
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Causzlity and analyticity. What do we mecan by the causality principle? In the
classical wave theory it simply means that no signal can travel with a velocity faster
than that of light. When applied to a scattering problem, it amounts to the require-
ment that no outgoing disturbance shall start until the incoming disturbance hits
the scatterer. In quantum ficld theory “causality” is often equated with the vanish-
ing of the commutator of two field operators taken at two space-time points sepa-
rated by a spacelike distance (cf. Eq. 2.85). As mentioned in Section 2-3, this
requirement, technically referred to as local commutativity, is directly related
to the notion that two measurements cannot influence each other if they are made
at a spacelike separation. Historically, the connection between the classical cau-
sality principle and the Kramers-Kronig relation was discussed by R. Kronig,
N. G. van Kampen, and J. S. Toll. In 1953 M. Gell-Mann, M. L. Goldberger, and
W. Thirring proved the dispersion relation for the scattering of light within the
framework of quantum field theory.

The derivation of the dispersion relation from the requirement of local
commutativity in quantum field theory is beyond the scope of this book. Instead,
we shall now demonstrate how the dispersion relation can be obtained from the
causality principle in the classical wave theory.

In studying the properties of the coherent forward amplitude for scattering of
light, we find that the photon spin is an inessential complication. So we shall
consider a scattering problem within the framework of the classical field theory of
a scalar zero-mass field ¢. Let us suppose that there is an incident monochromatic
wave whose propagation vector k is oriented along the z-axis. The asymptotic form
of the wave at large r is

(}5 ~ pthexiot +f(w; 0)e(lk|r-mt/’ = pleltz/e)~tl - f((o;ﬁ)e“““'/“'“fr, (2‘197)

where f(w; 6) is the scattering amplitude. We also use the notation f(w) for the
forward scattering amplitude as in (2.191),

f(@) = flw; 0) om0 (2.198)

If we are to take advantage of the causal connection between the outgoing
wave and the incident wave, it is not so convenient to use a plane wave for the
incident disturbance. This is because the plane wave is everlasting both in space
and time. It is much better to use an incident wave train with a very sharp front.
For this reason we consider a 8-function pulse moving in the positive z-direction
with the property that the disturbance vanishes everywhere except at z = c1.
Because of the well-known relation
8(% - )= s | ewoadg, (2.199)

[

the 8-function pulse contains negative as well as positive frequency components.
To obtain the scattering amplitude for negative values of o we exploit the reality
of the wave equation which tells us that, if ¢ is a solution to the scattering problem,
then ¢* is also a solution with the same scatterer. Clearly, the form (2.197) is
preserved if we set

A—w; 6) = f*(w; 6). (2.200)
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Fig. 2-5. Causal relation between the scattered wave and the incident pulse: (a) before
scattering, (b) after scattering,

Using the superposition principle, we can write an asymptotic solution to the
scattering problem when the incident wave is given by a 8-function pulse instead
of a plane wave. All we have to do is integrate (2. 197) with respect to w. Denoting
by F(x, t) the outgoing wave at x (characterized by r, 6, and ¢), we have the asymp-
totic form

z LT eteo-n _L - . toltrie) -1)
(L —1)+Foxn~st| e do++ " flw;0)e do,
(2.201)

Initially, we have only the first term, the incident 8-function pulse whose “trajec-
tory” is given by z = cr. The scattered wave or the outgoing disturbance should
not start until the incident puise hits the scatterer; otherwise the causality principle
would be violated (Fig. 2-5). This requirement takes a particularly simple form in
the strictly forward direction r = z, cos 6 = 1. We have

F(X, t)lx on the z-axls =™ 0 for z> ct, (220_/

which because of (2.201) implies the following very stringent requirement for the
Fourier transform of the forward scattering amplitude:

F(r) = [1)2x)7) j" f@e* do=0 for =<0. (2.203)

Assuming that f(7) is square integrable, we can invert the Fourier transform as
follows:

J@) = [y [ Jayeerdr = j@a)a [ fryewrdr.  @2.204)

In other words, f{w) is the Fourier transform of a function which vanishes for
T < 0.

So far f{w) is defined only for real values of w. To study its analytic properties
we now define f{w) in the entire upper half of a complex e-plane by (2.204), that is,

—oo L @, < +°°1

0 < o < +oo,
(2.205)

for + i) = L@y [ Tererorar— tor |
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where @, and @, are the real and imaginary parts, respectively, of the complex
angular frequency w. Clearly, f(o) with o, > 0 is betler behaved than f(e) with
@ purely real because of the exponential damping factor e™*" with 7 > 0. Thus
f(w) is a function analytic in the entire upper half of the w-plane.

We now consider a line integral

'

UCHLLS (2.206)

ao - @y P
w’-plane

whose contour is shown in Fig. 2-6. The

point w, is an arbitrary point on the real

axis, and the line integral along the real pe

axis is to be understood as the principal

value integral

R(~ )

} Fig. 2-6. Contour of the line integral
f —tim [ f . f ] (2.207) (2.206).
—co 0 o0 Wy e

There is no contribution from the semicircular path if | f{w)| — 0 at infinity faster
than 1/jw|. Using the Cauchy relation we obtain}

Sy == Hoi)do:, (2.208)

- a)r — @r
This leads to a pair of relations

Re[/(w)]=%j_ Im{/ (o)} do,

w-w

l - Re[f(w’)]da)

® — o

(2.209)
Im[f(w)] = —

where, although we have dropped subscripts r, the frequencies o and o’ are to be
understood as real. Whenever a function f(w) satisfies (2.209), the real and imagi-
nary parts of f(w) are said to be the Hilbert transforms of each other.§

In the realistic case of the scattering of light by atoms the coherent forward
scattering amplitude f{w) does not vanish at infinity. But we can repeat the fore-
going analyticity argument for the function f(w)/w. Provided that f(0) = 0 [which
is satisfied for the scattering of light by a bound electron; cf. Rayleigh’s law (2.167)}
we have

Relf(o)) =2 [ Im{/(o) do’ 2.210)

o'(0" — o)

tin (2.208), l/xi rather than 1/2xi appears because the point w, lies right on the contour;
see Morse and Feshbach (1953), p. 368.

§Titcamarsh (1937), pp. 119-128, gives a mathematically rigorous discussion of the
connection among (a) the vanishing of the Fourier transform for 7 < 0, (b) the analytical
extension of the function of a real variable into the entire.upper half plane, and (c) the
Hilbert transform relation.
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Because of the reality condition (2.200) this can be rewritten as

Re[f(w)] = mJ‘ Im f(a) )][ || ]dm'

o~ o +o

— 2e° Imf(a)')([a)
= Jo wl(w” ~—oo)

which is identical to (2.197).1

(2.211)

Index of refraction; the optical theorem. The above relation for the scattering ampli-
tude can be converted into an equivalent relation for the coniplex index of refraction.
To demonstrate this, we first derive a relation between the forward scatteri- -;
amplitude and the index of refraction. Let us consider a plane wave e**/¢ norma. ¢
incident on a slab of an infinitesimal thickness 8. (We are omitting the time de-
pendence e~ *! throughout.) The slab, assumed to be in the xy-plane, is made up
of N scatterers per unit volume. It is not difficult to show that the transmitted
wave atz == /is given by

e""‘/‘{l + %N&f(m)]’ (2.212)

for sufficiently large /> c/w. The first term, of course, is due to the original inci-
dent wave. To prove that the waves scattered in the various parts of the slab
actually add up to the second term, we simply note that the expression

el(ﬂ/t)"‘ Fraid d

st Ve AL (2.213)
[where p* = x? 4 »%, 6 = tan~! (p/l)} can be integrated by parts to give the second
term of (2.212) plus a term that varies as (c/w/), which is negligible for large /.§
Consider now a slab of finite thickness D. The phase change of the transmitted
wave can be computed by compounding the infinitesimal phase change given by
(2.212). We have

hm[] + _E’EJ.VQL(E’.] = ptTXICN @) f (@1 D (2.214)
fimace
This should be compared to e'°*“?/¢ where n{w) is recognized to be the complex
index of refraction. In this manner, we obtain an equation that relates the micro-
scopic quantity, the forward scattering amplitude, to the macroscopically measur-
able quantity, the complex index of refraction:

n(w) = 1 + 2x(c/w)’ Nf(w) (.21
(first derived by H. A. Lorentz).

tIf f{w) does not vanish at & = 0, simply replace Re[f(w)] by Re[flw) — f(0)]. In this
connection we mention that f{0) for the scattering of light by any free particle of mass
M and electric charge g can rigorously be shown to be given by the Thomson amplitude
—(g*dxMe?).

§Strictly speaking, the integral (2.213) is ill defined because the integrand oscillates with
a finite amplitude even for large values of p. Such an integral can be made convergent
by setting @ — w + /e, where € is an infinitesimal real positive parameter.
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It is now evident that we can write an integral representation for n(w) analogous
to (2.211):

_ 2 ~ o' Imn(o")]do’ _ c

Re [n(w)] = 1 + p” 0*"";,—2—’:—7———1‘{“‘;

@

oo 7 d U
i CoLL PRIt

where a(w) is the absorption coefficient defined by
afw) = (2e/c) Im [n(w)]. 2.217)
The retation (2.216) is precisely the original dispersion relation derived by Kramers
and Kronig.
As another useful application of (2.215) we can show that the imaginary part

of f(w) 1s related to the total cross section o, First let us note that the intensity
of the transmitted wave attenuates as

e L (2.218)
It then follows from (2.215) that
Im [f(@)] = (1/4x)(o/c)ow(w). (2.219)
If we write it as
Tro@) = i"—l%—,[&"—)]’ (2.220)

we see that it is identical in form to the optical theorem (the Bohr-Peierls-Placzek
relation) in wave mechanics which can be derived from the requirement of the
conservation law of probability.f Because of this theorem we can rewrite the
dispersion relation as
2 co ! ’
Re [f(o)] = 507 |, % @.21)
To avoid any possible misunderstanding we emphasize that the optical theorem
(2.219) is exact, whereas the expression for the imaginary part given by (2.194),
being based on perturbation theory, is approximate. According to (2.194) the
imaginary part of f(w) vanishes wlien w = wy,; yet (2.188) tells us that there must
be a finite amount of scattering even when « 7 wy. There Is no inconsistency
here. The nonresonant cross section obtained by squaring the perturbation ampli-
tude is of the order of &*; hence within the framework of an approximation in which
only terms of order e* are kept, oy, or equivalently, Im[f{e)], does vanish ex-
cept at o == w,,. In this connection we may tecall that when we originally inferred
the validity of the dispersion relation using (2.193) and (2.194), we were merely
equating terms of order &%, ignoring the ¢! contributions. In any event, the approxi-
mation implied in (2.194) is a very good one, since the cross section at resonance
is greater, by many orders of magnitude, than the nonresonant cross section.
The utility of relations such as (2.209) and {2.211) is not limited to the scattering
of light. Similar relations can be writtcn for a widc class of problems in physics
whenever there is a causal connection between the input and the ontput, or, more

tMerzbacher (1961), p. 499.
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precisely, whenever (a) the response (the output) of a system to a disturbance
(the input) vanishes before the disturbance is applied, and (b) the output is a linear
functional of the input. For example, in ac network theory where the input and
the output are an impressed current and the resulting voltage, respectively, the real
and imaginary parts of the complex impedance are the Hilbert transforms of each
other. In ferromagnetism it is the magnetic susceptibility (which relates an applied
magnetic field to the resulting magnetization) that satisfies a Kramers-Kronig
relation. Similar relations are valid for the dielectric constant, the electrical con-
ductivity, and so forth.

Finally, we should mention that the real and imaginary parts of the amplitudes
for the forward scattering of »* mesons on protons satisfy relations somewhat
similar to (2.21), as proved by M. L. Goldberger and others on the basis of very
general principles of quantum field theory.} These relations are particularly useful
since they supply nontrivial connections among directly observable quantities
(the real part of the forward scattering ainplitude and the total cross section) in a
domain where not much is known about the detailed form of the dynamics.

2-8. THE SELF-ENERGY OF A BOUND ELECTRON; THE LAMB SHIFT

Self-energy problem. Suppose we consider an electron (bound or free). The ve: ;
presence of the electron implies that there is an electromagnetic field accompanyi. ;-
the electron. Classically the electromagnetic field due to the presence of the electre
can react on the electron itself, a point discussed extensively by H. Poincaré, M.
Abraham, and H. A, Lorentz.§ In the quantum theory of radiation there is an
analogous effect which can be visualized as the following two-step process:

a) the electron emits a (virtual) photon, and

b) the photon is subsequently absorbed by the same electron.

The interaction energy between the electron and the electromatnetic field (classical
or quantized) due to the presence of the electron itself is called the self-energy
of the electron. For all practical purposes the self-energy forms an inseparable
part of the observable rest energy of the electron since there is no way of turning off
the electromagnetic interaction. We intend to show in this section that the dyna-
mical mechanisms that give rise to the (unobservable) self-energy have profound
consequences on the (observable) energy levels of atomic states.

The problem of self-energy can be discussed at several levels. To start with,
this problem arises even in classical electrostatics. Suppose we consider a model
of the electron which has a charge distribution p. Let ¢ be the electrostatic poten-
tial due to the presence of the electron. The interaction energy is then given by

Epn = _,;T [ ppes. (2.222)

iFor the proof of the pion-nucleon dispersion relation sce, for example, Kéllén (1964),
Chapter 5.
§Jackson (1962), pp. 578-597.
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If the electron were a point particle of charge e located at the origin, we would have
p ==ed(x) and ¢ = e/dnr; hence £,,. would be infinite. Instead, we may con-
sider a spherical charge distribution of uniform density. In such a model, if a
substantial part of the electron rest energy is to be attributed to the self-energy,
then the “radius” of the electron must be of the order of the classical radius of the
glectron ry = (e*/4wmc?). If the self-energy of the electron is computed quantum-
mechanically using the relativistic electron theory of Dirac, it is still infinite, but
the divergence involved can be shown to be much weaker. We shall come back
to this point in Section 4-7.

Atomic level shifts. We shall now discuss the self-energy of a bound, atomic electron
within the framework of the quantum theory of radiation we have developed in
which the transverse electromagnetic field is quantized but the electron is treated
nonrelativistically. Consider an atomic state 4 (which is not necessarily assumed
to be a stable ground state). The self-energy of the bound electron manifests itseif
as the energy shift of state 4 duc to its interaction with the quantized radiation
field. As we emphasized earlier, according to the quantum theory of radiation,
even if there is no incident radiation present, the atomic state 4 can emit a photon.
Let us now suppose that the atom subsequently absorbs the emitted photon and
returns to state A. To order ¢* there are two classes of processes, as represented
by Fig. 2-7. Of the two diagrams, the result shown in Fig. 2-7(a) due to the A-A
interaction term in the interaction Hamiltonian can be shown to be uninteresting
from the point of view of atomic level shifts (cf. Problem 2-11). The basic perturba-
tion matrix elements in Fig. 2-7(b) are the emission matrix element

HEPY = Hi et (2.223)
for 4 — I - & and the absorption matrix element
HED = Hijer (2.224)

for I+ -> A, where the time-independent matrix elements H;, and Hj, are
given by
Hio= (H,)* = —c/R20V(ejme){I [p-e | 4> (2.225)

Just as before if the dipole approximation is assumed.

To obtain the time-dependent amplitudes ¢, A A
and ¢, we must solve the following coupled
differential equations:

e, = 3, HEMWCettEr-Epun, (2.226) 7
photon

ihey= 3 3 HWc ekt (2,227)
phvton  F A /f

Since the quantized field operator A has a non-

vanishing matrix element between the vacuum @ )
state and a single photon state of any momentum i 2 v The sclf-encrgy of a
and polarization, the sum implied by the symbol bound clectron.
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S moton 18 OVver all possible momenta and polarizations, even those for which the
photon energy is not equal to £; — E,.

We are interested in obtaining an expression for the energy shift of state 4
For this reason we propose to solve (2.226) and (2.227) by making the ansatz

cq = exp[—IAE,1fh). (2.228)
With this ansatz the complete wave function varies as
A ~ u(x) exp [—i(E, -+ AE)/R], (2.229)

so that the time dependence of the wave function is precisely what we expect from
a quantum-mechanical state of energy E, 4+ AE,. Inserting (2.228) into (2.226)
and integrating, we have
1 L . 2 . . 7
cp= 2 Hi exp [iwt'} exp [—- 'Af’" ] exp [‘(Er . ENt ]dt'

photon 1 h 0

- Hidexp li(E; — E, — AE, + ho)t/h] — 1)
photan EVA + AEA - E, il hw
To obtain the energy shift for state 4 we substitute (2.228) and (2.230) into (2.227)
and divide by exp [—7AE 4/h]:
- [ Hia'(1 — exp[i(E, + AE, — E; ~ ho)t/h])

Abi=2 % E,+AE,~E;,—ho
Since we are computing AE, to second order in e, it is legitimate to drop AE,
on the right-hand side of (2.?31). Hence

AE,= % % [H () — exp [I(E — E; — ho)/h]). (2.232)

photon 1 EA - E, — hew

(2.230)

(2.231)

The time interval during which the perturbation acts may now be made to go to
infinity. The expression as it stands, however, indicates oscillation as ¢t — oo. This
is not surprising since we obtained (2.232) from an integral of the form (cf. Eq.
2.230)

t
L et dr’, (2.233)

which is obviously ill defined as ¢ — oo. However, such an integral can be made
convergent by adding a small positive imaginary part to x. In this way we obtain
a very useful set of relations:
. plzt
lim 1 — e
(2 X -0+

= —lim i [~ et=ti0e gyt
o

= lim - .
—0+ X + T€

= Jim [_ih - __l_e__J
e0s | X7 + ¢’ x* -+ &
=1 — ind(x). (2.234)

These are directly applicable to (2.233) with t — oo



2-8 THE SELF-ENERGY OF A BOUND ELECTRON 67

The energy shift AE, is now seen to have both a real and an imaginary part:
L7, P

Re(AE,) = .q.%:,., ? E,— £, — ho (2.235)
Im(AEy) = —o ‘Z 2] | Hi PE(E, — E; — ho). (2.236)
phaton

The photon sum in (2.235) is over photons of all possible momenta and polariza-
tions, and the atomic level sum 5, in (2.235) is also unrestricted in the sense that
E; < E, need not be satisfied (in contrast with a “real” emission process). This
means that the emission and absorption of the photons in (2.235) do not in general
satisfy energy conservation, hence they are not like the emission and absorption
processes observed for actual photons (discussed in Section 2-4). Such photons
are said to be “virtual.” We may imagine that the physical atom is part of the
time in a dissociated state “atom +- virtual photon.” It is the interaction energy
associated with the energy-nonconserving emission and absorption of virtual
photons of all possible momenta and polarizations that gives rise to the real part
of the energy shift.
In sharp contrast with the photon sum in (2.235), the photon sum in (2.236)
is over only those photons which satisfy energy conservation E, = E, + ho.
In other words the photons that appear in (2.236) are “real” as opposed to “'virtual.”
The energy shift AE, acquires an imaginary part only when it is possible for state
A to decay into state / via spontaneous emission without violating energy conserva-
tion. More quantitatively, we note that
— 2 ImAE)= 3 % EE\HLE, — E, — ho). 2.237)
fl photon 1 h

But the right-hand side of this expression is precisely the expression for the transi-
tion probability for spontaneous emission computed according to the Golden
Rule with all the energetically allowed final states summed over (cf. Egs. 2.114
through 2.117). Hence it is equal to the reciprocal of the mean lifetime of state A.

Thus we have the very important result
—% Im[AE) =L = 17 (2.238)

Ta

The physical significance of Im[AE,] is now clear. Going back to (2.229) we see
that the complete wave function is given by

Y~ u,(x) exp [—w_.—ﬂz] (2.239)
h 2k
From this follows the familiar conclusion: the probability of finding the unstable

state 4 decreases as
[ |2 ~ e Tat/h, (2.240)

To sum up, the real part of the energy shift AE, (arising from the emission and
absorption of virtual photons) is what we normally call the level shift, whereas the
imaginary part of AE, (arising from the emission and absorption of real photons)
characterizes the decay width, or the reciprocal lifetime, of the unstable state in



68 THE QUANTUM THEORY OF RADIATION - 2-8

question. We also note that our earlier phenomenological treatment of radiation
damping, given in Section 2-6, is now justified since the second term in the differ-
ential equation (2.181) can be viewed as arising from the imaginary part of AE,.

From now on we shall concentrate on only the real part of AE,. (In the following
the expression AE, shall mean its real part.) Inserting the explicit form (2.225)
into (2.235), we have

AE_l::fﬂh( e )"’ ’ kv 1 5 [(p-€“Yri (2.241)

V \me QnyY 20 & E,— E; — ho

The polarization sum and the angular integration are identical with those encount-
ered in our earlier discussion of spontaneous emission (cf. Egs. 2.130 through
2.132),

JdQ 1@ e)ul = GrA ) (2242)
We are thus left with just the energy integration

27 e\ | E *dE,

AL, = E(m)(‘mi B e s L £’ (2.243)
where E, = ho = h |k]|c. This energy integration is over all possible values «/
E,, from zero to infinity. But the integral clearly diverges linearly, We may arg::-.
that we cannot take too seriously the contributions from virtual photons of ver,
high energies since the nonrelativistic approximation for the electron must break
down for the emission of a photon of £, = mc®. So we replace

["aE, — | '5’ dE,, (2.244)

where E!"™% is known as the cut-off energy. Unfortunately, the energy shift
computed in this way is very sensitive to the arbitrary parameter E{™ which
we introduced.

Mass renormalization. At this stage it will be advantageous to discuss the self-
energy of a free electron of a fixed momentum p due to the process shown in Fig.
2-7(b). This time the wave functions for states 4 and J are represented by e x4/
and e ** [/, tespectively. The time-independent perturbation matrix element
H;,in(2.235) is given by

H;.l = —c }_ifz—r_:_yls'” J‘ e“P""-"e"k"‘(p'Em’)e"""/" d3x
wMmc ¥ ="

o [he 1 .
- Tom '[/—17;!"6‘ 185 0k (2.245)
The energy denominator is
E,~— E; — ho = p*f2m — (p — hk)*[2m — ho =~ — ho (2.246)

in the energy regions where the electron can be treated norrelativistically. The
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remaining steps are the same as before. We obtain for the self-energy of the free
electron

o ez 2p2 j',‘.;nmx) . N
ALaw = (47rhc)37r?171?)_2 0 dE, = C', (2.247)
where X
(e 2 ES
o (%fié) el (2.248)

Note that (2.247) 1s also linearly divergent as E{™* — co,

We see that Fig. 2-7(b) for the free electron simply gives rise to an energy
proportiona] to p*. To the extent that we can never switch off the electromagnetic
interaction, this additional energy cannot be separated from the usual kinetic
energy term p*/2m. In fact, the observable kinetic energy is the sum of the kinetic
energy in a hypothetical world in which there is nointeraction of the type represented
by Fig. 2-7(b) and the Cp* we computed. Meanwhile, if the electron is regarded as
a nonrelativistic particle, the electron mass is given by the energy momentum

relation
JE[oy* = 1/2m, (2.249)

where £ is the energy of a free particle, The observed mass mg,, of the electron is
then related to C by

P 2mg = P 2Mye + Cp' = p*/2my (1 — 2m,, C)), (2.250)

where My, stands for the electron mass we would measure in the absence of the
interaction represented by Fig. 2-7(b). To summarize, the net effect of Fig. 2-7(b)
is only to change the definition of the electron mass:

1\ 4 EGmo
Myare —> My 2 [[ -+ (Tﬁ)ﬁ Tn?—}mm,,,, (2.251)
The mass we observe in our laboratory is not m,,., but m,,, sometimes known
as the renormalized mass. Note that AET™ in (2.247) is negative while Am
== My — My 18 positive. From (2.251) we see that for a cut-off E{™® of order
mc?, about 0.3%, of the observed electron mass is attributed to the self-energy.
We cannot, however, attach much significance to this kind of calculation since we
obtain a very different expression for the electron self-erergy if Dirac’s relativistic
electron theory is used.

Now iet us retwrn to the fevel shifts of atomic states. When we solve the Schrod-
inger equation to compute the energy levels of an atom, the kiretic energy we use
is p?/2m,,,, which already includes the correction term Cp?. In estimating the
observable energy shifts, we must make sure to subtract that part of the energy
which is already accounted for, since we used p*/2m,,, instead of p?/2m,,, in
computing the unperturbed energy levels. This is the idea of mass renormalization

}The reader who is familiar with solid-state physics may recognize that the notion of the
observed or renormalized mass in the quantum theocy of radiation is somewhat like that
of the effective mass of an electron in interaction with lattice vibrations of solids,
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proposed by H. A. Kramers. Quantitatively, the observable energy shift AE¢ '~
is given by
AEL™ = AE, — {A|(p*[2mas — p*[2140}| A
= AE, — C{4|p*| A>. (2.252)

In other words, what i1s observable is the difference of the bound-electron self-
energy and the free-electron self-energy.

Bethe’s treatinent of the Lamb shift. Stimulated by precise level-shift measurcments
made possible by the wartime development in microwave techniques, H. A. Bethe
applied Kramer's idea of mass renormalization in computing the energy shifts
of the hydrogen atom due to the interaction shown in Fig. 2-7(b). From (2.243)
and (2.247) we obtain

AEL™ = (4;;') 37r(mc) J.’(.M)(z E.EJ(EP)“IF + (Pz)u)

""m’ I(P) JP(E, — E))
(47rht.")37r(m4.")2 1 E; -Ep — E, aE,
Epm
(zm)i;r‘"(mcy' Z @)l (E, — Ey log (1—‘““—5 =)
2 E(mnx) -
(4’”“_) TGmc) log ((E, ,l)u\enmr) ; [(P)ral*(E — Eu), (2253)

where we have used
(P*)er = 2 |(P)rc (2.254)

and assumed that E{™* js much greater than E, — E,. Note that AE{™ now
depends much less sensitively on E{"**. Gur expression still diverges as E{™* —» <z,
but the divergence is logarithmic rather than linear.

Summing over [ is facilitated by the obseryation that
2Pl (B~ Ep) = —4b° _[ Y ViV dex, (2.255)

which can be proved by means of the following three steps. First, note that for an
unperturbed Hamiltonian of the form (p?/2m) 4- V(x), we have

Hy— Hep = —inV V. (2.256)
Second, take the matrix element of (2.256) between [ and A4:
Pira E,—E; Pr(= —ih(v V)I.l (2.257)

Third, multiply p.; from the left, sum over /, and note that the resulting expression
must be real :
21: [(p)rulP(Es — Ep) = '*; ihpar-(VV )14

};. ih(V V3irpra

~—-(ih/2) [P, VV].m
= —(r*[2)(V* V)00 (2.258)

il

il
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which yields (2.255). For the hydrogen atom we have
VI = 25 (x). (2.259)

Let us also recall that the atomic wave function vanishes at the origin except for
s states. The integral that appears in (2.255) is

2 3,3 t
[ 1Vt vdx = o4 = {(e frmta) - forsstates, ) 60
0 otherwise,
where
- (Afmc)
@ = (e*f/4mhc) (2-261)

is the Bohr radius of the hydrogen atom. The observable energy level shift now
becomes

ooy . B[ €@ VY et \ 1 Epmx
A2 = 5 () () o2 (o = ) (2.262)
for s states, where we may recall that (e?/8a,) is the ionization energy for the ground
state of the hydrogen atom (sometimes denoted by Ry, the Rydberg energy). For
states with [ 5= 0, no observable level shifts are expected.

It is well known that in the Schrddinger theory the energy levels of the hydrogen
atom depend only on the principal quantum number n. As we shall see in Chapter
3, if we solve the hydrogen atom problem using the Dirac equation, the above
degeneracy is partially removed by the spin-orbit force, but states with the same
n and j are still degenerate. In particular, the 254 and 2p} states are exactly de-
generate according to the Dirac theory. Although the possible existence of an
energy difference between the 25} and 2p4 states was speculated upon by S. Paster-
nack and others even before the 1940’s, no precise measurement was made of this
energy difference until the development of microwave techniques during the war.
In 1947 W. E. Lamb and R. C. Retherford showed that the radio frequency corre-~
sponding to the 2s-2p} separation is about 1060 Mc, the 2s state being the higher
of the two.} Bethe derived the formula (2.262) to account for the observation of
Lamb and Retherford, usually referred to as the Lamb shift. The average excitation
energy (E; — E ... was estimated numerically for the 25 state to be 7.8
times the Rydberg energy, and when E{™* was set to be mc? (to allow for the
breakdown of the whole approach in the relativistic domain), the calculated upward
shift for the 2s state turned out to be 1040 Mc, in remarkable agreement with
observation.

Subsequent relativistic calculations, which will be discussed in Section 4-7,
have led to a completely convergent result for this separation.§ The theoretical

$To appreciate the order of magnitude of the Lamb shift note that the reciprocal wave-
length corresponding to 1060 Mc is 0.035 cm™!, eompared with 27,000 em~! correspond-
ing to the jonization energy of the ground state.

§This is because the self-energy of the free or bound electron is only logarithmically
divergent in the relativistic treatment, as first shown by V. F. Weisskopf, Crudely speaking,
the difference between the two logarithmically divergent expressions that appear in the
relativistic approach turns out to be finite just as the differcnce between the two linearly
divergent expressions in {2.253) is only logarithmically divergent.
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value 1057.7 4 0.2 Mc is to be compared with the experimental value 1057.8
-+ 0.1 Mc.I In any case, the semiquantitative success of Bethe’s treatment indicates
that the Lamb shift is basically a nonrelativistic low-frequency effect. What is
more important, this treatment illustrates how we can extract sensible numbers
that can be compared with observation despite the divergence difficulties inherent in
the present form of field theory. The idea of mass renormalization which is so basic
to the success of Bethe’s calculalion turns out to play a role just as essential in the
more sophisticated relativistic treatment of the Lamb shift.

PROBLEMS
2-1. The annihilation and creation operators of the electron denoted by b, and b,
are expected to satisfy the anticommutation relation
[bku bk"'} =0, {bkh bl’(l} = Bkk’su')

where ¥ characterizes the spin state up (1) or down (| ). In the Bardeen-Cooper-
Schrieffer theory of superconductivity, the annihilation and creation operators
for a correlated pair of electrons are defined by

ok = b_x; byy, ek = bl bty .
Show that [ex, ekl =0, [cf, k] = 0. Evaluate {ax, .

2-2. Show that the threc independent nonvanishing components of an antisymmetric
dyadic

Sy = —ik(eW e — et
={h(elk X )
satisfy the angular momentum commutation relation
S-S, — 8§;:S, == ihS,,

where (ijk) are cyelic permutations of (1, 2, 3), and €‘® is defined by k/|k|. Show
also that

3
Syoupe = dhuys, 22 S¢Sy = 282y,
4
where
{1y Tell)
€' L je 2k

W = F X,

2-3. When quantized, the neutral scalar field can be expanded as follows:
$06 1) = I o) 31 (ane + alyeo);
wfc = /K + (mclh}, ax(t) = a, (0)e~'™",

law, ax] = [af, al] = O,  [ak, ak] = Sui-

tSee, however, the first footnote on p. 294.
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a) Prove the equal-time commutation relation

[$6x, 1), 7(X, )] = B (x — X7,
where
w(x, 1) = (1/c*)(@¢/a1).

b) Suppose we define the average field operator 93 in the neighborhood of the
origin by

& = [1/(2rb?] j dPxe T g(x, 1),

Show that apart from a numerical factor the vacuum expectation value of @)2
is given by ch/b?, provided b < himc.

Consider the photoelectric effect of the ground state of the hydrogen atom,

a) Using the quantum theory of radiation (as opposed to the semiclassical argu-
ments found in many texts), write the transition matrix element in lowest order.
b) Show that the differential cross section is

:% = 32(&%&) (m) (%) % ,1[a.,)5[| " 1(??1:)0 st 7

if the energy of the incident photon is so large that the final-state wave function
of the ejected electron can be approximated by a plane wave. The spherical coor-
dinate variables § and ¢ are defined in such a way that the incident photon momen-
tum and polarization are along the z- and x-axes respectively, and a, stands for
the Bohr radius.

The phenomenological interaction Hamiltonian responsible for the decay of the
52 hyperon (8 — A - %) located at x = 0 can be taken as

m-’i-‘i'ln;;)-cwa-(v x&)|
where 7,5 is an operator that converts 3° into A, leaving the spin state unchanged,
and « is a dimensionless constant assumed to be of the order of unity.

a) Show that the angular distribution of the decay is isotropic even when the
parent 3% is polarized.

b) Find the mean lifetime (in seconds) for « = 1 (m, = 1115 MeV/c?, mx = 1192
MeV/c?).

The metastable 2s state of the hydrogen atom turns into the ground state by emit-
ting two photons. The Golden Rule in this case takes the form

Vid'k, V3K,

2r 2
= Tl ey Gy

YLy — £y — o, — ho,)

for the emission of photons characterized by (k,, @,) and (k,, «,). Write out the
expression for T, State explicitly what kind of intermediate states characterized
by (n, {, m) give rise to nonvanishing contributions. Simplify your expression as
far as you can.

Prove that the scattering amplitude of a neutral scalar meson on an infinitely heavy
nucleon which has no discrete excited states is zero up to order g* when the inter-
action density is given by

# = gd(x, )8¥(x — x’),  x’' = position of the nucleon.
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2-8.

2-10.

2-11.

THE QUANTUM THEORY OF RADIATION

A stable, spinless nucleus A of even parity has a spin-one, odd-parity excited state
R whose only significant decay mode is R — A4 + v.

a) Assuming that excitations to intermediate states other than R are unimportant
and ignoring the nuclear Thomson term (due to A-A), show that the differential
and total scattering cross sections of a v-ray by the ground state A are given by

da _ 9 (e ¥ gtar. gtany Ll

6 =16(5) € e Ry F (TR
3 (Thi4)

Tror == 5 (4nA )(E” TE < hm)" T (I"i-/4) H

where A == cfw. (The second formula can be generalized to resonance scattering
involving any multipole transition if we replace 3/2 by (27, + 1)/[2(2], -+ 1)].)

b) Verify that the above expression for the total cross section is equal to
4n(c/w) Imfilw).

¢) The nucleus C'* whose ground state is known to be a 0+ state has an excited
1~ state (denoted by C%*) 6.1 MeV above the ground state. The only decay mode
of CY* is known to be C** - . Compute the total cross section at exact resonance
and compare it with the cross section for nuclear Thomson scattering due to the
C* nucleus as a whole,

Assuming that f{w) for the scattering of a high-energy photon by the hydrogen
atom is given by the Thomson amplitude, derive the sum rule

nlcry = J: Ou{®) dw.

Show that within the framework of the approximations made in this chapter, the
above sum rule is equivalent to the well-known Thomas-Reiche-Kuhn sum rule:}

2:; thwul"ulz =3.

Assuming the validity of perturbation theory, use the fixed-source neutral scalar

" theory of Problems 2-7 to obtain an expression for the probability of finding one

virtual meson of erergy <hw(™*® around the nucteon.
Why is it legitimate to ignore Fig. 2-7(a) in estimating the Lamb shift?

{Merzbacher (1961} p. 446.



CHAPTER 3

RELATIVISTIC QUANTUM MECHANICS
OF SPIN-4 PARTICLES

3-1. "ROBABILITY CONSERVATION IN RELATIVISTIC
CQUANTUM MECHANICS

It is almost traditional to start an exposition of the Dirac theory of spin-} par-
ticles by discussing some of the “difficulties” of the Klein-Gordon theory. As we
shall see later, there is actually nothing wrong in the Klein-Gordon equation if
it is properly interpreted. We shall sketch, however, the usual arguments against
the Klein-Gordon equation since they played an important historic role in the
formulation of relativistic quantum mechanics.

In Schrodinger’s wave mechanics we associate a complex-valued wave function
«r with a single particle, such that j4{*d"x gives the probability of finding the
particle in a volume element d°x. This interpretation is possible because the proba-
bility density P and the flux density S given by

P=|{?>0 3.0
and
S = —(Ih/2m)(y* Vofr —~ Voy*) (32
satisfy the continuity equation
oPf31 V-5 =0 (3.3)

by virtue of the Schrddinger equation. Using Gauss’ theorem, we also see that the
integral over all space | Pdx is a constant of the motion which can be set to unity
by appropriately normalizing «Jr.

If one is to construct a relativistic quantum mechanics in analogy with non-
relativistic quantum mechanics, it may appear natural to impose the following
requirements on the theory. First, with the relativistic wave function we must be
able to construct bilinear forms which can be interpreted as the probability density
and the flux density satisfying a continuity equation of type (3.3). The probability
densirty we form must, of course, be positive definite. In addition, the special theory
of relativity requires that P must be the fourth component of a four-vector density.
To see this last point, we recall that d*x — d*x./1 — (v/c)* under a Lorentz
transformation because of the weil-known Lorentz contraction of the volume
element; if Pd®x is to remain invariant, it is essential that P transforms like the
fourth component of a four-vector P — Pja/1 — (»/c)*. The continuity equation
(3.3) takes the following covariant form,

(8/ax,)s, = 0, (3.4)
where

s, = (S, icP). (3.5)
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Let us now see whether the relativistic guantum mechanics based on the Klein-
Gordon equation satisfies the above requirements. Consider a four-vector denst
given by ]

ap _ o¢* )
5, = A{* 28 99 3.6
* (({} ax, ox, ¢) (-6)
where ¢ is a solution to the free particle Klein-Gordon equation, and 4 is a mul-
tiplicative constant. The four-divergence of (3.6) vanishes,

as, _ ,[9d* 9% . . ?i’i9<l>].
OSp = 4 |92 99 . — — 99| -
= A|Z 0L - - 20, 07)
by virtue of the Klein-Gordon equation. For a Klein-Gordon particle moving
at nonrelativistic velocities (£ = mc?),

G~ e, (3.8)

where «Jr is the corresponding Schrddinger solution (cf. Problem 1-2). The com-
ponents of s, are then given by

So = —1is, == (2imc[k) A |}, s = A[Qr* Vi — (V). 3.9
If we set 4 = —ih/2m, then s and s, are precisely the flux density and ¢ times
the probability density in the Schrodinger theory. Thus we obtain a four-vector
current density from a solution of the Klein-Gordon equation with the following
properties: (i) the current density satisfics the continuity equation, and (ii) the
components of the current density coincide with the flux density and ¢ times the
probability density in the nonrelativistic limit.
So far everything appears satisfactory. There is, however, a difficulty in inter-

preting
ik ,.0p 9*
P‘ifn‘.:‘?(‘ﬁ qué“"g;“‘#) (3.1
as the probability density. In the Schrédinger theory, in which the time derivative
appears only linearly in the wave equation, the sign of the frequency is determined
by the eigenvalue of the Hamiltonian operator. In contrast, because the Klein-
Gordon equation is of second order in the time derivative, both u(x)e™*** and
u*(x)e*' 4" are equally good solutions for a given physical situation (cf. Problem
1-3). This means that P given by (3.10) can be positive or negative. We may arbi-
trarily omit all solutions of the form nw(x)e™**/* with E < 0. But this would be
unjustified because solutions of the form wu(x)e™*5/* with E > 0 alone do not
form a complete set. It appears that we must either abandon the interpgetation
of (3.10) as the probability density or abandon the Klein-Gordon equation al-
together.

Let us analtyze the origin of this difficulty a little more closely. From the deriva-
tion of the continuity equation (3.7) we may infer that the appearance of the linear
time derivative in 5, is unavoidable so long as the wave function satisfies a partial
differential equation quadratic in the time derivative. Perhaps we could avoid
this difficulty if we wrote a relativistic wave equation /inear in the time derivative.
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In 1928, in what is undoubtedly one of the most significant papers in the physics
of the twentieth century, P.A.M. Dirac succeeded in devising a relativistic wave
equation starting with the requirement that the wave equation be linear in 2/01.
Using his equation, known to us as the Dirac equation, he was able to construct
a conserved four-vector density whose zeroth component is positive-definite. For
this reason, from 1928 until 1934 the Dirac equation was considered to be the
only correct wave equation in relativistic quantum mechanics.

In 1934 the Klein-Gordon equation was revived by W. Pauli and V. F. Weiss-
kopf. Their proposal was that, up to a proportionality factor, s, given by (3.6)
be interpreted as the charge-current density rather than as the probability-current
density. As we saw in Section 1-3, an interpretation of this kind is reasonable
in the classical field theory of a complex scalar field. The fact that the sign of s,
changes when w*(x)e~'#!* is substituted for u(x)e'®** makes good sense if the
negative-energy solution is interpreted as the wave function for a particle with
opposite electric charge (cf. Problem 1-3).

The interpretation of s, as the charge-current density is even more satisfactory
for a theory in which a solution to the Klein-Gordon equation is to be interpreted
as a quantized field operator. In analogy with what we did for the complex scalar
field in classical field theory we form a non-Hermitian field operator ¢(s% ')

such that
¢=~‘1"7t21.‘£z bt = '”2f 2, 311y

where ¢, and ¢, are Hermitian operators whose properties are given in Problem
2-3. Consider now a four-current operator

-—-e(c{x'aqs i) (.12)

ax,  0X

It is easy to show (Problem 3-1) that the fourth component of j, has the property

JGiieydox = e X (v — N, (3.13)
where
NS = af.a,., (3.14)
with
= T(a‘” +iaf),  al.= T:(am F ia®). (3.15)

Physically, N+’ and N~ are the number operators for the Klein-Gordon particle
of charge e and for its antiparticle with charge —e. So the eigenvalue of the opera-~
tor expression (3.13) is the total charge of the field. Usually the four-vector j, is
regarded as the charge-current density operator.

As emphasized in Chapter 2, quantum field theory accommodates physical
situations in which particles are created or annihilated. When there are processes
like v — #* 4 =~ which take place in the Coulomb field of a nucleus, what is
conserved is not the probability of finding a given particle integrated over all
space but rather the total charge of the field given by the eigenvalue of (3.13).



78 RELATIVISTIC QUANTUM MECHANICS OF SPIN-} PARTICLES 3-2

Coming back to the original argument against the Klein-Gordon equation, we see
that if we are to reject the Klein-Gordon equation on the ground that we cannot
form a positive-definite probability density, we might as well give up the Maxwell
theory which, as the reader may verify, cannot accommodate any conserved
four-vector density bilinear in the electromagnetic field.

3-2. THE DIRAC EQUATION

Derivation of the Dirac equation. Even though the Klein-Gordon equation is
quite satisfactory when properly interpreted, there is reason for rejecting it for
the description of an electron. The Klein-Gordon equation cannot accommodate
the spin-4 nature of the electron as naturally as the Dirac equation can. In this
connection, let us first study how to incorporate the electron spin in nonrelativistic
quantum mechanics.

In nonrelativistic quantum mechanics, in order to account for the interaction
of the electron spin magnetic moment with the magnetic field, it is customary to
add a term

H®™ = —(ehf2mc)e-B (3.16)

to the usual Hamiltonian, as done originally by W. Pauli. This procedure appears
somewhat artificial, especially if we subscribe to the philosophy that the only
“fundamental” electromagnetic interactions are those which can be generated
by the substitution p, — p, — ed,fc. There is, however, a slightly less ad hoc
way of introducing the spin magnetic moment interaction. In the usual wave-
mechanical treatment of the electron, the kinetic energy operator in the absence
of the veetor potential is taken to be

HE® = p*om, (3.17)
However, for a spin-} particle we may just as well start with the expression
H® = (g-p)(a-p)/2m. (3.18)

This alternative form is indistinguishable from (3.17) for all practical purposes
when there is no vector potential.] There is, however, a difference when we make
the substitution p — p —eA/c. The expression (3.18) then becomes

b= 2)elo-2)

(= 5) e (= 9) < (o~ )]

f

1 eA\? eh
=§Tn( “T) — 5t a.B, (3.19)
witzre we have used
PXA=—ih(VXxA)—AXp. (3.20

(The operator p is assumed to act on everything that stands to the right; in contrast,

$We recall that the formula (o -AXe-B) = A-B + ia (A X B) holds even if A and B
are operators.
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the V operator in (3.20) acts only on A.) Note that the spin magnetic moment
generated in this way has the correct gyromagnetic ratio g = 2.1

Our object is to derive a relativistic wave equation for a spin-} particle.
Just as we incorporated the electron spin into the nonrelativistic theory by using
thic kinetic energy operator (3.18), we can incorporate the electron spin into the
general framework of relativistic quantum mechanics by taking the operator analog
of the classical expression

(E*c®) — p* == (mc)’ 3.21)
to be
(E:’l‘) . U'P) (E;"P_) + a'p) — (mC)z, (322)
where
] . 0
©om = ip 2 s fhe 2,

E®r Iﬁa’ ihe ox, (3.23)
and p = —ihV as before. This enables us to write a second-order equation (due
to B. L. van der Waerden),

b k)~ o) - o
(zhaxo + @-ikvV xhaxo c-ihV )¢ = (mc)' ¢, (3.24)

for a free electron, where ¢ is now a rwo-component wave function.

We are interested in obtaining a wave equation of first order in the time deriv-
ative. Relativistic covariance suggests that the wave equation linear in /8¢ must
be lincar in V also. An analogy with the Maxwell theory may now be helpful.
The free-field D’Alembertian equation []4, = 0 is a second-order equation,
while the free-field Maxwell equation (8/9x,) F,, = 0 is a first-order equation.
Note that F,, obtained by differentiating 4, has more components than 4,. This
increase in the number of components is the price we have to pay when we work
with the first-order equation.

Motivated by this analogy, we can define two two-component wave functions
U0 and G

¢w)=.L(ihi— iha’-V)qS, G = . (3.25)

mc 20X,

The total number of components has now been increased to four. The superscripts
R and L come from the fact that as m — 0, ¢ and ¢'®, respectively, describe
a right-handed (spin parallel to the momentum direction) and a left-handed (spin
antiparallel to the momentum direction) state of the spin-} particle, as we shall
see later. The second-order equation (3.24) is now equivalent to two first-order
equations

[(rheV — ih(8[0x,)] P! = —mecPht™,

3.26
[—ihe -V —~ ih(3/x,)] ¢ = —mc A, (3.26)

THistorically, all this was first obtained by working out the nonrelativistic [imit of the
Dirac theory, as we shall show in the next section. For this reason, most textbooks state
that the g = 2 relation is a conscquence of the Dirac theory. We have seen, however,
that the g = 2 relation follows just as naturally from the nonrelativistic Schridinger-
Pauli theory if we start with the kinetic energy operator (3.18). This point was emphasized
patticularly by R P Feynman.
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Note that unless the particle is massless, these first-order equations couple $*
and ¢ just as the Maxwell equations, also first-order equations, couple E and B.

Equation (3.26) is equivalent to the celebrated wave equation of Dirac (cf.
Problem 3-5). To bring it to the form originally written by Dirac, we take the
sum and the difference of (3.26). We then have

—ik(a- V('™ — ') — ih(@)ax ) (PP + ') = —mc(¢p® + ), (3.27)
ih(a-V)(§D + ™) + ih(2fox) (¢ — ¢*) = —mc($™ — ¢,
cr, denoting the sum and the difference of ¢ and ¢ by 4, and +r,, we have
(T~ Py (%), oo
iha-V  ih(9)3xe) \ry Ay
Defining a four-component wave function «r by

(r) (L)
Y= Y4 - ¢+ b , (3.29)
vl g — g
we can rewrite (3.28) more concisely as
0 mc ,
(v ¥+ ngiiy) v+ v =0 (3.30)
or
2 mc _
(%5;’.‘ T)‘P =0, (3.31)
where vy, with g == 1,2, 3,4 are 4 X 4 matrices given by
_(0 ~iu,‘) ﬂ(l 0) 132
"oy, 0 "o -1 (3-32)
which really mean
0 0 —i O 1 0 0 0
0 0 0 i 0 1 0 0
— 5 = » ete.r Y (3.33
"o o0 o0 "=lo 0 —1 o G
0 —i 0 O 0 0 0 —1

Equation (3.31) is the famous Dirac equation.§

$1We use the standard form of the 2 X 2 Pauli matrices

01 (0 i _(1 0
"‘“(1 o)' "’_(i 0)’ "o —1)‘

The symbol 7 stands for the 2 X 2 identity matrix

=(o )

§In deriving the Dirac equation we have not followed the path originally taken by Dirac.
The first published account of the derivation given here is found in B. L. van der Wacrden’s
1932 book en group theory. The original approach of Dirac can be found in many books,
for example, Rose (1961), pp. 39-44; Bjorken and Drell (1964), pp. 6-8.
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We wish to emphasize that (3.31) is actually four differential equations that
couple the four components of 4r represented by a single-column matrix

Y
y={"] (3.34)
Y
Uy
A four-component object of this kind is known as a bispinor or, more commonly,
as a Dirac spinor. 1f there is any confusion as to the real meaning of (3.31), the
reader inay write the matrix indices explicitly as follows:

;‘:‘. zl [('Y;x)aﬂ Ea;; + (1",:5) 8“,,] yrs = 0. (3.35)

The fact that 4r hus four components has nothing to do with the four-dimensional
nature of space-time; +r; does not transform like a four-vector under a Lorentz
transformation, as we shall see in Section 3-4.

The 4 x 4 matrices v, we introduced are called the gamuwna matrices or the
Dirac matrices. They satisfy the following anticommutation relations as we may
readily verify:

{')’;u Y} = VYo + VoVu = 28,,. (3-362)

= = %)
Yo —1) Tlo

" __(0 ——itr,)(() —i02>+(0 —wicrz)(() ———iol)
NN = 0 Niew 0 io; 0 J\ie, 0

For instance,

= (”"” T 0 0 ) = 0. (3.36b)
0 G0y -+ 00
Moreover, each v, is seen to be Hermitian,
"Y:t = Yus (3.37)

and traceless.}
Multiplying (3.30) by «,, we see that the Dirac equation can dlso be written
in the Hamiltonian form

Holp = in(@)r/a1), (3.38)
where
H = —jcha-V + Bmc?, (3.39)
with
I 0 . 0 oy
= = , A, = = . 40
B=w (0 _[) k= 1Y% (m 0) (3.40)

}tn the literature some people define gamma matrices that do not quite satisfy (3.35)
and (3.37). This is deplorable. Qur notation agrees with that of Dirac’s original paper
and Pauli’s Handbuch article. The alternative notation semetimes found in the literature
is summarized in Appendix B,
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The matrices e and 8 satisfy}
{an, B}=0, B =1 {a,a}=25. (3.41)

In Section 3-6, we shall make extensive use of the Hamiltonian formalism based
on (3.39).

Conserved current. We shall now derive the differential law of current conservation.
First let us define
b=y, (3.42)
where 4 is cafled the adjoint spinor, as distinguished from the Hermitian conjugate
spinor 4. Explicitly - as well as 4 can be represented by single-row matrices,
that is, if
N
e
=", 3.43
1P‘3 ( )
Y
then
Pt = (s A, P,
T = (Wl P, =, — ).
To obtain the wave equation for J» we start with the Hermitian conjugate of the
Dirac equation,

(3.44)

2 9 mc
5;’;1!’""/1: + 5}?\!*"‘/4 + W ¥yt =0. (3.45)
Multiplying (3.45) by v, from the right, we obtain the adjoint equation
2 me +
*m‘pvu +5 =0 (3.46)
where we have used
2 @ _i,
ax¥  icty* T axy (347
and eys = —ysy. We now multiply the original Dirac equation (3.31) from the
left by 4, the adjoint equation (3.46) from the right by 4r, and subtract. Then
(3fox)(yu) = 0. (3.43)
Thus we see that
s, = icPryudr = (et @y, ic' ) (3.49)

tin addition to 7y, &, and B, one also finds in the literature

_(01 =<o —i and _(1 0
P\ o)l PP \a o) Ps 0~1)‘

We shall, however, not use the rho matrices in this book.
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satisfies the continuity equation.t Using Green’s theorem we see that

J-«Tfrynpd’x = J-\p*w[rd’x = const, (3.50)

which may be set to unity by appropriately normalizing 4. Now, unlike (3.9),
4

Tk =9 = 2 Vit @51

is necessarily positive-definite. So we may be tempted to identify Vry,r = pfr
with the probability density as we did in the Schrodinger theory. With this in-
terpretation,

Si = {eyryafr = ot (3.52)
1s identified with the flux density. For the covariance of the continuity equation,
we must, of course, prove rigorously that s, indeed transforms like a four-vector;
this will be done in Section 3-4.

For the time being, we assume that a solution 4 to the Dirac equation is a single-
particle wave function subject to the above interpretation of yr*+4f as the probability
density. Toward the end of this chapter, however, we shall point out some of the
difficulties associated with this interpretation. For a more satisfactory interpretation
of the Dirac theory, it is necessary to quantize the Dirac field. This we shall do in
Section 3-10.

Representation independence. In concluding this section we shall mention briefly
the notion of the representation independence of the Dirac equation, Suppose
somebody writes

;9 me\ .,

(W}—; + 20 =0, (3.53)
where the only defining property of ry; is that o, with p ==1...4 forms a set of
4 X 4 matrices satisfying

{'Y;n 'Y:l} == 28#»* (3.54)
Our assertion is that this equation is equivalent to the Dirac equation (3.31) where
the matrices ry, are explicitly given by (3.32). Note that we do not assert that for
a given physical situation yr and " are the same. Different sets of 4 X 4 matrices
satisfying (3.54) are referred to as sets of the gamma matrices in different repre-
sentations.

We can prove the Tepresentation independence of the Dirac equation by appeal-
ing to what is known as Pauli’s fundamental theorem: Given two sets of 4 X 4
matrices satisfying

{'Yuv v} = 28,, and (Vi i} = 28,,

TAll this can be readily proved even in the presence of the electromagnetic interaction
generated by the substitution

., & ., 0 ed,
"II'IH; —> —»Iﬁa‘xp—‘-—é’*

in (3.31).
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with p, » = 1 . .. 4, there exists a nonsingular 4 X 4 matrix S such that
SeyS™ = 1y, (3.55)
kioreover, S is unique up to a multiplicative constant. The proof of the theorem
can be found in Appendix C. Assuming the validity of Pauli’s theorem, we rewrite
(3.53) as
ox

where S is the matrix that relates the set {y}} and the set {v,} via a relation of the
form (3.55). Multiplying by S from the Jeft, we obtain

2 -
(WEJP '"TC)S Lol = 0. (3.57)

(S%S* 24 ”_;f) SS-1y =0, (3.56)
»

This is the same as the original Dirac equation with S~'/" as solution. In other
words, (3.53) is equivalent to the Dirac equation, (3.31), and the wave functions
' and ¥ are related by
A = Safp. (3.58)
Let us consider the case where the vy, are also Hermitian. By taking the Hermitian
conjugate of (3.55) we see that § can be chosen to be unitary S* = S~!. With a
unitary S we see that expressions like the probability density and the flux density
are the same:
Vo’ = Pt
= ot St Sy, §1 8y, ST S
= Jyu (3.59)

Evidently all the physical consequences are the same regardless of whether we use
(3.31) or (3.53). Note, however, that the wave functions for the same physical
situation Jook different when different representations are used.f
In practice three representations of the gamma matrices are found in the
literature:
a) The standard (Dirac-Pauli) representation given explicitly by (3.32).
b) The Weyl representation in which not only w, but also v, are off-diagonal
(cf. Problem 3-5).

{Actually we are already familiar with an analogous situation in the Pauli two-component
theory. In nonrelativistic quantum mechanics it is customary to use the standard repre-
sentation of the ¢ matrices in which o, is diagonal. From the point of view of the con-
mutation relations, however, one may as well work with what we may call “a noncon-
formist’s representation,”

oo (O U_(l 0) U“(o 1)
'(i o)’ o -1 T\ o)

The spin-up spinor (the spin in the positive z-direction) is then given by

:71—2-( : ) rather than by (:))
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¢} The Majorana representation in which the «, are purely real and «, is purely
imaginary, hence v,(9/2x,) is purely real.

In this book, whenever explicit forms of «y, or +Jr are called for, only the standard

(Dirac-Pauli) representation is used.

3-3. SIMPLE SOLUTIONS; NONRELATIVISTIC APPROXIMATIONS;
PLANE WAVES

Y.arge and small components. Before we study the behavior of Dirac’s wave func-
tion 4 under Lorentz transformations, let us examine the kind of physics buried
in the harmless-looking equation (3.31).

In the presence of electromagnetic couplings, the Dirac equation reads

a ie me ,
(a—;; - h‘(‘:Au) Yudr + T‘!’ =Y (3'60)

where the usual replacement —ih(3/dx,) — —ih(3/0x,) — e, fc is assumed to
be valid. Assuming that A4, is time independent, we let the time dependence of
4r be given by

afr = (X, D) oe” F (3.61)
(which, of course, means that «r is an eigenfunction of /h 8/3¢ with eigenvalue £).
We can then write the coupled equations for the upper and lower two components,
g and afr,, as follows (Eq. 3.28):

[7:(p = ) = (€ = et = ey
oo Ay e Lp ) (3.62)
[” (P2 )} V. (E — edy + mc2ypry,

<

where 4, = (A, i4,) as before. Using the sccond equation, we can readily elimi-
nate 4, in the first equation to obtain

[m (p — icé)jl [[T;—&%Z—HFJ [a- (p — g;)]«[g, = (E— edy—mc*Wr,. (3.63)

Up to now we have made no approximations. We now assume that

Eaxme®, ledq| < met. (3.64)
Decfining the energy measured from mc® by
ECN = F — mc?, (3.65)
we can make the following expansion:
S T S S [N Y E T,
E—ed, -+ mc* T 2m [2mc? 4 EC — ed, 2m 2mc?

(3.66)

This can be regarded as an expansion in powers of (v/c)® since EN® — o4, is
roughly {p — (eA/c)*/2m = mv*{2. Keeping only the leading term in (3.66), we
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obtain
1 A A !
(P =)o (p— L) = B —eddps,  (3.67)
which, as we have already seen (cf. Eq. 3.19), becomes
i eA\? fi ¢
[fn (p—2) —spzoB+ ”‘o] Yo = ECW. (3.68)

Thus to zeroth order in (v/c)?, 4, is nothing more than the Schrédinger-Pauli
two-component wave function in nonrelativistic quantum mechanics multiplied
by e~*'/*, Using the second expression of (3.62), we see that 4, is “smaller”
than 4, by a factor of roughly |p — e(A/c)|/2me = v[2¢, provided that (3.64) is
valid, For this reason with E ~ mc?, +r, and «, are respectively known as the
large and small components of the Dirac wave function 4.

Approximate Hamiltonian for an electrostatic problem. We shall now study the
consequences of keeping the second term in (3.66). For simplicity, let us treat
the case A = 0. The equation we must work with is

HE® oy = ES® (3.69)
where
(SR (e __l_( _ ECH — edy . |
Hi (@-p) 2m ! 2mc? )(‘7 P} + edo. (370

At first sight it might appear that we can regard (3.69) as the time-independent
Schrodinger equation for «fr,. There are, however, three difficulties with this
interpretation. First, if we are working to order (v/c)?, 44 no longer satisfies the
normalization requirement because the probabilistic interpretation of the Dirac
theory requires that

J(\Hﬂh + Ppyrp)dix =1, (3.71)

where Jr, is already of the order of »/c. Second, by expanding (3.70) it is easy to
see that H&™ contains a non-Hermitian term iiE.p. Third, (3.69) is not an
eigenvalue equation for the energy since H§™ contains E®® jtself.

To overcome these difficulties, let us first note that the normalization require-
ment (3.71) can be written as

2
j«m (1 + 3751,??) Yrudix = 1 (3.72)
to order (v/c)’ since, according to the second expression of (3.62),
-
Va5 (3.73)

This suggests that we should work with a new fvo-component wave function W
defined by
W == Qafry, (3.74)
where
Q=1+ (p*/8m*c?). (3.75)



3-3 NONRELATIVISTIC APPROXIMATIONS; PLANE WAVES 87

with this choice, W is normalized to order (v/c)? since
fwwkafwuuuwmwﬂwmu, (3.76)
where we have used (3.71). Muitiplying (3.69) from the left by 0! =
1 -— (p*/8n*c?), we obtain
Q'H,Q ' = ESPQ 2y, 3.77

Explicitly, to order (v/c)* we have

P S _@w@ﬂ;ﬁg.
[Zm Fedo {Sm“cl’ (Zm . (’AO)} 2m 2mc? (e-p)| ¥

— Eon (] L) .

E(14WHW,(MQ

or, writing E p? as J{E®® p?}, we have

}12. — _Pi_ e _lﬁ_ 2 (NRy ___ — . (NRY __ .

|2+ ety — 2P b (9, (O — edo)) — A0 pXE — edXa-p) ¥
= ESBy. (3.79)

In general, for any pair of operators 4 and B, we have
{A4%, B} — 2484 = [4,[A4, B]] (3.80)

This very useful formula can be emiployed to simplify (3.79) where weset o-p = 4
and E®™ — ed4, = B. Using

[o-p, (EC™ — eAd,)] = —ieho-E, (3.81)
and
[o+p, —icho-E] = —eh*V-E — 2¢ha-(E X p), (3.82)
both of which are valid since VA4, = —-E and V X E = 0, we finally obtain
P I __eho-(E X p) eh?® . ] — pon
[Zm 1 edy 8m’ ¢! 4mZct 8m?c?V E|w=EtOw. (.83)

This equation is free of the difficulties mentioned earlier and can therefore be
regarded as the Schradinger equation for the two-component wave function.

The physical significance of each term in (3.83) will now be given. The first two
need no explanation. The third term is due to the relativistic correction to the
kinetic energy as seen from the expansion

(mc?): + |plPc® — me? = |p*/2m — (|p|*/8m°c®) + - -- (3.84)

The fourth term represents the spin interaction of the moving electron with the
electric field. Crudely speaking, we say this arises because the moving electron
“sees” an apparent magnetic field given by E x (v/c). Naively, we expect in this
way — (ehf2mc) o-[E X (v/c)], which is just twice the fourth term of (3.83). That
this argument is incomplete was shown within the framework of classical electro-
dynamics two years before the advent of the Dirac theory by L. H. Thomas, who
argued that a more careful treatment which would take into account the energy
ussociated with the precession of the electron spin would result in reduction by
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a factor of two, in agreement with the fourth term of (3.83).1 Hence the fourth
term of (3.83) is called the Thomas term. For a central potential

ed, = V(r), (3.85)
we obtain
eh h 1 dv _ 1 tav
TR T E X p)= T dmEct (_T 7)0 “(x X p) Imict 7 dr S-L(3.86)
with S == hof2. Thus the well-known spin-orbit force in atomic physics, repre-

sented by (3.86), is an automatic consequence of the Dirac theory.
As for the last term of (3.83) we note that V-E is just the charge density. For
the hydrogen atom where V-E = —ed'?(x), it gives rise to an energy shift

(3) (Schrs) e — (Schré}
fort cka () | PSROPdx = £ Czl‘l’m o (3.87)

which is nonvanishing only for the s states [in contrast to (3.86) which affects
all but the s states]. The last term of (3.86) was first studied in detait by C. G.
Darwin; hence it is called the Darwin term. We shall postpone the physical inter-
pretations of the Darwin term until Section 3-7.

Using the third, fourth, and fifth terms of (3.83) as the perturbation Hamiltonian
and the wave functions for the hydrogen atom in nonrelativistic quantum me-
chanics as the unperturbed wave functions, we can compute the lowest-order
relativistic correction to the energy levels of the hydrogen atom. Since this cal-
culation based on first-order time-independent perturbation theory is straight-
forward, we present only the results:§

(e eI 3
AE= (47rhc) (87rao) L (j 1 4n)’ (3-88)
which is to be added to the unperturbed energy levels
E® = (e*/8mayn®). (3.89)

The sum E'® + AFE correctly describes the fine structure of the hydrogen atom
te order (ri+)? times the Rydberg energy (e*/8ma,). Note that states with the
same n but different j (for example, 2p,, — 2p;,) are now split. On the other
hand, states with the same n and the same j (for example,; 2s,, — 2p,,) are still
degenerate. This degeneracy persists even in the exact treatment of the Coulomb
potential problem, as we shall see in Section 3-8.1|

tFor the derivation of the Thomas factor in classical elecirodynamics consult Jackson
(1962), pp. 364-368.

§See, for example, Bethe and Salpeter (1957), pp. 59-61.

|lIn practice it is of liitle interest to work out an expansion more accurate than (3.88)
using only the Dirac equation with ¥ = —e&*/(4nr), because other effects such as the
Lamb shift (discussed in the last chapter) and the hyperfine structure (to be discussed
in Section 3-8) become more significant.
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Free particles at rest. Let us now turn our attention to problems where exact
solutions to the Dirac equation are possible. The simplest solvable problem deals
with a free particle. We will first demonstrate that each component of the four-
coinponent wave function satisfies the Klein-Gordon equation if the particle is
free. Although the validity of this statement is rather obvious if we go back to
G and ¢, we prove it by starting with the Dirac equation (3.31). Multiplying
(3.31) from the left by v, (9/2x,), we have

o o 3
S st (%) v =o. (3.90)

Adding to (3.90) the same equation written in a form in which the summation
indices p and » are interchanged, we obtain

2 0 z
e e+ vrd =2 () =, (3.9

which reduces to

(¥ — (mefh)p = 0 (3.92)
by virtue of the anticommutation relation of the gamma matrices (3.35). Note
that (3.92) is to be understood as four separate wncoupled equations for each

component of 4. Because of (3.92), the Dirac equation admits a free-particle
solution of the type

Y ~ u(p) exp [i(p-x/h) — i(Etfh)] (3.93)
with
E == 4a/[pfc® + mici, (3.94)

where u(p) is a four-component spinor independent of x and r. Note that (3.93)
is a simultaneous eigenfunction of —/hV and i#(9/0t) with eigenvalues p and E,
respectively.

For a particle at rest (p = 0), the equation we must solve is

‘Y‘aT*aa)‘l’ = =Ty, (3.95)

In accordance with (3.93) and (3.94), we first try the time-dependence e~'™<¥/2,
Equation (3.95) then becomes

ime? 11 0\ /u (0 (0
_imc < )( i ))2 _ﬂ_’%{( A )), (3.96)

ich \Q0 —7/\u{0) u,{0)
which is satisfied only if the lower two-component spinor 1,(0) vanishes. But,
using a simitar argument, we see that (3.95) can be satisfied equally well by the

time-dependence e**™"*/* provided that the upper two-component spinor u,(0)
vanishes. As in the Pauli theory, the nonvanishing two-component spinors can be

taken as
1 0
(0) and (1)
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So there are four independent solutions to (3.95):

1 0

0 e_.g,,,c:(/n 1 e-imc’l/h

0 > 0 s

0 0

(3.97)

0 0

0 eHmc’t/h 0 e Hmclt,'h_

1 ’ 0

0 1

If we insist on the interpretation that th(2/0t) is the Hamiltonian operator, the
first two are “positive-energy” solutions while the last two are “negative-encrgy”
solutions. Note that the eigenvalues of the Hamiltonian operator are —mc?,
depending on whether the eigenvalues of y, = 8 are 4-1; this also follows directly
from the expression for the Hamiltonian (3.39). In Section 3-9 we shall show that
the existence of negative-energy solutions is intimately related to the fact that
the Dirac theory can accommodate a positron.

Earlier in this section we showed that in the nonrelativistic limit E =~ mc?
the upper two-component spinor 4, coincides with the Schrodinger wave function
apart from e~'™"/», Therefore the first solution in (3.97) is the Dirac wave func-
tion for a particle at rest with spin up, since the eigenvalue of o5 is -+ 1 when applied

to (é) This leads us to defiue a 4 X 4 matrix

— 0
S, == N Yoy (03 ), 3

3 21 0 gy ( 98)
whose eigenvalue is to be interpreted as the spin component in the positive z-
direction in units of /2. This interpretation will be justified in later parts of this
chapter where we shall show that

a) the operator %,;/2 is the infinitesimal generator of a rotation about the z-axis
acting on the space-time independent part of the Dirac wave function; and that
b) for a centra] force problem the sum of x X p and AZ/2 is indeed a constant of
the motion, to be identified with the total angular momentum, where ¥ is

defined as it was in (3.98), that is,
5, =B (gk 0) (ijk) cyclic.t (3.99)

Ty

Evidently the solutions (3.97) are eigenfunctions of Z; with eigenvalues +1 for
the first and third and —1 for the second and fourth. Thus for each sign of the
energy there are two independent solutions corresponding to two spin states,
as expected from the spin- nature of the particle described by the Dirac equation,

tThe notation “(jjk) cyclic” stands for (i, /, k) = (1,2,3), (2,3, 1), or (3, 1, 2).
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It has sometimnes been stated that we need a 2 X 2 = 4 component wave func-
tion in the refativistic electron theory to take into account the two energy states
and the two spin states of the eleciron for given p. This argument is incomplete
(if not incorrect). To sce this we recall that although the wave function in the
Klein-Gordon theory is a single-component wave function, it can accommodate
the two energy states of a spin-zero particle. Furthermore, the two-component
second-order equation (3.24) of Waerden, which we started with, is a perfectly
valid equation for the electron; it can accommodate the two energy and the two
spin states of the electron just as the Dirac equation can.} In this connection
we note an important difference between a differential equation linear in /21,
such as the diffusion (heat) equation or the Schréodinger equation, and a differential
equation quadratic in the time derivative, such as the wave equation (for a vibrating
string) or the Kiein-Gordon equation. When we solve the problem of the tem-
perature distribution of a potato placed in boiling water, it is sufficient to specify
initially only the temperature of the inside region of the potato; we do nor need
fo know how fast the potato is warming up. On the other hand, if we want to
predict the time development of a vibrating string for ¢t > 0, it is not sufficient
to know only the displacement of the string at 7 = 0; we must also know how
fast the various parts of the string are moving at r = 0. In general, then, when
solving a partial differential equation quadratic in the time derivative, we must
specify as initial conditions both the function and its time derivative. However,
when solving a partial differential equation linear in the time derivative, we need
specify only the function itself. Thus in the Dirac theory if we know «r at t =0,
we can predict the time development of 4 for 1> 0. By contrast, the two-com-
ponent equation (3.24) of Waerden is second order in the time derivative; so we
must know both ¢ and 8¢/ar at 1 == 0 to predict the future development of ¢.
For an energy eigenstate, specifying d¢/d¢ (in addition to ¢) amounts to specifying
the sign of the energy. The number of independent components we must specify
is four whether we use the four-component Dirac equation or the two-component
Waerden equation.

Plane-wave solutions. Now let us return to the free-particle problem, this time
with p 5= 0. Substituting

o[l ow

into (3.62) with 4, = A = 0, we obtain

wp) = g (@ Du®), ) = (@ pu®). (3101

4One of the reasons that the two-component formalism based on (3.24) is not used so
extensively as the Dirac theory is that a solution to (3.24) with the electromagnetic in-
teraction added has a rather complicated transformation property under parity (cf.
Problem 3-5). Nevertheless, the two-component equation can be used for solving prac-
tical problems in quantum electrodynamics just as the Dirac equation can, as shown by
R. P. Feynman and L. M. Brown.
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For E = ~/|p|*c* 4+ m¥c* > 0 we may try, apart from a normalization constant,

(o) = (1)

for up). We can easily find the lower two-component spinor u,(p) by using the
second equation of (3.101) if we recall that

P Pr— P2

a'p=(P1 +ip, —Ps ) (3102)

In this way we get two independent solutions for £ > 0,

1 0
u(p) = N 0 and u®(p) =N . ! ,
psc/(E + mc?) (pu — ipa)c/(E + mc?)
(P1 + ipa)c/(E + me?) — p3¢/(E + mc*)

(3.103)

where the normalization constant N is to be determined later. For E =
—/Iplfc? + m*c* < 0, we may start with the lower two-component spinor u,

setto
i 0
(0) and (1)

so that in the case where p = 0, 4 reduces to the third and fourth solutions of
(3.97). Using the first of (3.101) to obtain the upper spinor u,, we have

—pscf(} E|4 mc?) —(P1—ip:)c/(E|+mc?)
—‘(P1+"Pz)"l/(| E|+4mc?) and u¥(p) =N P,C/([E(E)—{—ma")
0 1

u¥(p) = N

(3.104)
Since

m LI '_f‘;{}
u”(p) exp l:x B h

satisfies the free-field Dirac equation, it is evident that each free-particle spinor
u® with r =1, ..., 4 satisfies

(iy+ p + me)u™(p) = 0 (3.105)
with y+p ==, p,, P = (p, iE/c) regardless of whether £ > 0 or E < 0. This can,
of course, be checked by direct substitution.

As shown earlier, the four independent free-particle solutions with p = 0 written
in the form (3.97) are eigenspinors of the 4 X 4 matrix ;. This 1S not true for the
free-particle solutions we have written for the case where p 3= 0, as we can djrectly
verify by applying Z; to (3.103) and (3.104). But suppose we choose the z-axis
in the direction of momentum p so that p, = p, = 0. We then see that « with
r=1,...,4 are eigenspinors of %, with eigenvalues of 41, —1, 41, —I, respec-
tively. In general, although free-particle plane-wave solutions can always be chosen
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so that they are eigenfunctions of %-p (where p = p/|p)), it is not possible to
choose solutions in such a way that they are eigenfunctions of - # with an arbitrary
unit vector fi.] As we shall see in Section 3-3, this peculiarity of the plane-wave
solution in the Dirac theory stems from the fact that the operator 3-8 does not
commute with the free-particle Hamiltonian unless i = 4-§ or p = 0. The operator
%-p which can be diagonalized simultaneously with the free-particle Hamiltonian
is called the helicity operator. The eigenstates of lelicity with eigenvalues -1
and —1 are referred to, respectively, as the right-handed state (spin parallel to
motion) and the left-handed state (spin opposite to motion).

1t is easy to see that for a given fixed p, the free-particle spinors «(p) given
by (3.103) and (3.104) withi r = 1, ..., 4 are orthogonal to each other;

W (p(p) =0 for r£r. (3.106)
For the normalization of 4™, two conventions are found in tle literature:
(@) 1M (p) 1 (p) = 1, (3.107)
which implies
[T+ e E] + me*)*IN® = 1, (3.108)
lience
= ~(ET+ meH2E]; (.109)
(b) W (ph(p) == | E|fmc?, (3.110)
which means
= ~/(E]+ mcD2me’. (3.111)

The second normalization convention which says that utu transforms like the
zeroth component of a four-vector appears somewhat artificial at this stage. How-
ever, we shall see in the next section that this convention is quite natural from the
relativistic point of view. Throughout this book we shall use the normalization
condition given by the second form (3.110).

To summarize, the normalized plane-wave solutions for given p are:

g = u" °r 3(p) exp [rp = z—iz], (3.112)
for £ = ~/|plc* + m*¢* > 0, and
@or i|Ej?
V= FY @) exp |12 4 LEU), G.113)

1This situation is in sharp contrast to the nonrelativistic Pauli theory in which any space-
time independent two-component spinor can be regarded as an eigenspinor of o -fi, where
# is a unit vector in some direction, that is,

ws(2)-()

Assuming that the spinor is normalized, all we have to do is set a = cos (8,/2)e~1*"?
and b = sin (8,{2)e*%?, where 8, and ¢, charactcrize the orientation of the unit vector
along which thc spin componcni is sharp.
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for E = —a/[plEc + mic* < 0, where
1
0
Psc/(E + me?)
(pitip)cf(E+mc?)
0
1
or . ) (3.114)
(P1—=1pa)c/(E+mc?)
— P f(E+mc*)

ut v 2(p) = /(E FmcH2mc?

for £ > 0, and
—psc/(| E] + me?)
—(p1 + ip) /(| El -+ mc?)
i
0
—(ps — i)/ E] + mc?)
or Psc/ E| + mc?) . GI15)
0
!

ue () = N (ETF mey2me?

for E < 0. The square root factors in (3.112) and (3.113) merely compensate for
| E|*fmc? in (3.110), so that

Lwlf'«lrd’x = L (3.116)

As V — oo, the allowed values of E form a continuous spectrum. For positive-
energy free-particle solutions, me® < E < oo, whereas for negative-energy solu-
tions, —oo < E < —mc?, as shown in Fig. 3-1.

« _ Allgw&d E>0
% 11N
= me=
E=f———rm——— Forbidden
E=—mc?
\\W\ \\ N\
Allowed E<0

Fig. 3-1. The allowed values of E for free particles.

When the particles are not free, problems for which the Dirac equation can be
solved exactly are rather scarce. In Section 3-8 we shall treat the classical problem
of the electron in the Coulomb-potential for which exact solutions can be found.
Another problem that can be solved exactly is that of an electron in a uniform
magnetic field, which is left as an exercise (Problem 3-2).
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3-4. RELATIVISTIC COVARIANCE

Lorentz transformations and rotations. Before we establish the relativistic covariance
of the Dirac equation, we shall review briefly the properties of Lorentz transfor-
mations. Since a Lorentz transformation is essentially a rotation in Minkowski
space, let us first examine ordinary rotations in the usual three-dimensional space.
Consider a rotation through an angle w, of the coordinate system in the 1-2
plane about the third axis. The sense of rotation is that of a right-handed screw
advancing in the positive x;-direction if @ > 0. A point described by (x,, x,, x,) in
the old coordinate system is described in the new (primed) coordinate system by
(x}, x3, x3) where
X| = X, COS @ -+ X, Sin o, Xy = —X, SiN @ -+ X, COS ®. (3.117)
Meanwhile, when we perform a Lorentz transformation along the x,-direction

such that the primed system moves with velocity » = Be, (x, ixo) and (X', ixy) are
related by

= X1 - Bx, s ’ Bx, Xo
TMIT=F ST/ o Jr:?;?+~/l_[32’ (3.118)

x|

or
x; = xy cosh x + ix, sinh y, Xxi = —ix;sinhx 4+ x,coshy, (3.119)

where we have set
tanhx = 8. (3.120)

Since the cosine and sine of an imaginary angle i are coshy and i sinh 5, the above
Lorentz transformation may be viewed as a rotation in Minkowski space by an
angle iy “in” the 1-4 plane, just as the transformation (3.117) represents a rotation
in the 1-2 plane by a real angle w. For both three-dimensional rotations and Lorentz
transformations we have

o ry = 8,1, 3.121)
where a,, is defined by

X, = a,,x,. (3.122)

From now on, the term Lorentz transformation will be used both for a three-
dimensional rotation of the form (3.117) and for a “pure” Lorentz transformation
of the form (3.119). At this stage we shall consider only those coordinate trans-
formations which can be obtained by successive applications of a transformation
that differs infinitesimally from the identity transformation. For example, (3.117)
can be obtained by successively compounding an infinttesimai rotation

X = X, + dwx,, X = —dwx; + X,, (3.123)

where dw is the infinitesimal angle of rotation. This means that we restrict our
considcrations to the cases where

det (au,) = 1, as, > 0. (3.124)

Covariance of the Dirac equation. What is meant by the covariance of the Dirac
equation under Lorentz transformations ? First of all, if someone, working with the
primed system, were to formulate a relativistic electron theory, his first-order
wave equation would look like the Dirac equation. Second, there exists an explicit
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prescription that relates 4r(x) and ++'(x), where 4r(x) and 4'(x") are the wave
functions corresponding to a given physical situation viewed in the unprimed
and the primed system, respectively. Third, using the foregoing prescription, we
must be able to show that the “Dirac-like” equation in the primed system not
onlylooks like the Dirac equation in the unprimed system but actnally is equivalent
to it.

We take the point of view that the gamma matrices are introduced merely as
usefu] short-hand devices that enable us to keep track of how the various com-
ponents of «J» are coupled to each other. Hence the explicit forms of the gamma
matrices are assumed to be unchanged under Lorentz transformations.f Note,
in particular, that the gamma matrices themselves are not to be regarded as com-
ponents of a four-vector even though, as we shall show in a moment, ry,+r does
transform Jike a four-vector. On the other hand, we expect that for a given physical
situation the wave functions in different Lorentz frames are no longer the same.

With this point of view, if the Dirac equation is to fook the same in the primed
syotern, we must have

e V) ) 0, e

Note that the gamma matrices themselves are not primed. The question we nust
now ask is: How are «» and 4 related? An analogy with electrodynamics may be
helpful here. When we perform a Lorentz transformation without a simultaneous
change in the gauge, the components of 4,(x) and 4,(x’) are related by
AX) = 3, Aix), (3.126)
where a,, given by (3.122) depends only on the nature of the transformation and
is independent of the space-time coordinates. Similarly, we may assume that the
prescription that relates »(x) and «/(x) is a linear one that can be written as
() = Syn(x), (3.127)
where Sis a4 X 4 matrix which depends only on the nature of the Lorentz trans-
formation and is completely independent of x and 7. We rewrite (3.125), using
9/ox!, = a,(8/ox,) [which was proved in Chapter 1 (cf. Eq. 1.21)] as follows:

0 mc
'Yuauvé}‘vs\lf*i-—ﬁ-ns\]f:o (3.128)
or, multiplying S~* from the left, we have
- [ c .
Ry *%Sa,,gz«pwl’{«pzo. (3.129)

We now ask: Is (3.129) equivalent to the Dirac equation? The answer to this ques-
tion is affirmative provided that we can find an S that satisfies

Sy S @ =, (3130

$This means that we are considering a Lorentz transformation not accompanied by
a simultaneous change in the representation of the gamma matrices.
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or, multiplying by ay, and summing over v, we obtain

Sty S =wy,an, (3.131)
where we have used (3.121).1 The problem of demonstrating the relativistic covari-
ance of the Dirac equation is now reduced to that of finding an S that satisfies
(3.131).

We shall first treat the case of an ordinary rotation in three dimensions which
we refer to as a “pure rotation.” In looking for an S appropriate for the transfor-
mation (3.117), we recall that for a particle at rest the upper two-component
spinor u, is identical with the corresponding two-component spinor in the non-
relativistic Pauli theory. So in this particular case we know from nonrelatjvistic
guantumn mechanics how u, transforms under three-dimensional rotations: if
1, is the Pauli spinor in the unprimed system, then

0] . . (6]

(cos Lt iaysin 7) (3.132)
times u, 1s the Pauli spinor corresponding to the same physical situation seen in
the primed system defined by (3.117).§ Since the form of .S is independent of
whether it acts on the “at-rest” spinor or a more general wave function, it is natural
to try for S the 4 x 4 analog of (3.132) given by

Seor = cos—c'zi + i3, sin-2-

2 (3.133)

== COS —3 + (rys SIN %,

which s now assumed to act on a four-component wave function. Since
{y v2)* == qiyanye = —woins = —1, S5 is given by

« 6]

Sin == €08 - — 1y sin =5 (3.134)

fNote that the matrices ay, rearrange the coordinates x and x,, whereas the gamma
matrices and the 4 X 4 matrix S rearrange the components of . Although a,, and v,
are both 4 X 4 matrices, they are in entirely different spaces. The relation (3.131), for
instance, really means

ﬂE; ($7as(V1)37(S)ys = ; QY o)as-

§See, for example, Dicke and Wittke (1960), p. 255. As an example, let us consider an
electron whose spin is in the positive x,-direction. Its wave function is represented- by

1 1
JI\1/
which is evidently an eigenspinor of o, with eigenvalue --1. In a primed system obtained

by a rotation of 90° about the xj-axis, the electron spin is in the negative x;-direction.
Accordingly, the wave function in the primed system is

n T 4 1 1 1-L4
(cos-l‘— + fogsin 2—);7:5;(1 ) :%(1—1)'

This is indeed seen to be an eigenspinor of o, with eigenvalue —1.
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%o the relation to be checked is (cf. Eq. 3.131)

(cos 5"2— — 12 Sin 5"2—) Va (c.os + 172 Sin ~2~) = ry,ay,. (3.135)
For A == 3, 4 we have qa,, = §;,; hence (3.135) is trivially satisfied by virtue of
M1Y2V34 = Va2 and Y2 YaT1 Y2 = T Y54 Fora =1,

(Cos —(2‘)— — iys sin %) Y (COS —2(2 4 1y SN —;’—)

= v, cos® + 2fygsm cos 7 — o, sin® 7

=, COS @ “+ ry, SIN . (3.136)

But according to (3.117) cosw == ay,, sin @ — a,,. So (3.135) is indeed satisfied
for A = I similarly for A = 2. Thus we have proved that the S, that satisfies
(3.131) 1s given correctly by (3.133). .

According to (3.119) a “pure” Lorentz transformation is nothing more than
a rotation in the 1-4 plane by an imaginary angle /. Hence for S corresponding
to (3.119) we try a matrix anajogous to (3.133) with @ — iy, 4 — o,

Stor = c0sh (x/2) + inays sinh (x/2). (3.137)

The rejation we must check this time is
(cosh 226" — iy sinh %)m (cosh 25— - dy ey, sinh 226—) =ry,an.  (3.138)
Using similar techniques, we can verify this. For instance,

(cosh £ — Ty, sinh %) vs (cosh 226— + Ty, sinh 229)

= ry, cosh® “ — 2y cosh & 5 sinh X + ve sinh? X 5
= oy  COsh x 4 y,(—ésinh x)
= a8y + Vil - (3.139)

Since we have found S that satisfy (3.131) for the transformation (3.117) and
(3.119), we have established the covariance of the Dirac equation under (3.117)
and (3.119). In general, the S that relates 4 and ' via (3.127) is given by

Spor = cosf"f 4 iay, sin % (3.140)

for a rotation about the kth-axis (i{jk cyclic) by an angle o, and

S0 = cosh 226 — oy sinh _Xz_ (3.141)

for a Lorentz transformation along the kth-axis with 8 = tan y, where we have
introduced new 4 X 4 matrices

v = (/2 [y vl = —ivuy, pFE (3.142)
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More explicitly,

. O .
e ;:::kr:( ¢ ), (i) cyclic,

0 oy
3.143
G tn) (3.143)
O, == — == . == “
Kt Tir k oy 0
It is easily verified that
St == cos% — iy sin % e STE (3.144)
but
St = cosh % — oy sinh £ = Sy 5 Sk (3.145)

Thus, unlike S,,,., S... is not unitary, This is not catastrophic, however; Sy, should
not be unitary if {et+fr is to transform like the fourth component of a four-vector
under Lorentz transformations. It is very important to note that for both pure
rotations and pure Lorentz transformations we have

St=q 8Ty, Sty STlyg (3.146)

since oy, commutes with o, but anticommutes with o;,. We shall make extensive
use of (3.146) in the next section.

Space inversion. So far we have considered only those transformations which
can be obtained by compounding transformations that differ infinitesimally from
the identity transformation. Under such transformations the right-handed coor-
dinate system remains right-handed. In contrast, space inversion (often called
the parity operation) represented by

X = —x, =1t (3.147)

changes a right-handed coordinate system into a left-handed one; hence it is outside
the class of transformations considered so far. We shall now demonstrate that
the Dirac theory is covariant under space inversion even in the presence of 4,.

According to the Maxwell theory the four-vector potential transforms under
space inversion asf

AX, 1) = —A(X, 1), AUX, 1) = Adx, 1). (3.148)

1To prove this we first note that if the equation for the Lorentz force

ml—;g- <7’1—:‘l(772‘7) = ¢e[E + (v/¢) X B]

is to take the same form in the space-inverted system, the electromagnetic ficlds must
transform as £/ = —E, B’ = B since v = —v. Meanwhile, E and B are related to A and
Ay = (A, by

1 94

E=-Vd4,——5, B=VxA

Hence we must have (3.148).
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If the Dirac equation is to look similar in the space-inverted system, we have

0

— = .149
(s~ e st + 5o =0, (149

or, equivalently,
. } ie 2 lg_ 15 Q‘; — 50
[ (axk e A >”" F(av hcA‘)'Y‘]V =0 G

We try as before
P, 1) = Spde(X, 1), (3.151)
where Sp is a 4 X 4 matrix independent of the space-time coordinates. Multiplying
(3.150) by S3* from the left, we see that (3.149) is equivalent to the Dirac equation

if there exists Sy with the property

SHoSp = —,  SilysSp == v, (3.152)
Since «, commutes with v, but anticommutes with «,,
Sp=mnv  Si =y (3.153)

will do the job, where # is some multiplicative constant. The invariance of the
probability density «+*+Jr further requires {5|* = 1, or = €' with ¢ real. It is
customary to set this phase factor 7 equal to 1 even though no experiment in the
world can uniquely determine what this phase factor is.f We shall take
Sp =y (3.154)
for an electron wave function.
Closely related to the parity operation is an operation known as niirror reflection,

for example,
(x1, X2, X3) == (X,, X3, —X3), Xo == X (3.155)

Since (3.155) is nothing more than the parity operation followed by a 180° rotation
about the third axis, the covariance of the Dirac equation under mirror reflection
has already been demonstrated implicitly. Similar statements hold for more general
transformations with

det (a,,) = —1, a,, >0, (3.156)

which are called improper orthochronous Lorentz transformations in contrast to
proper orthochronous Lorentz transformations that satisfy

det (@) ==1, a,>0. (3.157)

Simple examples. To appreciate the real physical significance of S, Stor, S, it is
instructive to work out some examples at this stage. As a first example, let us con-
sider an infinitesimal form of (3.117) in which cos » and sin » are set, respectively,
to 1 and 8w. The wave functions in the two systems are related by

P =11+ i s G/, (3.158)

tSome authors argue that one can narrow down the choice for 7 to 41, 47 by requiring
that four successive inversion operations return the wave function to itself. However,
there does not appear to be any deep physical significance attached to such a requirement.
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where x’ == x + 8x with
3x = (x,8w, —x,8w, 0). 3.159
But
1Y = A x) - B, 2 o, T ;
(XY = ' (x) - B, o, b 8x, o (3.160)
Conscquently,

11,'("\~) = [] 0¥, 82('2 — (.\‘g&o 5% - X;8w ai\)] "’(\)
= (x) + 8w l;,"z'] ,,'i'.(—ih.\-, 5% +- ih.\-g—a%)] P(x). (3.161)

We sce that the change in the functional form of 4 induced by the infinitesimal
rotation consists of two parts: the space-time independent operator i%;8w/2 acting
on the “internal” part of 4+(x) and the familiar iL;3w/h operator affecting just
the spatial part of the wave function. The sum

(/R)(h %5/2) + Ly] (3.162)

is to be identified with the third component of the total angular-momentum opera-
tor in units of hi since it generates an infinitesimal rotation around the third axis.}

’

X3

K

X3

Fig. 3-2, A positive-helicity electron moving with momentum p along the x;-axis. The
electron is at rest in the primed system. The gray arrow indicates the spin direction.

As a sccond example, let us consider a free positive-energy electron of helicity
-+1 and momentum p along the positive x;-direction. We choose a primed system
in such a way that it will coincide with the rest system of the electron (Fig. 3-2). In
the primed system the electron wave function can be written

1
'\[l"(\"l) —— ] 0 e-lmc’l,n (3 163)
0

tUsually an operator that rotates the physical system around the third axis by an angle
Bw is | — i8w(J,/i). But in our case we arc rotating the coordinate system rather than the
physical sysiem. This explains why we have | + i8wJy/h instead of the above operator.
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The question is: What is the wave function for the same physical situation in the
unprimed system ? According to (3.141) and (3.137)

P(x) = Sipap'(x), (3.164)
where
St = cosh (}/2) — inyyyq sinh (3/2), (3.165)
with x given by
cosh x = Efmc?, sinh x = p,/mc. (3.166)
Since
cosh (x/2) = /(I + cosh x)/2 = ~/(E + mc*)2mc?, (3.167)
sinh (x/2) = ~/cosh? (x/2) — | = psc/n/2mc (E + mc’) '
we obtain

E + mc* : PiC0o,
V 2mc? ' a/2mc*(E + mc?)

PiCa, E W
~2mc*(E + me?) 2mc?

1

0
E c?
=4/—-2i‘,-77’c’;— pe |- (3.168)
E + me?
0

This result is in complete agreement with u'’(p), with p, == p, == 0 obtained
earlier by solving directly the Dirac equation (cf. Eq. 3.114). It is amusing that
the normalization constant which we pick up automatically is precisely the one
that appears when u(p) is normalized according to (3.110), which says that utu is
the fourth component of a four-vector. As for the space-time dependence of tlie
wave function, we merely note that

=1
Sl.or

<c o o -
o O -~

! = tcoshy — (Xsfc)sinh x
= (E/mc*)t — (py/mc?)x,. (3.169)
So we find that

Px) = ST (x') A
- ol 2]

mc? p'x IEr Y
=VEp u(p) exp [ 5 7:] (3.170)
where we have used V = (mc*/E)V' that follows from the Lorentz contraciion
of the normalization volume along the direction of motion. Thus we see that
once we know the form of the wave function for a particle at rest, the correct
wave function for a moving particle of definite momentum can be constructed
just by applying Sg.}.. This operation is sometimes known as the Lorentz boost.
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To work out an example that involves S,., let us look at a Dirac wave function
with a definite parity:
T (X, 1) = 44r(X, 1), (3.171)
According to (3.151) and (3.154) the functional form of the wave function in the
space-inverted system is

P 1) = (=%, 1), (3.172)
which is to be identified with IT4(x, ). Thus
{ O\ fdr(—X, 1) _ ra(x, 1)
<0 HI)("P‘/;(”"‘: t)) B i(‘l’u(xx ’:’) (3.173)

1f, in addition, <, and «», can be assumed to be eigenstates of orbital angular
momentum, then

'\P‘A(’_X) 1) = (— l)l"'#.l(xy ) = i\ll‘lu(xy 0,
—"\P‘ll(“_x: [) == _’(_'l)l."l"ll(x) [) = i‘l’a(xy (),
where /, and /, are the orbital angular momenta of the two-component wave
functions. Thus

(3.174)

(1) = —(=1)". (3.175)

At first sight this appears to be a peculiar result, since it implies that if «r, is a
iwo-component wave function with an even (odd) orbital angular momentum,
then 4, is a two-component wave function with an odd (even) orbital angular
momentum. Actually, this is not too surprising in view of the second part of (3.62),
which, for a central force problem with A == 0, takes the form

= (s
Y= r G e (3.176)
Let us suppose that +J, is an §,,, state wave function with spin up so that
1
A == R(r)( 0 ) e~ HEUM (3.177)
Then we find that
2 L
_ ihe dx; oxy  9x, |(R(D) o~ B
Y EwV—i—mc“i 3 _2 0
ox, ’ax, 0X,4
o ihc _L‘}'E X3 X ixg\ (1 o EUR)
E—V4mer driix, +ix, —x, 0

_ The dR (A ] /8n Y ~I(EL/n
_,?:“—17+nxc?«_ﬂ'?[— TYI(O + TY} 1 e, G-178)

which is recognized as a wave function whose angular part is that of a p,, wave
function with j, = 4. Thus «, and fr, have opposite parities in agreement with
(3.175). We could have guessed that this would be so, since the operator that
multiplies +r, in (3.176) is a pseudoscalar operator which does not change j and
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Js but does change the parity. We shall make use of this property in Section 3-8
when we discuss central-force problems in detail.

" An even more striking consequence of S, = v, may now be discussed. Consider
a positive-energy free-particle wave function and a negative-energy free-particle
vrave function both with p = 0:

() 0
(’é ) e-metn and ( m) e, (3.179)
X

where ¥ may stand for
or .
o) o (i

Since they are cigenstates of ¢, with eigenvalues +1 and —1, respectively, we
have the following far-reaching result: a positive energy electron at rest and a
negative energy electron at rest have opposite parities. This will be shown to imply
that an electron and a positron have opposite “intrinsic” parities when a negative
energy state is properly interpreted in Section 3-9. For instance, the parity of an
e*te~-system in a relative s state must be odd despite its even orbital parity. This
remarkable prediction of the Dirac thcory has been checked experimentally in
the decay of a positronium and will be discussed in Chapter 4.

3-5. BILINEAR COVARIANTS

Transformation properties of bilinear densities. We are in a position to discuss
bilinear densities of the form fI'y», where I' is a product of gamma matrices.
Such densities are called bilinear covariants since they have definite transforma-
tion properties under Lorentz transformations, as will be shown in 2 moment.
Let us first note that because of (3.146) the relation 4'(x") = S +r(x) implies that

P) = PSS s = P (Xysra St = (S, (3.180)
whether § stands for S, or Sy, Clearly this relation holds also for S,. Using
(3.180) we immediately see that 4 is invariant:

PO P = ) (%) (3.181)
under pure rotations, pure Lorentz transformations, and space imnversion; hence

Jrfr (not 4ty is a scalar density. To investigate the transformation properties
of ey, it is sufficient to recall (3.131). We have

FEWA ) = TS 0 SYH) = a0 Dyix)  (.182)
under pure rotations and pure Lorentz transformations. For the behavior under
space mversion, we obtamn

Ry Tk —Frdr
= S',‘{ }S. ={ } 3.183
1}{%}1{’ S vl v VAR G189
Hence oy is a four-vector density whose space components change under
parity. Consequently the flux density and the probability density defined earlier
(cf. Eq. 3.49) do indeed form a four-vector. Using similar techniques we find
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Table 3-1
BEHAVIOR OF BILINEAR COVARIANTS UNDER LORENTZ
TRANSFORMATIONS
- Proper orthochronous Space
Lorentz transformations inversion
Scalar A P Y
- - A Ve
Vector 'lll")’,“\ll‘ Que "1’ 'Yv"lr“ { %Yfi}
Tensor (antisymmetric, - - Yoy
second rank) ‘I"Umﬂﬁ aua aua‘lfcﬁ\a\[f {_4—;0"4 ‘4’.}
Axial vector = - Py s Ve
(pseudovector) Y a5V {—f«[—r%’h ‘P'}
Pseudoscalar SR s s

that Yo, 0 = —ify,y with g 5% v (which is necessarily antisymmetric in 4 and
v} is a second-rank tensor density. At this point it is advantageous to define a
Hermitian 4 X 4 matrix

Vs == F1V2Y3 Vs (3.184)
This v, matrix has the remarkable property that it anticommutes with every one
of oy with p = 11,...,4,

{'Yy’ 'Ys} = 09 ]L 7= 5’ (3~185)
as seen, for instance, from ey yeyays = (— 1)y yarysyays, where we have used
the fact that ¢, commutes with ¢, but anticommutes with «,, v,, 4. Note also that

v =1 (3.186)
just as ey, with g ==1,..., 4. As for its explicit form it is easy to show that

s = (-_? “';) (3.187)
in the standard (Dirac-Pauli) representation. Using (3.185), we see that
STarysStor = s, SreYs Sror = s (3.188)
since ry; commutes with o,,, but
Splys Sy = —vs, (3.189)

since vy anticommutes with «,. Hence «frysr transforms exactly like the scalar
density +J» under proper orthochronous Lorentz transformations but changes
its sign under space inversion. This transformation is characteristic of a pseudo-
scalar density, Finally, using similar arguments, we can easily see that infrysy,r
transforms in the same way as Jry, 4 under proper orthochronous Lorentz trans-
formations but in exactly the opposite way under space inversion. This is expected
of an axial vector (pseudovector) density. Table 3-1 summarizes the results.

The question naturally arises: Have we listed all possibie bilinear covariants
of the form /%7 To answer this question let us start multiplying the v,. If we
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multiply any pair of gamma matrices, we get either o4 = 1 when the two matrices
are the same or v,y, = —y,y, = ic,, when the two matrices are different. When
we multiply three gamma matrices, we get back only one of the o, up to sign unless
all three are different (for example, o,y == —q,7,77s = —1,); when the three
matrices are different, we do get a new matrix g, yuya. But yuyya with g 7= v 52 )
can always be written in the formey,y, up to sign, where ¢ 5% p, v, X (for example,
YiyeYavays = vsve). Finally, when we multiply four gamma matrices, we get
only one new matrix, s = y,y.ysy, (which is, of course, equal to —q,yay,vi,
Yavav1yes €tc.). Needless to say, when we multiply five or more gamma matrices,
we obtain nothing new. So

PA = 1, Yus Ty == —i'Yll'Yv (F‘ #* V)’ "'75'7:4-) and s (3]90)

represents all we can get. This means that there are in all sixteen independent
4 X 4 matrices (as we might have guessed): the identity matrix, the four , matrices,
the six ¢,, matrices (antisymmetric in g and v), the four iysy, matrices, and
the s matrix. The factors 41 in (37190) are inserted so that

%=1, (3.191)

for 4 =1,...,16. The T, are al] traceless with the obvious exception of the
identity matrix, as the reader may easily verify by using the explicit forms of T,
in the standard (Dirac-Pauli) representation} (cf. Appendix B). Moreover, they
are all linearly independent. Consequently any 4 X 4 matrix can be written as
a unmigue linear combination of the sixteen I',. We can find the coefficient 3, in the
expansion of an arbitrary 4 X 4 matrix A

A= é R (3.192)
by simply evaluating
Tr(ATY) = Tr(S M Tall) = 42, (3.193)
5

where we have used the fact that I';I", is traceless when B 5= 4 and is equal to the
identity matrix when 4 = B. The algebra generated by I', is called Clifford algebra
after W. K. Clifford, who studied generalized quaternions half a century before
the advent of the Dirac theory.

Let us return now to our discussion of the bilinear covariants. [t is worth keep-
ing in mind that Table 3-1 exhausts all possible bilinear covariants of the form
", as first shown by J. von Neumann in 1928. For instance, note that we have
ne way to write a symmetric second-rank tensor of the form FI'. This does not
mean, however, that we cannot form a symmetric second-rank tensor in the Dirac

1To prove this without appealing to any particufar representation, first verify that for
every I'4 there exists at Jeast one I", (different from I' 4} such that I' ,I'y = —[",I"4. Then

—Tr(T Q) = Tr(ClCuls) = Tr(ﬂd“) = Tr(I,)

which would be impossible unless I"4 were traceless.
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theory. If we start introducing derivatives of +» and 4, we can develop an expres-
sion like

ke o of ihc 2
T = =S¢ (P38 ) + 5T L), (199
BV

which can be shown to be the energy-momentum tensor of the Dirac wave func-
tion,

For not too relativistic electrons of positive energies some bilinear covariants
are “large” while others are “small.” To see this we first recall that if £ ~ mc?
and ¥ < mc?, then +r, is of order (vjc) compared to +,. We can see then that
Jrfr and Yoyl given by

'(W = ’l[f*"/;’\lf = ’\!‘{I"I’A - ‘P‘L"I’u’
Foop = Y = b+ Vb
are both “large” and in fact equal if terms of order (v/c)* or higher are ignored.
Similarly, since

(3.195)

. 0 0 o, O
5 A = = .1
v = (7 o w=z=(r ) (3.196)
it follows that iy and o, (ijk cyclic) are “large” and indistinguishable
up to order v/c:

b {i Z:‘} ¥ = Yo (3.197)

In contrast to 1, v, iysye, and oy, which connect o, with «r,, the matrices ry,,
irysover Oaes AN 5 connect ok (Yh,) with Jn(y)r,). Hence the corresponding bilinear
covariants are “small” or, more precisely, of order »/c. For instance,

Posir = (W, — V) (_? _g)(«;r:)

= "\anll"u + «Mnlm- (3~198)

Gordon decomposition of the vector current. The remaining part of this section is
devoted to a detailed discussion of the vector covariant vy, which occurs most
frequently. We argued earlier that within the framework of the single-particle
Dirac theory, s, = fciJry,r is to be regarded as the four-vector probability current.
We therefore define

Ju = es, = fec\hoy (3.199)

which is to be interpreted as the charge-current density. Using steps analogous
to (3.45) through (3.48) we can show that j, satisfies the continuity equation even
in the presence of the electromagnetic interaction. With (3.199) as the charge-
current density, the Hamiltonian density for the electromagnetic interaction of the
charged Dirac particle is given by

yf\nt = “ju-AM/C = —‘l'E'\_p‘fy“'\lJ‘A“
= —epay A 4 et ds. (3.200)
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This relationship can also be inferred from the Hamiltonian form of the Dirac
equation (cf. Eqs. 3.38 and 3.39):
ih(@jatydr == [(— ichV — eA)-a + Bmc® + edq)yr. (3.201)
To appreciate the physical significance of j, we rewrite (3.199) as
Ju = Gec/2)(royurlr + Pyuf)
=2 (F — )b+ (2 + Ea) T | G202

where we have used (3.60) and its analog for the adjoint wave function . This
encourages us to split j, into two parts:

Ju=J P, (3.203)

according to dependency on whether or not the summation index » in (3.202)
coincides or does not coincide with p. We have

e xeh (aJr G- 1,—,3'#) — £ A (3.204)
and
ieh

i —
Ju = 2m

[ T"/#'Yva - +( 1‘T')ﬂ/wm'f

Bxv

e ie
+ }lI—L‘.AV"—r’;"Yu'Yv\]’ + he Av‘};%')’ﬂb]
eh 9

= — g (o) (3.205)

This decomposition is known as the Gordon decomposition, named for W. Gordon.

Let us Jook at each component of (3.204) and (3.205) a little more closely. The
four-vector (3.204) does not contain any gamma matrix. In fact j{" would be
formally identical to the expression for the three-vector current density in the
Schrodinger theory if we could replace the Dirac wave function by the Schrédinger
wave function. This is rather gratifying since we know that in the nonrelativistic
limit, (Byr/x ), etc., can be legitimately replaced by (3 /dx ), etc. As for
J{ we can easily show that

. e E 2
Ji = i_ne_zw - _x_e_ ‘2}‘1”40 (3.206)

when the time dependence e~*#*/* is assumed. This reduces to ic times the charge
current density edriofr4 in the Schrédinger theory, provided E == mc* and |ed,| <
mec®. As for (3.205) we recall that in the nonrelativistic limit

‘p"kﬂ/f = _‘T’(’*k\l’

can be ignored while {rour can be interpreted as the spin density o, (J&/
cyclic). In other words, the kth component of (3.205) is —eh/2m times

[’} ] . .
R(«p‘;a, A) — 5)—(;(’\]/‘30’_"\]}‘,1), (jkI) cyclic, (3.207)
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which is just the Ath component of the cur! of the spin density.] Thus for slowly
moving electrons the Gordon decomposition of ji, can be regarded as the separation
of j into the convection current due to the moving charge and the current associated
with the intrinsic magnetization (magnetic dipole density) of the electron.

When j interacts with 4, via (3.200), we have the interaction Hamiltonian
density

hﬁﬁgzmm[h(Ww¢ﬂ

c
= 2 2 (o)

2me 9x,

= ‘_qzle:( (; gf"(‘l’ lm'\lf) “l“—!—-,a_i('\p(f,‘,,'\lf)]

= 2mc Y o], (3.208)

where we have dropped (9/0x,)(\ro.,r4,) Which is irrelevant when the interaction
density is integrated. Noting that

$Folrond = B (Phayn) (3.209)
in the nonrelativistic limit, we sce that (3.208) can indeed account for the spin
magnetic moment interaction with the gyromagnetic ratio g = 2, in agreement
with our earlier discussion based on (3.67).

Experimentally, as first shown by P. Kusch in 1947, the observed gyromagnetic
ratio of the electron is not exactly 2 but rather

g=2[l + (%:w)zlﬁJF J (3.210)

which holds also for the muon. The origin of the extra magnetic moment was
satisfactorily explained in 1947 by J. Schwinger who took into account the fact
that the physical electron can emit or absorb a virtual photon, as we noted in
Section 2-8. (We shall come back to this point in Chapter 4) When the magnetic
momnent is not correctly given by g = 2 we may add a phenomenological term to
the interaction Hamiltonian of the form

efuc

A=~ 52 Y Fbr oy, @3.211)

called an anomalous moment (Pauli moment) interaction.§ The total magnetic

1In this connection recall that according to classical electrodynamics a magnetic dipole
density 4 gives rise to an «ffective current density

jremn =€V X L.

See Panofsky and Phillips (1955), p. 120; Jackson (1962), p. 152.

§The interaction (3.211) is to be interpreted as an effective Hamiltonian density. To the
extent that Schwinger’s correction is computable on the basis of the interaction (3.200),
there is no need to postulate an additional “fundamentai” interaction of the type (3.211),
at least for the electron and the muon.



110 RELATIVISTIC QUANTUM MECHANICS OF SPIN-3 PARTICLES 3-5

moment computed from the sum of (3.208) and (3.211) 1s
= (ehf2mc)(] 4 k). (3.212)

For the proton, replacing e and m in (3.208) and (3.211) by |e| and the proton
mass m,, we have

s = (elhf2m,o)(1 4 &), (3.213)

where experimentally «, = 1.79, as O. Stern first determined. We thus sce that
roughly 60% of the observed proton magnetic moment is “anomalous.” According
to (3.208), spin-4 particles should have zero magnetic moments as ¢ -— 0, yet
experimentally neutral particles, such as the neutron and the A-hyperon, are
known to possess sizable magnetic moments. They can again be represented
phenomenologically by interactions of the type (3.211). In contrast to the anom-
alous moments of the electron and the muon, the anomalous moments of the
proton, the neutron, the A-hyperon, and so forth, cannot be accounted for by
Schwinger’s mechanism, Therefore their existence appears to indicate a faifure
of the simple prescription p, — p, ~ gA,/c. However, if we consider that these
particles are complicated objects surrounded by virtual meson clouds, the failure
of the simple prescription does not seem surprising. Spin-4 particles whose
electromagnetic properties can be understood on the basis of (3.200) alone are
sometimes referred to as pure Dirac particles.

Vector covariant for free particles. To investigate further the physical meaning
of the gamma matrices, let us consider this time .y, where 4 and «, are
E > 0 plane-wave solutions:

(r) ’.i_’.'_’_(_ig_t s
= o s un @) exp (1B )

ip-x 15’!)_

(3.214)
"!ff = El vV ll” )(P ) exp ( k

This is of some practical interest in connection with the scattering of a Dirac
particle by an external vector potential A, since the transition matrix element
which we compute in the Born approximation is essentially —ie [ JryfnAid® x.
Assuming for simplicity that the vector potential is time independent so that
E = E' (elastic scattering), we can evaluate iy, taken between 7“"(p) and u™(p)
as follows:

Yk (B) = 1 ()t (p) .
(VEEEEY (o, gon ZEE N (O [ x

2mc? ’ E+ mc’l g O E‘;l’f e
= gt [Pk 4 Pe + ig-{(p —p) x 11‘_}] (3.215)

2mc 2mc

Il

where x® and % are the initial and final Pauli two-component spinors. The first
term, of course, corresponds to the convection current j§ of (3.201). To see the
meaning of the second term, we note that it appears in the transition matrix
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element as

we( '17—4)2 ! f d?xy M [wﬂﬁzflng.’)ﬂi A}J @ exp [_______i(p _hpl)'x]

=55 (aie) [, s (9 exp [TRE2E]) Ao

ome el g o i(p—p)x
= e o oy j @V x Ayexp |[FEZEXXL (3216
which is recognized as the perturbation matrix element expected from the spin

magnetic moment interaction.
Finally, let us consider the case Jr, = +r,. Using (3.215) with p = p’, we have}
i Brdix = [ grapds = (F0) 2L _ et (3.217)

2mc

But this is nothing more than the classical particle velocity divided by ¢. It is
interesting to recalt in this connection that the analog of —-lejwffryﬂ[f/f d*x in the
classical electrodynamics of a point particle is

Hjogsieat = (-~ e¥-AJC) + €A,. (3.218)

Since plane-wave solutions of the form (3.214) are orthonormal, the result

(3.217) can be generatized to any wave function that can be expressed as a super-
position of £ > 0 free-particle plane-wave solutions:

bro= 5 %16 @ exp (18X~ H), (3.219)

p T=1,2

where ¢, , is a2 Fourier coefficient whose modulus squared directly gives the pro-
ability for finding the electron in state (p, r). With the help of (3.215), we obtain

(@, = [ Phatifisod’x
=35 5 5 SmVEEV ¢ 08,4 @)aun(@) Ve

=3 3 le F(pdlE) = (piclED, (3.220)

where 4 stands for positive energy. Using similar techniques with negative energy
spinors, we can readily obtain

(- = —(puchED (3.221)
for a wave function made up exclusively of negative-energy plane-wave solutions.
We shall come back tater to these very important relations.

Although we have treated only iyl = J'awfr in detail, the reader may
work out the analogs of (3.216) for other matrices ry;, irysy,, oes, 75, and so forth.
For instance, the interpretation of yr, .+ is of interest in connection with efectron-
neutron scattering (Problem 3-6).

iNote that, althougli we have used the two-Component language, we have not made
a single nonrelativistic approximation in obtaining (3.215) and (3.217).
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3-6. DIRAC OPERATORS IN THE HEISENBERG REPRESENTATION

Heisenberg equation of motion. Up to now we have regarded the Dirac matrices
as short-hand devices that rearrange the various components of . In discussing
the time development of a matrix element such as ["*(x, Han(x, £)d* x, we shall
find it sometimes more convenient to introduce a time-dependent operator af(¢)
(where H stands for Heisenberg) with the property

f K, DX, ) dPx = f X, 0)a (X, 0y dPx.  (3.222)

The time development of [ /¥(x, (X, f)d*x can then be inferred directly
from the differentia] equation that governs the behavior of the operator a{*’. All
this amounts to working in the Heisenberg representation, where the state vector
is time independent and the dynamical operator is time dependent. For this reason
let us briefly review the connection between the Heisenberg representation and the
Schrodinger representation.

By virtue of the Schrédinger equation {[or the Dirac equation written in the
Hamiltonian form (3.38) and (3.39)}, a Schrédinger (or Dirac) wave function, which
is not necessarily assumed to be an energy eigenfunction, can be written as

WX, 1) = e~ T (x 0), (3.223)

where H is the Hamiltonian operator that acts on the wave function. Associated
with a time-independent operator Q¢ where S stands for Schrédinger, the cor-
responding operator in the Heisenberg representation can be defined as

Q(Il)(t) = elﬂl/hQ(S) e—l}”/ﬁ. (3‘224)
Clearly, at ¢ = 0, Q" coincides with Q;
QU(0) = Q.

With (3.223) and (3.224), the matrix elements of a given operator in the two re-
presentations taken between any initial and final state are seen to be the same
provided that in evaluating the matrix element in the Heisenberg representation
we use the wave function at ¢ = 0, that is,

f (X, DQUS(X, 1) dPx = f PH(X, 0) QDY (x, 0) d’ x. (3.225)

By considering an infinitesimal displacement in time, we are able to readily deduce
the Heisenberg equation of motion:

dQon
@t

where the last term is nonvanishing only when Q depends explicitly on time.
Note that this equation is equivalent to

a(‘if f YHx, QO (x, ) dix

B TH (%, O[H, QOWx, Hyd*x + j¢'+(x, IO aN(x, Y dx.  (3.227)

o™

= _'h— (H, 0] + 22, (3.226)
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with a Dirac matrix, a,{8) we may associate a Heisenberg dynamical operator
a(BYy with the property that its explicit matrix representation at =0 is
a,(B). Since the operator e '”“? that connects af” with ., B with B, and
so forth, is unitary, the anticommutation relations among ¢ and 8 hold also for
the corresponding dynamical operators. In this section only, we shall omit the
superscript (H) so that a;, will stand for the dynamical operator that corresponds
to the matrix « discussed in the previous sections. Similarly, the symbols x,
p, and L will stand for the velocity operator, the momentum operator, and the
orbital angular momentum operator in the Heisenberg representation.

Constants of the motion, With the aid of the Heisenberg equation of motion we
can immediately determine whether or not a given observable is a constant of the
motion. For instance, for a free particle whose Hamiltonian is}

H = ca,p, + Bmc* (3.228)
we have the Heisenberg equation for the momentum
dpi i =
& = F Pl =0, (3.229)

since p;, commutes with both ca,p, and Bmc?. Equation (3.229) tells us that we
can find a solution to the Dirac equation which is a simultaneous eigenfunction
of the Hamiltonian and the momentum. But we know this already, since the plane
wave solutions obtained in Section 3-3 are simultaneous eigenfunctions of H
and p.

As a less trivial example, let us consider L for a free particle, For the x-com-
ponent of L. we have

[H, L] = [coypi, (xapy — X3pa)] == —The(etypy — oy pa), (3.230)
and similarly for L, and L,. So
dLjdt = c(a X p). (3.231)

This means that for a free Dirac particle, L is not a constant of the motion, in
sharp contrast with the corresponding operator in the Schrddinger theory.
Next let us consider %, First it is useful to note that

Q= —Zurys = —ryy %y, (3.232)
which is obvious from the explicit forms of ¢, v, and ,.§ Therefore

[H, 3] = [cowpi, 2] = —cy: Zips, 3]
= 2ic(ts py — s pa), (3.233)

1Since it is customary to use a, and 8 to write H, we shall, in this section, make exclusive
use of «ty and B rather than oy and v,. .

§To prove this without recourse to any particular representation, note, for instance,
@y =~y = 7,727 1YaYs%s = — 235, where we have used (v,7,)* = —1.
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where we have used ¢, %, %, = —iy,%; = a3, and so forth. Consequently,

d 2
2o Z@xp) (3.239)

Thus the spin angular momentum of a free electron is not a constant of the motion,
either. But taking the dot product of (2.234) and p and remembering (3.229), we
outain
d(Z-p)/dt = 0, (3.235)
which means that the helicity 5.p/lp| is a constant of the motion, as shown in
Section 3-3.
Let us now consider

J =1L 4 hZf2. (3.236)
Because of (3.231) and (3.234) we have
dfdt = 0. (3.237)

Thus, although L and 4%/2 taken separately are not constants of the motion, the
sum (3.236) which, according to (3.161), should be identified with the tota] angular
momentum s a constant of the motion. As is well known, the constancy of J is
a consequence of invariance under rotation. Hence we may argue that J must be
a constant of the motion even if we add to the free-particle Hamiltonian a central
(spherically symmetric) potential ¥(r). Indeed, the relation (3.237) still holds in
the presence of F(r) since both L, and ¥, commute with ¥(r).
Next we shall consider the time derivative of the mechanical momentum

w=p — eAfc (3.238)

(as opposed to the canonical momentum p) of an electron in the presence of A4,.
Using the Hamiltonian

H=ca-7w + edy + Bmc?, (3.239)
we obtain
o= [Hm) = S8 B, ]+ . (3:240)
But we know that
[0, m] = in e,
20X,
and
iehdA, _iehdA, _ ieh
[7(., %QI—T—Q’—n ~T—an —(;-Bg, etc. (3.241)
Hence
x = e(E + ax B). (3.242)

Since (&, has been shown to correspond to the classical particle velocity in
units of ¢ (cf. Eq. 3.220), we may be tempted to identify (3.242) with the operator
equation for the Lorentz force. However, as we shall see later, we have to be
somewhat careful in regarding ca as the operator that corresponds to the particle
velocity in the usual sense.
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Tt is also of interest to study the time dependence of % -z for an electron in the
electromagnetic field. Assuming that A, is time-independent, we obtain

dz-7)

e .;% [(—crys -7 + Brct + edy), So7] = ."hﬁ Ao, S+7] == e3-E, (3.243)

since both v, and B commute with Z-7z. Let us suppose that there is no electric
field. We know that the magnitude of the jnechanical momentum of a charged
particle is unchanged in a time-independent magnetic field. The constancy of
%7 then amounts to the constancy of the helicity. It follows that a longitudinally
polarized eleciron (one whose helicity is <1 or —1) entering a region with a mag-
nctic field will remain longitudinally polarized no matter how complicated B may
be. When an electron is injected into a region with a uniform magnetic field B
whose direction is perpendicular to the initial electron velocity, the electron follows
a circular path with an angular frequency, known as the cyclotron frequency:

w;, == (leB|fme) /T B2 (3.244)

In this particularly simple case, the constancy of helicity implies that the electron
spin precesses in such a way that its precession angular frequency wy is equal to
oy, as pictorially represented in Fig. 3-3.

Fig. 3-3. Spin precession of a moving electron in a uniform magnetic field. The gray
arrows indicate the spin direction.

In deriving the equality of @, and ws we implicitly assumed that the gyromagnetic
ratio of the electron is strictly two. In reality, because of the anomalous moment
of the electron, @, and ws are not quite equal. It can be shown that the correct
relation is given by

Wy __ g-—2 1

oy 4 (872) T (3.245)
This means that as the initally longitudinally polarized electron makes one orbital
turn, its spin direction departs from the direction of motion by a very small amount,
1/137 rad if the electron is nonrelativistic (cf. Eq. 3.210). This principle has been
used experimentally to make precise measurements on the anomalous moments
of the electron and the muon.

“Veloeity” in the Dirac theory. Let us now return to the free-particle case. Consider
%, = (iW)[H, x] = (ic/)[et,ps, %) = i, (3.246)
which says that a is the velocity in units of ¢. (Actually this relation holds even
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in the presence of A4,.) At first sight this appears quite reasonable in view of (3.220),
which says that {a,), is the same as the expectation value of p,cH ~'. Note, how-
ever, that the eigenvalue of a; is +1 or —1. Hence the eigenvalue of the velocity
operator is -, as first pointed out by G. Breit in 1928. This is a truly remarkable
result, since for a particle of finite mass the classical velocity cannot be equal to
+c. We may also note that because a, and «; do not commute when k 3=/, a
measurement of the x-component of the velocity is incompatible with a measure-
ment of the y-component of the velocity; this may appear strange since we know
that p, and p, commute.

n spite of these peculiarities, there is actually no contradiction with the results
dzrived earlier. The plane-wave solutions (3.114) and (3.115) which are eigen-
functions of p are not eigenfunctions of «, (unless the particle is massless), as
the reader may verify by directly applying a,. In fact, since «, fails to commute
with the Hamiltonian (see Eq. 3.248), no energy eigenfunctions are expected to be
simultaneous eigenfunctions of a;.

Let us now look at the time derivative of ;:

a, = (ifh)[H, a,]
= (ifR)(— 2. H + {H, a.})
= (ifh)(—2a H + 2c pi), (3.247)

where we have used the fact that «, anticommutes with every term in H except
the term that involves & itself. This equation can also be written as

&

I

_ngC (5 x p), — Hhme”, (3.248)

We see that the velocity operator X, = c is not a constant of the motion despite
the fact that the particle is free. Contrast this with Eq. (3.229), which says that
the momentum of a free particle is a constant of the motion.

The relation (3.247) can be regarded as a differential equation for a.(1).
Keeping in mind that p, and H are constants of the motion, we easily see by direct
substitution that the solution of this differential equation is

ay(t) = cp  H™' + (an(0) — cp  H ™' ye 24, (3.249)

The first term of (3.249) is reasonable since, for an eigenstate of momentum and
energy, it gives cpi/ E in agreement with (3.220) and (3.221). But what is the physical
siznificance of the second term? Taken literally, 1t seems to say that the velocity
of the electron has an additional term that fluctuates rapidly about its average
value even in the absence of any potential.
As for the coordinate operator, the relation (3.249) can be easily integrated
to yield
1) = xu(0) + 2 H™'t 4 (ichf2)(cu(0) — cpH ~)H e~ (3.250)

The first and the second terms are understandable because their expectation values
are seen to give the trajectory of the wave packet according to the classical law:

XO(ty = x{0) + t(puc EY, (3.251)
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just as they do in nonrefativistic quantum mechanics. The presence of the third
term in (3.250) (which, of course, 15 a consequence of the second term in Eq. 3.249)
appears to imply that the free electron executes very rapid oscillations in addition
to the uniform rectilinear motion (3.251). This oscillatory motion, first discussed
by E. Schridinger in 1930, is called Zitterbewegung (literally “quivering motion™).
We shall say more about this in the next section.

3-7. ZITTERBEWEGUNG AND NEGATIVE-ENERGY SOLUTIONS

Expectation values of o and x. The algebraic techniques extensively employed in
the previous section are quite powerful when we want to obtain the constants
of the motion or establish a correspondence with the classical theory. However, in
order to analyze the peculiarities we encountered at the end of the previous section,
it is instructive to go back to the Schrodinger representation and reinterpret the
operator relations (3.249) and (3.250), using specific wave functions.

Since the positive- and negative-energy plane-wave solutions (3.114) and (3.115)
with all possible p form a complete orthonormal set, the most general free-particle
wave function can be written as-

- ) p-x i
W)= 3 o/ ot (p)exp( )

P 7~

mc? r 1p-x | i{E|t
% i o ® exp (18X ‘h‘ ) B ER

where c, , is to be determined from the Fourier expansion of Jr at = 0. By ap-
propriately choosing ¢, ,, We can write the wave function for an arbitrarily localized
free-particle wave packet in the form (3.252). Let us now evaluate {a;>. A
straightforward calculation using (3.220) and (3.221) gives

lay = f P, e, Hd x

— \ 2 PiC
=3 35 o B = 3 3 lenr S

o Cp, 4T (P u(p) emr1EILA

+2rzm.“|5|[c

+ CorCo U () (p) €171 (3.253)

The first (second) term which is time independent represents the group velocity
of the wave packet made up exclusively of positive- (negative-) energy plane-wave
components. The last two terms which are time dependent are more interesting.
First note that a; taken between u®"'(p) and u™?(p) is “large” when |p| < mc,
in sharp contrast with «; taken between u-**(p) and u(p) which is of order
vfe. Specifically,

e O p) et T Np)y = xtax ™ 4 0((lp[/me]?), (3.254)
where x® and x“? are the two-component Pauli spinors corresponding to
utt " and u® . Therefore the last two terms of (3.253) represent a superposi-
tion of violent and rapid oscillations, each with an angular frequency ~2mctlh
= 1.5 x 10* sec™! and an amplitude ~|c"*c®Y|.
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As for (x> we first observe that the operator relation (3.246) implies

(d/d) j X, D x(X, D) dx = ¢ j P, DX, dx.  (3.255)

Ve can therefore obtain (x> by integrating ¢ times (3.253) with respect to time:
x> = {XeDpmo + [Z T lop. P 2 pic’ ;- E E Icv |2 P Pic?
P relz TET ]bl

+3 ih (mc

D Tal2 reid Imc rET) [C:.r'fp,,-u“””(p)aku(f)(p) eI EILR
~ U (@) 7. (3.256)

Thus on top of the rectilinear motion of the wave packet we again have a super-
position of violent oscillations, each with an angular frequency ~2mc*fh. If both
Coror2@nd cp 304 are appreciable, the fluctuation of the electron coordinate due
to these oscillations is of the order of hfmc == 3.9 x 107! ¢m. It is very important
to note that the peculiar oscillatory behavior, Zitterbewegung, of both (e and
(x> is due solely to an interference between the positive- and negative-energy
components in the wave packet. The Zitterbewegung is completely absent for
a wave packet made up exclusively of positive- (negative-) energy plane-wave
solutions.

Presence of negative-energy components. At this stage we may naturally ask why
we cannot simply forget all about the trouble-making negative-energy components
in constructing a wave packet. This can certainly be done for a free-particle wave
packet since in a potential-free region a wave packet made up exclusively of posi-
tive-energy plane waves at a given time does not develop negative-energy com-
ponents at later times. On the other hand, we can show that the wave function
for a well-localized particle contains, in general, plane-wave components of nega-
tive energies. As an illustration, let us consider a harmless-looking four-component
wave function at ¢ = 0,
$(x)
0

0 =| (3.257)

0

where | p(x)? is assumed to be appreciable only in a region whose linear dimension
is Ax.. From our earlier discussion in Section 3-3, we see that 4 corresponds
to the four-component wave function for a nonrelativistic particle with spin-up
localized to ~Ax,. We now propose to expand this wave function in various
plane-wave components so that 4(x, 0) takes the form (3.252), evaluated at 1 = 0.
The appropriate Fourier coefficients can be readily found by maltiplying (3.257)
from the left by u™*(ple~*** and integrating over the space coordinates.
Although the coefficients themselves depend on the detailed form of $(x), we
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easily sec that

o Psc , i _ (P —Ipc. 3
Coon [E|+ mc* i1 JE|+ me? (3.238)

This means that a negative-cnergy component is comparable in importance to
the corresponding positive-energy component whenever ¢ has a Fourier com-
ponent with momentum comparable to mc. On the other hand, we know that
the Fourier transform of ¢ is appreciable in a region in momentum-space whose
linear dimension is

Ap. ~ hlAx,. (3.259)

Suppose the state in question is localized to Ax, << h/mc. The uncertainty relation
(3.259) tells us that we need plane-wave components of momenta |p|= mc.
From (3.258), we then infer that there must be appreciable amounts of negative-
energy components.

We have seen that a well-Jocalized state contains, in general, plane-wave com-
ponents of negative energies. Conversely, we may ask how well localized a state
will be which we can form using only plane-wave components of positive energies.
A rather careful analysis by T. D. Newton and E. P. Wigner indicates that the
best-localized state we can construct in this way is one in which the characteristic
linear dimension of the wave packet is ~ hfmc but no smaller. This statement can be
shown to be valid also for a Klein-Gordon particle.

It is interesting to note that a positive-energy bound-state wave function when
expanded in free-particle plane waves usually contains some negative-energy com-
ponents. For instance, let us take the case of the ground-state wave function of the
hydrogen atom whose energy is evidently positive, E = mc¢? — (e*/87a,) > 0. When
this bound-state wave function (whose explicit form will be given in the next
section) is expanded in free-particle plane waves, we do obtain nonvanishing
coefficients for negative-energy plane waves. An immediate consequence of this
is that the electron in the hydrogen atom exhibits Zitterbewegung. As a result,
the effective potential that the electron at x feels is no Jonger just V(x) but rather
V(x 4 8x), where 8x characterizes the fluctuation of the electron coordinate.
Note now that ¥(x -+ 8x) can be expanded as follows:

Vx4 Bx)y = V(x) + 86 V¥ + L axéx, 5%:% o (3.260)
J

Assuming that x fluctuates with magnitude |8x| = h/mc without any preferred
direction, we obtain for the time average of the difference between
V(x + 8x) —V(x):
RN k)’m
(AV)llmu m-umgu’\'i‘”f}“(m"“c) ViV = 3 (;‘n‘; 8 (X) (3261)
Apart from a numerical factor (§ instead of §), this is just the effective potential

needed to explain the Darwin term discussed earlier in connection with the ap-
proximate treatment of the hydrogen atom (cf. Egs. 3.83 and 3.87).
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Fig. 3-4. One-dimensional potential with mc? > £ — Vy; > —mc?.
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Klein’s paradox. As a final illustration of the peculiarities attending the negative-
energy. solutions, let us consider a simple one-dimensional potential (Fig. 3-4).
In Region I the particle is free; the height of the potential in Region II is assumed
to be ¥y. When considering a region in which the potential is not varying rapidly,
we can proceed directly to obtain the functional form of the wave function. Forour
purpose it is actually sufficient to look at 4, only:

(@) s ORI = H(E— V= mcp (3262)

Wherever V is locally independent of x, we obtain

ipx _iEt _lplx _E
Yy o0 exp( 3 i )x, exp( A i h') X (3.263)
where

plet =(E— V4 m*)E — V —mc?). (3.264)

With p? > 0 we have an oscillatory solution, while with p* << 0 we have an ex-
ponentially damped solution. Let us suppose that

met > E— Vg > —mc?. (3.265
n

The Region Il is a classically forbidden region (p* < 0), and the free-particle
wave function in Region I dies out exponentially as it enters Region 11.

So far everything has been straightforward. Let us now consider the potential
given by Fig. 3-5. Our experience with nonrelativistic quantum mechanics tells
us that the wave function in Region III is even more strongly damped. However,
when the potential becomes so strongly repulsive that

Vy — E > mc?, (3.266)

(3.264) tells us that just the opposite is true. Since both E—~¥--mc* and E— V' —mc?
are now negative, we have p* > 0; hence the solution in Region III is oscil-
latory just as is the free-particle solution in Region I. This result is exactly the
opposite of the one we set out to find. Semiclassically speaking, a particle initially
confined in Region I can tunnel through Region II (just as the a-particle inside
an a-emitting nucleus), and behaves in Region III as though it were in an attractive
potential instead of the very strong repulsive potential implied by (3.266). This
theory is named Klein's paradox for O. Klein, who worried about this interesting
point in 1930.
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Fig. 3-5. Potential to illustrate Kiein’s paradox. Osciflatory solutions are expected in
shaded regions.

What is the origin of this peculiar bchavior? Let us recall that the free-particle
solutions to the Dirac equation exhibit an energy spectrum ranging from —mc?
to —oo as well as from +mc? to co. Now suppose we apply a small positive poten-
tial ¥. The condition that we have negative-energy oscillatory solutions now

becomes
—o00 < E << —mc? 4 V. (3.267)

As V is increased adiabatically, we see that eventually £ need not even be negative
for (3.267) to be satisfied. Coming back to Fig. 3-5, we see that the oscillatory
solution in Region IIT is essentially a negative-energy solution despite E > 0,
since it can be obtained from the wave function whose space-time dependence is
exp [i{ pxfh) + (| E)¢/h)] by simply increasing ¥ adiabatically. Klein’s paradox
arises because when the potential ¥ is sufficiently positive, an oscillatory negative-
energy solution in Region III can have the same positive energy as an oscillatory
positive-energy solution in Region 1. The tunneling of the electron from Region
I into Region IIT must therefore be viewed as a transition from a positive-energy
to a negative-energy state. We shall say more about such a transition in Section
3-9, pp. 131--143. In any case, we find that our intuitive notion that a strong posi-
tive potential can repulse the particle breaks down completely when V' becomes
comparable to 2mc®.

Similar peculiarities are present also for strongly attractive potentials. Witha
moderately attractive finite-ranged potential we can have bound-state solutions
(£ << mc?) which fall off outside the range of the potential, just as they do in non-
relativistic quantum mechanics so long as the attraction does not exceed a certain
eritical strength. But when the potential becomes too strong, the Dirac theory
starts accommodating solutions with E less than mc® which are oscillatory and
undamped outside the range of the potential. The interested reader may verify this
point in detail by studying the behavior of the Dirac particle in a deep spherical
well (Problem 3-10c).
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3-8. CENTRAL FORCE PROBLEMS; THE HYDROGEN ATOM

General considerations. In this section we shall first study some general properties
of the wave function for an electron in a spherically symmetric potential. As we
have already seen in Section 3-6, the total angular momentum operator J is a
constant of the motion whenever the Hamiltonian is given by

H = ca-p + Bmc* + V(). (3.268)

Let us now look for other constants of the motion. Intuitively, we expect that we
must be able to specify whether the electron spin is parallel or antiparatlef to the
total angular momentum. In nonrelativistic quantum mechanics these two pos-
sibilities are distinguished by the eigenvalues of

¢-J =co-(L. + haf2) = (1/A)(F* — L* 4 3p%). (3.269)
Alternatively, we may specify /, which can be either j + 4 orj — 4. For a relativistic
electron we might try the 4 X 4 generalization of (3.269), namely %-J. However,
the commutator of ¥/ with X-J turns out to be rather involved, as the reader may
verify. Instead, then, let us try A%-J which has the same nonrelativistic limit
as Z-J:
[H,B2Z-3] =[H,p1%-J + B[H, Z]-J
== —2cB(a-p)(Z-J) -+ 2icBla X p)-J, (3.270)
where we have used (3.233), and
[#, ] = ca-pB — Bea-p
= —2cBa-p. (3.271)
If we take advantage of

(a-A)(Z-B) = —y(2-A)(Z-B)
= —ysA-B 4 ia-(A x B), (3.272)
we can simplify expression (3.270):
[H, BZ-3] = 2cBry:(p-J)
= 2fysp-(L + h3[2)
== —chBa-p = (hj2)[H, B, (3.273)
where we have used
p-L = —ihV-[x X (—ihV)] =0 (3.274)
and (3.271). Therefore an operator K defined by
K=p8%.J—~ phj2=0R8Z-L t+h (3.275)
does commute with H:
[H, K] = 0. (3.276)
Furthermore, using the fact that J commutes with 8 and Z- L, we readily see that
3, K] =0 (3.277)

as well. Thus, for an electron in a central potential, we can construct a simultaneous
eigenfunction of H, K, J?, and J;. The corresponding eigenvalues are denoted
by E, —&h, j(j + D, and jA.
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We shall now derive an important relation between « and j. First let us consider

K*= BGE-L + HBE-L+ k)

w: (X-L 4+ A)
=124 0% (L x L)+ 225-L+ &
=L+ h3-L + K (3.278)
At the same time, since
I = L - AZ-L + 3h%/4, (3.279)
we obtain
t= J 1R (3.280)
which means that the eigenvalues of J* and K* are related to each other by
Kh = j(j 4 DR -+ 2 = ( + §)° R (3.281)
So we must have
&= (i 4+ 4). (3.282)

Thus « is a nonzero integer which can be positive or negative. Pictorially speaking,
the sign of x determines whether the spin is antiparallel (x > 0) or parallel (« < 0)
to the total angular momentum in the nonrelativistic limit.

Lxplicitly, the operator K is given by

oL 4 h 0
K = ( 0 oL — h)’ (3.283)

Thus, if the four-component wave function + (assumed to be an energy eigen-
function) is a simultaneous cigenfunction of X, J?, and J;, then

(¢-L + k)= —khyr,, (@-L + )y = rhiry, (3.284)

and
J2’\I/'.l,ll = (L + halz)z'\lf.l,h =j(j+ ])m‘,lf.gh,
J:'\P‘.l,u = (Lx + fltT;/Z)\lm.u =jsh\l",r.lv

The operator L? is equal to J® — ha-L — 3h% when it acts on the two-component
wave functions +r, and +j,. This means that any two-component eigenfunction of
oL+ h and J? is automatically an eigenfunction of L2 Thus, although the four-
component wave function « is not an eigenfunction of L? (since # does not com-~
mute with L), «», and «, separately are eigenfunctions of L* whose eigenvalues
are denoted by 7,({, + Da* and (I, + 1)k From {3.284) and {3.285) we then
obtain

—e=jUA D~ LG4+ D+E e=jU+ D -+ )+ 5 (3.286)

Using (3.282) and (3.386), we can determine /, and /, for a given x. The resulfs
are summmarized in Table 3-2.

Fora given , /, can assume two possible values corresponding to the two possible
values of x. This fact is already familiar from our study of nonrelativistic quantum
mechanics, For example, for j = 4, 7, can be either 0 or | (s§ or p}), depending
on whether « is negative or positive, What is new is that for a fixed x the orbital

(3.285)
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Table 3-2
RELATIONS AMONG «, j, {,, AND
{a I
k=44 i+ i
k= =+ P j=4 J+4

parities of +r, and +r, are necessarily opposite. As we showed in Section 3-4,
this result can also be derived from the requirement that the four-component
wave function «r have a definite parity (cf. Eqs. 3.172 through 3.175).

We can now write r as

ARG

where %/} stands for a normalized spin-angular function (an r-independent
eigenfunction of J?, J,, L?, and, of course, 8*) formed by the combination of the
Pauli spinor with the spherical harmonics of order /. Explicitly,

y o JUbds 3y eV, [T—iit % Y
AP = e LR / L Z yh+y
4] JZI'—&—} Yy (0)‘1‘1/ 3T 1 Yh+2 X (3.288)

forj=14 %, and
=7 ~ 1 T+, + 4 \ 0
@l = —f LA vy (0) + S ‘ﬂ( | e

for j == I — 4.} The radial functions f and g depend, of course, on «. The factor
i multiplying f has been inserted to make fand g real for bound-state (or standing-
wave) solutions.

Before we substitute (3.287) in the Dirac equation written in the form

c(@-phifry = (E — V(r) — mcHry  c(@-p)yr = (E — V(1) + mc)dry, (3.290)
let us note that

a-p = ZX (0x)(0-p)

..(U'X)(__- 2 )
= 1fzrar + ie-L}. (3.291)
Moreover, the pseudoscalar operator (¢-x)/r acting on %/}, must give an eigen-
function of J%, J;, and L?* with the same jand j, but of opposite orbital parity. There-
fore [(e-x)/r] ¥/}, is equal to &}, itself up to a multiplicative phase factor. [Nore:
(o-x)*/r* == 1] It is not difficult to show that this phase factor is minus one if we

1See, for example, Merzbacher (1961), p. 402. Throughout this book we shall foliow
the phase convention used in Condon and Shartley (1951), Rose (1957, 1961), Merzbacher
(1961), and Messiah (1962). The phase convention used by Bethe and Salpeter (1957) is
slightly different due to an unconventional definition of Y7
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conform to the phase convention used in writing (3.288) and (3.289). In fact,
we have already verified this for the special case j = j; = 4, [, = 0, as seen from
(3.178). Similarly [(¢-x)/r] acting on @&, gives &, apart from a minus sign.
Thus

(e pifry = (a x)( + ic- L)f@'u.

:z(_‘%"_)( inr 31 +,(,c~1)ﬁf)07

= —nllay — (= Drgy (3.292)
Similarly
(@-p)s = in BBy 4 LT gy (3.293)

We now observe that the spin-angular functions completely drop out when we
rewrite (3.290), using (3.292) and (3.293):

e Qiflhﬁf: (E — V — mcdg,

@ (3.294)
d 1+ ©he
dgr + E———l——g = (E — V + mc)f.
Introducing
Firy=rf(r),  G(r)=rg(r) (3.295)
as in nonrelativistic quantum mechanics, we finally get radial equations:
dF e U
hc(?{-r——-——— ) = —(E — V —mc)G,
(3.296)

he (991 G) = (E— ¥ + me)F.

Hydrogen atom. On the basis of the coupled equations (3.296) a variety of problems
can be attacked. We shall consider only one problem along this line; the remaining
part of this section will be devoted to a discussion of an electron bound to the
atomic nucleus by a2 Coulomb potential. This classical problem {first treated by
C. G. Darwin and W. Gordon in 1928) can be solved exactly. The reader who is
interested in other central-force problems—the anomalous Zeeman effect, free
spherical waves, exact solutions (as opposed to Born approximation solutions
io be discussed in Chapter 4) to the Coulomb scattering problem, etc.—may
consult Rose’s book.t
In order to simplify (3.296) when V is given by

V = —(Ze'[dnr), (3.297)

fRose (1961), Chapter 5.
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we introduce
a, = (mc® + E)fhe, a, = (mc* — E)}he, 3.298
v = (Ze*)dnhc) = Za == Z[131, p=A~a,r. (3.298)

Note that A/, = ~/m*c" — E*fc is just the magnitude of the imaginary ino-
mentum of an electron of energy £. The coupled equations we must solve are

DB Do Ges)o-(fas o
(3.299)

#'5 in the nonrelativistic treatinent of the hydrogen atom, we seck solutions to
(3.299) of the form

F= e""p'ma a,p", G = e""p‘mzr;obmp’". (3.300)

Substituting (3.300) in (3.299), and equating the coefficients of e"#p*p?™!, we obtain
the recursion relations

(S + 4 — K)@ — gy + by — V]t by =0,

il (3.301)
(5 + g -+ Kybg — bey — ya, — A, jay ag_y = 0.
For ¢ = 0, we have

(s — x)a, + ybo = 0, (s + x)by — ya, = 0. (3.302)
Since a, and b, are not zero, the secular determinant of (3.302) must vanish; hence
s = kASiF — L (3.303)

We must require that [ «*«frd®x be finite. This requirement amounts to
[IFFdp <o,  [IGidp< . (3.304)

Thus F and G must behave better than p~'” at the origin, which means s > —}.
Since

K — o? > min (k%) — ¢! =1 — (Z[137)?, (3.305)

the above requirement cannot be satisfied if we take the negative root of (3.303).
So we are led to take the positive root.}

It is not difficult to show that F and G would increase exponentially as p — oo
(uhat s, F, G ~ e*? at infinity) if the power series (3.300) did not terminate.§
Assuming that the two series terminate with the same power, there must exist
n’ with the property

Quyy = byy =0, @y 70, by 0. (3.306)

tFor {«]| =1, f= Flr and g = G/r diverge at the origin (since s < 1}; yet (3.304) is
satisfied.

§The e® behavior for F and G at infinity is allowed if £ > mc?, which means a purely
imaginary p. Indeed the oscillatory behavior of 1he radial functions at infinity is charac-
teristic of scattering-state solutions which exhibit a continuous energy spectrum.
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Setting ¢ == #’ 4 1 in (3.301) we obtain
a,. == —a ], b, (3.307)

from both parts of (3.301) (which incidentally justifies our assumption that the
two series terminate with the same power). To write an equation that involves
only a,. and b, whosc ratio is now known, we multiply the first of (3.301) by
a,, the second by ~/a ay, set ¢ = n' this time, and subtract:

[as 4 2" — &) + vy, ¥] 8 — W, (s + ' + &) — ayylb,. = 05 (3.308)

hence

2V aa (s + 1) = yla, — ), (3.309)
or
S (MeYT —F2 (s -+ ') = Eq. (3.310)

Thus we obtain the energy eigenvaluest
fomt me ‘
R, Aty J I+ =
Jr GE W+ VG T I = Za)
Note that E depends only on n" and j + 4 = |x|.

In order to compare (3.311) with the corresponding expression obtained in the
Schrodinger theory, we define

(3.311)

n=n -G+ =n-|x| (3.312)
Since the minimum value of i’ is zero, we have
n>j4 4=« (3.313)
which is at least unity. Expanding (3.311) we get
= e |1 — LEZa) L@Q‘(J_, 3) — ]
E =mnc [1 2 T \FEL T @ (3.314)
Since§
1’me? = e*/(8nayu.), (3.315)

we see that n is indeed identical with the familiar principal quantum number in
nonrelativistic quantum mechanics. Note also that the leading correction to the
Balmer formula is precisely the fine-structure splitting (3.88) which tells us that,
for a given n, higher j-states are at higher levels.

In the Dirac theory each state of a hydrogen atom can be completely charac-
terized by ', x, and j,. We can translate this classification scheme into the more
familiar one based on spectroscopic notation. This is done in Table 3-3 which
can be obtained with the help of Table 3-2 and Egs. (3.312) and (3.313). Note that
although L? is-not “good” in the relativistic theory, it is customary to use the

{Formula (3.311) was first obtained by A. Sommerfeld, using a relativistic version of
N. Bohr's old quantum theory.

§In this section we shail use agu: rather than a, for the Bohr radius to avoid a possible
confusion with the coefficient @, in (3.300).
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Table 3-3

RELATIVISTIC QUANTUM NUMBERS AND SPECTROSCOPIC
NOTATION

A pair of states which have the same energy according to (3.311) are denoted by “deg.”

n H=n—]x|>0 =40+ %) Notation
1 0 -1 15}

2 1 —1 25%}

2 1 +1 2py] dee
2 0 -2 2p%

3 2 —1 3s}

3 2 +1 3p;} deg
3 1 -2 3p;}

3 1 +2 3d3] 98
3 0 -3 3d}

notation pyp, etc., which actually means /, =1 with j = §, etc. In other words the
orbital angular momentum of the upper two-component wave function (which
becomes the wave function of the Schrodinger-Pauh theory in the nourelativistic
limit) determines the orbital angular momentum in the spectroscopic language.
The reader may wonder why we have omitted in Table 3-2 the x > 0 states when-
ever ' = 0. The reason for this omission is evident if we go back to the second
expression of (3.302) and (3.307) which together imply

5 + K)/Y = —ayfa,, n' =0 only. (3.316)

This can be satisfied only if « is negative because s is a positive number smaller
than || (cf. Eq. 3.303). The absence of the « >> 0 states for ” = 0 corresponds
to the famniliar rule in nonrelativistic quantum mechanics: The maximum value
of /is n — 1, not n.

For the ground state (n” = 0, ¥ = —1), the relation (3.311) simplifies to
E,q = mc?A/1 — (Za)'- (3.317)
So
Ny = Zamcthe = Zfagon,, (3.318)
and
by _ Za o (=~ (Zay), (3.319)
ao L+ &1 —(Za) Za

Up to an overall multiplicative constant denoted by N we can readily write the
ground-state wave function

X(’)
—_— N Z ” = Zr{apghr Zr M 4
b= 7z o) (i) (’“w - Ee e o)
24 r

(3.320)
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(o) o 1)

depending on whether j; = 4 or —4%. A straightforward calculation shows that
the normalization requirement for «r gives

— vt L+ ST (Zay |
N =20 [ —Z5 (3.321)

where x© is the Pauli spinor

where

r(x) = j"" e =,

(3.322)
Lm) = (m — 1)! for  m = positive integer.
Note that N approaches 1 as Za — 0. Furthermore
(Zr[apa)T=TE&7-1 is essentially unity except at distances of order
o 13T susyym
e . (3.323)

As r — 0, +» exhibits a mild singularity. This, however, is of academic interest
only, since the wave function at short distances must be modified because of the
finite charge distribution of the nucleus. Thus we see that for the ground states of
hydrogen-like atoms with low Z, the upper two-component wave function is
essentially identical to the Schrodinger wave function multiplied by a Pauli spinor.
As for the lower two-component wave function, we merely remark that, apart
from i(@-x)/r, the ratio of the lower to the upper components is given by (cf.

Eq. 3.307)
5 %%5 = «/('—";i)(m]—cz) = 5o (3.324)

where » is the “velocity” of the electron in Bohr's circular orbit theory. This result
is in agreement with our earlier discussion in Section 3-3 on the ratio of Arg to
Va .

In 1947 W. E. Lamb and R. C. Retherford observed a splitting between the
28}~ and 2p4-states of the hydrogen atom not given by (3.311). As already dis-
cussed in Section 2-8, the main part of this “Lamb shift” can be satisfactorily
accounted for when we consider the interaction of the electroa with the quantized
radiation field.

Another important effect not contained in (3.311) arises from the interaction
between the magnetic moment of the nucleus and the magnetic moment of the
electron. In the case of the hydrogen atom, for instance, when we compound the
electron spin with the proton spin, the net result is F= 1 (triplet) or F = 0 (sin-
glet), where F is the quantum number corresponding to the toral spin. Since the
inagnetic interaction i1s dependent on the relative orientation of the two magnetic
dipole moments, each level of the hydrogen atom characterized by n, j, (= [,) is
split further into two sublevels corresponding to the two possible -values of F
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even in the absence of any external magnetic field. This is known as a hyperfine
splitting. Let us estimate it for the s-states using nonrelativistic quantum mechanics.
Classically the magnetic field created by the proton magnetic moment M© jst

B=V x (MMW’ XV I:;;) (3.325)

Quantum-mechanically we replace M“*® by the magnetic moment operator
_ lelh(1 + x)

M = e c,, (3.326)

where @, is the Pauli matrix for the proton spin and 2(1 + «) is the g-factor of the
proton. (We assume that the magnetic moment distribution of the proton is point-
like.) Within the framework of the Schrodinger-Pauli theory we obtain the in-
teraction Hamiltonian operator

HO — .V x (M X V4—71(;)

1MV (=) — (- VYM- Pl g

4y,

I

|

= 3 u-M)V? (I:Fr) - [(p.-V)(MvV) - %-p-Mtﬂ]l“Tr, (3.327)

where p = (ehf2m.)o.. The quantity in the brackets transforms like a traceless
tensor of rank two; so when it is integrated with a function of x, f(x), it gives
a nonvanishing contribution only if the expansion of f(x) in spherical harmonics
contains Y3 For the spherically symmetric s states, only the first term of (3.327)
is relevant. Using the nonrelativistic wave function «r,, we obtain the energy shift

AE, = —3 p-M J’ BO(X)| ra(X) |2 x
~ e [ Gas) oo

2 1 m\met|{ 1, F=1
st 0 (Te) 5 {~3, F=o,
as first shown by E. Fermi in 1930. Note that the order of magnitude of this sphit-
ting is the fine-structure splitting multiplied by (m./m,). For the lsi-state, the
above energy difference corresponds to a radio microwave of 1420 Mc or 2] cm;
the radiative transition between these two hyperfine levels is of fundamental
importance in radio astronomy. We may parenthetically mention that this energy
difference is one of the most accurately measured quantities in modern physics;
S. B. Crampton, D. Kleppner, and N. F. Ramsey have determined that the corre-
sponding radiofrequency is (1420.405751800 + 0.000000028) Mc.

There are other corrections to formula (3.311). First, we must take into account
the motion of the nucleus since the mass of the nucleus is not infinite; a major

i

(3.328)

tPanofsky and Phillips (1955), p. 120; Jackson (1962) p. 146.
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part of this correction can be taken care of if we use everywhere the reduced mass
mgn,f(m, 4 m,) in place of m,. Second, there are other contributions to the Lamb
shift not discussed in Chapter 2; especially important is the vacuum polarization
effect to be discussed later. Third, the finite size of the nucleus also modifies for-
mula (3.311) especially for the s states which are sensitive to small deviations from
Coulomb’s law at close distances; in the interesting case of the 2s state of the
hydrogen atom, however, we can estimate the energy shift due to this effect to be
only 0.1 Me, using the observed proton charge radius ~ 0.7 X 10" cm.

The utility of the Dirac theory in atomic physics is not limited to light hydrogen-
like atoms. For heavy atoms where (Za)® is not very small compared with unity
(0.45 for uranium), the relativistic effects must be taken into account even for
understanding the qualitative features of the energy levels. Although we cannot,
in practice, study one-electron ions of heavy atoms, it is actually possible to check
the quantitative predictions of tlie Dirac theory by lookiug at the energy levels
of the innermost (K-shell and L-sheil) electrons of high Z atoms which can be
inferred experimentally from X-ray spectra. Similar studies have beem carried
out with muonic atoms (atoms in which one of the electrons is replaced by a nega-
tive muon).

Although we shall not discuss the.emission and absorption of radiation using
the Dirac theory, the results of Section 2—4 are applicable mutatis mutandis.
All we need to do 1s make the following replacements:i

1 eh
-~m—c(p»A + A-p) — 57,‘,;"'3'”" —a-A

,\P(Schwdingehl’auli) P ,\P(Dirac)
\P(SchrédingenPnuli)* —— \P(Dirac)t (not %(Dimc)). (3'329)

3-9. HOLE THEORY AND CHARGE CONJUGATION

Holes and positrons. Although we have shown that the Dirac theory accommodates
negative-energy solutions whose existence should not be ignored altogether,
we have as yet not examined their physical significance. This section is devoted
to the physical interpretation of the negative-energy states within the framework
of a theory in which the electron field is not quantized.

As a simple example to illustrate some of the difficulties with the original Dirac
theory of 1928, let us consider an atomic electron. According to the guantum
theory of radiation developed in the previous chapter, an excited atomic state
can lose its energy by spontaneously emitting a photon even in the absence of
any external field. This is why all atomic states, with the exception of the ground
states, have finite lifetimes. In the Dirac theory, however, the so-called ground
state of an atom is not really the lJowest state since there exists a continuum of
negative-energy states from —mnic® to —oo for any potential that vanishes at

1We have to be a little more careful when we treat a process in which the quadratic A?
term in the nonrelativistic Hamiltonian is important. This point will be discussed in the
next section with reference to Thomson scattering.
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infinity. We know that an excited atomic state makes a radiative transition to the
ground state; similarly, we expect that the atomic electron in the ground state
with energy mmc® — | Eyr| can emit spontaneously a photon of energy = 2mc?
and fall into a negative-energy state. Furthermore, once it reaches a negative-
energy state, it will keep on lowering its energy indefinitely by emitting photons
since there is no lower bound to the negative-energy spectrum. Since we know
that the ground state of an atom is stable, we must somehow prevent such cata-
strophic transitions.

Faced with this difficulty, Dirac proposed, in 1930, that all the negative-energy
states are completely filled under normal conditions. The catastrophic transitions
mentioned above are then prevented because of the Pauli exclusion principle.
What we usually call the vacuum is actually an infinite sea of negativc-energy
electrons. Occasionally one of the negative-energy electrons in the Dirac sea can
absorb a photon of energy ho > 2mc® and become an E > 0 state. As a result,
a “hole” is created in the Dirac sea. The observable energy of the Dirac sea is
now the energy of the vacuum murus the negative energy of the vacated state,
hence a positive quantity. In this way we expect that the absence of a negative-
energy electron appears as the presence of a positive-energy particle. Similarly,
when a hole is created in the Dirac sea, the total charge of the Dirac sea becomes

Q = Qvncnmn —e= Q\'m:uum - (Mle,) = Q\‘lu:nnm + 'e!, (3330)
hence the observable charge of the hole is

th! == Q - Q\'unuum = lel" (3.331)

This means that a hole in the sea of negative-energy states looks likc a positive-
energy particle of charge |e|. Thus once we accept (a) that the negative-energy
states are completely filled under normal conditions and (b) that a negative-energy
electron can absorb a photon of energy > 2mc? (just as a positive-energy electron
can) to become a positive-energy electron, we are unambiguously led to predict
the existence of a particle of charge | e| with a positive energy.

When Dirac proposed this “hole theory,” there was no good candidate for the
predicted positively charged particle. In the beginning Dirac even thought that
the hole in the negative-energy state should be identified with the proton. How-
ever, it was quickly pointed out by J. R. Oppenheimer that if this interpretation
were correct, the hydrogen atom would undergo a self-annihilation into two
photons with a lifetime ~10-'° sec. Moreover, H. Weyl, who looked at the
symmetry properties of the Dirac equation, proved that the mass of the particle
associated with the hole must be the same as the electron mass. Prior to 1932,
because of the experimental absence of the conjectured particle, Dirac’s hole
th.cory was not taken seriously. To recapture the prevailing atmosphere of the
tizue, we quote from W. Pauli’s Handbuch article.§
1This number assumnes that the energy released is 2m.c®. If we take the energy released
to be m.ct + mc?, the lifetime is even shorter.

§The translation from the original German text is the work of J. Alexander, G. F. Chew,
W. Sclove, and C. N, Yang.
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Recently Dirac attempted the explanation, aiready discussed by Oppenheimer, of
identifying the holes with antielectrons, particles of charge + | ¢| and the electron mass.
Likewise, in addition to protons, there must be antiprotons. The experimental absence
of such particles is then traced back to a special initial state in which only one of the
two kinds of particles is present. We see that this already appears to be unsatisfactory
because the laws of nature in this theory with respect to electrons and antielectrons
are exactly symmetrical. Thus v-ray photons (at least two in order to satisfy the laws
of conservation of energy and momentum) must be able to transform, by themselves,
into an electron and an antielectron. We do not believe, therefore, that this explana-
tion can be seriously considered.

When the article appeared in print, however, C. D. Anderson had already de-
monstrated the existence of a positron. Many years later Pauli made the following
famous remark on Dirac:

... with his fine instinct for physical realities he started his argument without knowing
the end of it.

We shall now examine a little more closely the absorption of a photon by one
of the negative-energy electrons in the Dirac sca. As stated earlier, if the photon
energy is sufficiently large, an electron in a negative-energy state may be “esca-
lated” to a positive-energy state

Crco o T Ehso. (3-332)
According to the hole-theoretic interpretation, this appears as
¥ > €550 + CFuo, (3.333)

since the vacated negative-energy state is observable as a positron state, Although
a photon cannot produce an e”e* pair in free space without violating energy and
momentum conservation, the process (3.333) can take place in the Coulomb field
of a nucleus. As is well known, the production of an electron-positron pair is
a very frequent phenomenon when high-energy «-rays go through matter. We may
also consider a closely related process,

€Fs0 > €ico + 2. (3.334)

Since all the negative-energy states are supposed to be filled under normal con-
ditions, (3.334) is forbidden except when there is a hole in the normally filled
negative-energy states. This means that whenever (3.334) is allowed, we can inter-
pret it as

€zmo + Cfo > 2. (3.335)

This process has also been observed frequently as positrons slow down in solids.
We shall present a quantitative treatment of this electron-positron annihilation
process in Chapter 4,

At this stage we emphasize again that the electron must obey the Pauli exclusion
principle if the hole theory is to make sense. Otherwise we cannot attach much
meaning to the notion that the negative-energy states are completely filled. If it
were not for the exclusion principle, we could keep on, for millions of years, piling
up electrons in the same negative-energy state. Even though the energy spectrum
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Table 34
DYNAMICAL QUANTITIES IN THE HOLE THEORY

Charge | Energy { Momentum Spin Helicity | “Velocity”

E<0 . 2>
Electron state | 1€l —|E| P =5 z-p ¥
Positron state | +|e| +E| —p _f.‘_<.§_ 21 s v

of free Klein-Gordon pacticles is identical to that of free Dirac particles, it is not
possible to construct a sensible hole theory out of Klein-Gordon particles which
obey Bose-Einstein statistics.

Let us study the connection between the various dynamical guantities of the
positron and those of the negative-energy electron whose absence appears as the
presence of the positron in question. We have already seen that both the charge
and the energy of the physical positron must be positive. What is the momentum
of the positron? Just as in the case of energy, the absence of momentum p in the
Dirac sea appears as the presence of momentum —p. Hence the momentum of the
physical (£ > 0) positron state is opposite to that of the corresponding negative-
energy electron state. Similarly the absence of a spin-up E << 0 electron is to be
interpreted as the presence of a spin-down E > 0 positron. Thus we can construct
Table 3-4 for a free particle. (We have listed (X rather than the eigenvalue of
Z., since, in general, the plane-wave solutions are not eigenstates of Z;).

The entry “velocity” in Table 3—4 requires some explanation. Suppose we con-
sider a wave packet made up of negative-energy solutions whose momenta center
around a certain mean value. We can then associate a certain group-velocity
with the wave packet. The absence of this £ < 0 wave packet must appear as
a wave packet made up of E > 0 positron states moving in the same direction,
that is, the velocity of the positron wave packet must be the same as that of the
corresponding E < 0 electron wave packet. It is not hard to see that this is pos-
sible only if the “velocity” of the negative-energy electron is opposite in direction
to its momentum. This appears somewhat strange but is completely counsistent
with (3.221), which says that the expectation value of the velocity operator ce
i the negative of the expectation value of pc*f] E|. The reader who is still not
convinced may amuse himself by working out steps analogous to (3.163) through
(3.170) for a negative-energy plane wave. If we apply Sl to the wave function
¥ for an E < 0 electron at rest in the primed system, we obtain the wave
function «»** which corresponds to the negative-energy electron whose momen-
tun (defined as the eigenvalue of —iAV) in the unprimed system is opposire to
the direction of motion of the primed system.

Thomson scattering in the Dirac theory. As a simple calculation that dramatically
illustrates the importance of the negative-energy states in an unexpected domain,
we shall now compute the cross section for Thomson scattering, that is, the scat~
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tering of a low-energy photon (ke < mc?) by a free electron. As in Section 2-5
(ef. Eqs. 2.158 and 2.168) we expect that the differential cross section is given by
ri] €€, which is also the same as the classical result. In the Dirac theory
there is no analog of the seagull graph Fig. 2-2 (c); we must compute the analogs
of Fig. 2-2 (a) and (b} for the free electron. We characterize the initial, final, and
intermediate states of the electron by (p, ), (¢, 7), and (p”, r'’) respectively. We
then obtain for the transition matrix element,

SOh iy 5 (WA R PG e )
E”

WV ow ¥ i —E—ho
N <PI rt I a_E(m)eik.x l p”r”)(p"r” ' a.E(a'} e—lkv.x ’ W)), 3 336
f E"ZE + he' ( N )

where we have used the rule stated in (3.329). Since all the negative-energy states
are supposed to be filled, the summation is over positive-energy states only
(*" == 1,2). The electron is initially at rest. So, as p—0, k—0, a typical matrix
element in (3.336) becomes

pr' €05y = (V) mE" j €Y (p Y (- €9 U (0)d x
= B0t (p") (€ (0) = 0, (3337)

since the matrix element of «, taken between two at-rest E > 0 spinors vanishes.
Because the final electron is also at rest for the scattering of a very soft photon,
we easily see that (3.336) is identically zero. This means that the Thomson scat-
tering cross section should vanish, in contradiction to both observation and non-
refativistic quantum mechanics.

What went wrong? In the hole theory we must take into account an additional
process which has no analog in nonrelativistic quantum mechanics. Consider
a negative-energy electron in the Dirac sea. It can absorb the incident photon
(say, at t = 1,) and become a positive-energy electron. Even though this virtual
transition does not conserve energy (unless io > 2mc?), there is a finite matrix
element for it. At a subsequent time (f = 1,) the initial efectron can fill up the
vacated negative-energy state by emitting the outgoing photon. Meanwhile the
escalated electron goes on as the positive-energy final-state electron. Al this
may be visualized physically as follows. The incident photon creates an electron-
positron pair at ¢ = t,; subsequently at ¢ = I, the positron is annihilated by the
initial electron, emitting the outgoing photon, as shown in Fig. 3-6(a). Similarly
it is possible for the outgoing photon to be emitted first as one of the £ < 0 elec-
trons in the Dirac sea is escalated; subsequently the initial electron fills up the
vacated negative-energy state by absorbing the incident photon. This is itustrated
in Fig. 3-6(b), which physically represents the creation of an electron-positron
pair plus the outgoing photon followed by the annihilation of the positron with
the initial electron and the incident photon,

We shall now calculate the matrix elements for the two diagrams. According to
the hole theory, for electrons, the initial state is made up of the incident electron
and the Dirac sea. In Fig. 3-6{(a), one of the negative-energy electrons denoted
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Fig. 3-6. Thomson scattering in the Dirac theory.

by (p", v’} makes a transition to a positive-energy state (p, 'y by absorbing the
photon (k, @). The relevant matrix element is —eca/hf2V o p'r | o €@ e | p'' ",
Since the absorption takes place first, the energy denominator according to the
rules of Chapter 2 is £, — E, — hw, where E; = E,,. — (—|E")+ E+ E'
and E,= E,,. -+ E. For the transition at f, we have the matrix elemeut
—ecA/ B2V oXp"' ' | a-€*e~ x| pr>. Working out Fig. 3-6(b) in a similar way,
we obtain for the transition matrix element for both diagrams combined:

(p"r" Ia' =) e-(k'.x lpr><plr/ l a-e@ ctk.x | P”I‘“}

__ec’h D) (
2V:;wa)’ p w34 E'—i‘IE”l’- ho

@@ et iy e g ),
+ A= (3338)

As before, we set £ = E' = mc?, p=p’ =0 as kK — 0. Furthermore, because
of the space integration that appears in the evaluation of each matrix efement,
P’ =0; hence | E”| = mc®. It is now simple to evaluate each of the four matrix
elements. For example,
0 o-€® x(t)
Yy pl® — ()

0" fae={0ry = (0, x *)(0‘-6“’) 0 )(0)

= x*a-e®x0 (3.339)

As ho, ho' € mc?, the two terms in (3.338) combine. Taking into account the two
sydn states of the negative-energy electron at rest, we obtain

3 [0 " a-€=1[0 50 |- €10 175 4 0 |- € |0 £ Y0 Kl - €0 7]
23,4

¥

= 3 [(x" Mo ey (x " a-€x) 4 (X @€ ) (X - x )]

¥, 2
= ¥ ™t [(a- D) (@ ™) + (@) (@ ™)™
= 26! ., (3.340)
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where we have used (3.339) and the closure property of the Pauli spinors

"2:; \ X(:u) X(.gn)i' = (é)(] O) + ( (]))(0 1)

t o
_ . 3.341
(O 1) (3.341)
Thus (3.338) is
ecth L5, cos®, (3.342)

'—ZV:;mm’;‘;—(Tz

where @ is the angle between € and €“’. Apart from the minus sign in front
this is exactly the time-independent part of (2.158), which has been shown to be
respousible for Thomson scattering.f It is amusing to note that the seagull graph
(Fig. 2-2¢) which is the sole contributor to Thomson scattering in the nonrelati-
vistic theory is replaced in the relativistic theory by the two diagrams of Fig. 3-6
in which the photons are emitted and absorbed one at a time.

The moral we can draw from this calculation is twofold. First, it illustrates
(perhaps more vividly than any other example can) that it is absolutely necessary
to take into account transitions involving negative-energy states if we are to obtain
the correct nonrelativistic results. It is truly remarkable that only by invoking the
concept of a negative-energy state (or a positron state), which is completely foreign
to nonrelativistic quantum mechanics, can we arrive at the correct Thomson
amplitude.” Second, comparing (3.336) with (3.338) and noting that because of
energy conservation, the energy denominators in (3.338) can be written as

E' 4| E"| ~ ho = —(E" — E + ho),

(3.343)
E' +|E"| 4 ho' = —(E" — E — ho),

we observe that the negative of (3.338) is formally identical with (3.336) as we
replace r” = 3,4 with /' = 1, 2 despite the reversal in the time orderings of the
matrix elements.§ This kind of observation provides a natural justification of
R.P. Feynman’s point of view according to which a negative-energy electron go-
ing * backward in time ’ is to be regarded as a positron going “forward in time.”
We shall say more about this in the next chapter.

We might add that we can evaluate expressions (3.336) and (3.338) without
making the approximation fiw < mc?, E’ = mc®. We then obtain the famous

11f (3.336) is finite (as in the case of the scattering of a high-energy photon), the relative
sign of (3.336) and (3.338) is important. Actuaily the correct amplitude turns out to be
the differerice of (3.336) and (3.338). This is because for Fig. 3-6 we must take into account
the minus sign arising from the fact that the initial E > 0 electron is “exchanged” with
one of the £ < 0 electrons in the Dirac sea. The reader need not worry about such subtle
sign changes; we shall show in the next chapter that the covariant prescription based
on the quantized Dirac theory automatically gives the correct signs for these matrix
elemments. (See Problem 4-12.)

§In writing (3.336) and (3.338) we have used the usual convention in which the matrix
element standing to the right represents the perturbation acting earfier.
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Fig. 3-7. Pictorial representation of vacuum polarization.

formula for Compton scattering

(;‘f%) -1 ({%}z(% + 2~ 24 4cos? o) (3.344)

dzyived by O. Klein and Y. Nishina in 1929.1

Virtual electron-positron pairs. As another example iltustrating the importance
of electron-positron pairs we mention a phenomenon known as vacuum polariza-
tion. According to the hole theory, the completely filled sea of negative-energy
electrons has no observable effects; in particular, what we normally call the vacuum
is homogeneous and has no preferred direction. Let us, however, consider a nu-
cleus of charge Q == Z|e| placed in the Dirac sea. There is now a departure from
complete homogeneity because the charge distribution of the negative-energy
electrons is different from that of the free-field case. In terms of the electron-
positron language this is due to the fact that a virtual electron-positron pair created
in the Coulomb field behaves in such a way that the electron tends to be attracted
to the nucleus while the positron tends to escape from the nucleus. This is pictori-
ally represented in Fig. 3-7. Note that the “induced” negative charges in the
vicinity of the nucleus are compensated for by positive charges that “escape to
infinity.” As a result, the net charge observed at large but finite distances is smaller
than the bare charge of the nucleus. In fact what is usually cafled the observed
charge of the nucleus is the original bare charge of the nucleus partially canceled
by the charges of the virtual electrons surrounding the nucleus. This situation is
rather analogous to that of a charge placed in a dielectric material; the effective
charge in a polarized medium is the original charge divided by e, wherc ¢ is the
dielectric constant. In other words, because of virtual electron-positron pairs the
vacuum behaves like a polarizable medium,

tFormula (3.344) can be obtained more readily using covariant perturbation theory
(cf. Section 4-4).
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On the other hand, at very close distances to the nucleus the “bare charge”
itself may be explored; the electron in a hydrogen-like atom should feel at very
short distances a stronger attraction than the attraction determined by the Cou-
lomb potential due to the usual observed charge. Since the s state electrons have
a greater probability of penetrating the nucleus, we expect that the energy levels
of the s states should be displaced to Jower levels. Although the argument pre-
sented here is rather qualitative, the 2s§ — 2p} splitting of the hydrogen atom due
to this vacuum polanization effect turns out to be calculable. In 1935, E. A. Uehling
predicted that the 2si-state should lie lower by 27 Mc than the 2pj-state.t The
experimentally observed Lamb shift, as we have seen in Section 2-8, has the oppo-
site sign and is about 40 times larger in magnitude. Although the major part of
the Lamb shift is not due to this Uehling effect, for a precise comparison of the
experimental value with the theoretical value of the Lamb shift (measured to an
accuracy of 0.2 Mc) it has been proved essential to take vacuum polarization
seriously. The effect of vacuum polarization is also observable in = mesic and
muonic atoms. .

The notion that the negative-energy states are completely filled becomes rather
treacherpus when applied to a particle subject to an external potential. The results
of Section 3-7 show that even the (positive-energy) wave function of the hydrogen
atomn when expanded in plane waves contains small negative-energy components.
At first we may be tempted to simply drop the negative-energy components by
saying that these states are completely filled. But this cannot be right because,
if we do so, we do not even obtain the correct energy levels; in fact, we may recall
that the Darwin term (needed for the 2s4—2p% degeneracy) can be qualitatively
explained by invoking Zitterbewegung, which arises from interference of the posi-
tive- and negative-energy plane-wave components of the bound-state wave func-
tion.

A crude physical argument for the Zitterbewegung of an atomic electron within
the framework of the hole theory goes as follows. We note that in the Coulomb
field of the nucleus a negative-energy electron can make a virtual transition to
a positive-energy state (which is equivalent to saying that the Coulomb field can
create a virtual electron-positron pair). Now the fact that the wave function in
the hydrogen atom contains negative-energy components implies that the atomic
electron in the orbit can fill up the hole in the negative-energy state (which means
that the atomic electron can anaihilate with the positron of the virtual pair).
The escalated electron which is left over can now go around the nucleus as the
atomic electron. In short, the atomic electron and one of the £ < Q electrons in
the Dirac sea are visualized as undergoing “exchange scattering.” What is the order
of magnitude of the distance over which this effect takes place? From the uncer-
tainty principle we expect that the energy violation by an amount 2mc? involved
in the escalation of the negative energy electron is allowed only for a time interval
At ~ pf2Zmc®. (Note incidentally that this is of the order of the reciprocal of the

{Using covariant perturbation theory, we shall briefly outline the calculation of the
Uehling effect in Chapter S.
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Zitterbewegung frequency.) At the time the original atomic electron fills up the
vacated negative-energy state, the escalated electron is at most c(Af) ~ hf2me
away from the original electron. This distance is precisely the order of magnitude
of the fluctuation of the electron coordinate due to the Zitterbewegung.

Charge-conjugate wave function. It is not entirely obvious from the form of the
Dirac equation that the space-time development of an electron state in a given
potential 4, is identical to that of the corresponding positron state in the potential
—A,. For this reason let us cast the Dirac theory into a form which makes the
symmetry between the electron and the positron self-evident. This can be best
done using a method originally exploited by H. A. Kramers, E. Majorana, and
W. Pauli.

We first ask whether the theory based on the Dirac equation with the sign of
ed, reversed,

(52 + i)t + T4 =0, (3.345)
)

is equivalent to the one based on the original Dirac equation (3.60). We assume
as usual that there is a definite prescription that relates «° (called the charge-
conjugate wave function) and +» which are respectively solutions to (3.345) and
(3.60). Motivated by our experience with the Klein-Gordon theory (cf. Problem
1-3), we tryl

W = Sed*, (3.346)
vhere Sy isa 4 X 4 matrix. We must now show that
) ie 2 | Ie . me ¥
(& + e a)m + (& + 2 am] sevr + 5E5ey (3.347)

is as good as the original Dirac equation (3.60). Taking the complex conjugate
of (3.347) we have

0 ie * __i _lf_ *] * MEC Gy y
[(EMFA,‘),YHL( ax‘_*_hcA‘)ry‘ E+ Sty =0, (3.348)

Multiplying (3.348) by (S¢)™' from the left and comparing the result with the
original Dirac equation, we see that the equivalence of (3.346) and (3.60) can be
established if there exists S; such that

(S5 'yt SE =,
(SE) 'St = —v,.

In the standard (Dirac-Pauli) representation, ¢y, and «, are purely real while v,
and «; are purely imaginary, It is easy to see that in this representation,

Se = ryy = SF = (Sg)™* (3.350)

(3.349)

1Note that 4% is to be represented by a single column matrix, since 4+* (complex con-
jugate) rather than +»* (Hermitian conjugate) enters.
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will do:1
(=) o7
72 V2 V2 == Va2
(=) Vs (3.351)
YW1V = -

Since we have demonstrated the existence of an S, that satisfies (3.349), we have
proved the equivalence of (3.345) and (3.60).

It is very important to note that S, = v, is true only in the standard (Dirac-
Pauli) representation. In fact the particular forms of S, depend on the particular
representations we happen to use. For instance, in the Majorana representation
in which v, is purely imaginary and v, is purely real, 4 -is simply «* itself, as
cun readily be seen by complex-conjugating (3.60).§ This situation should be
contrasted with the parity case where Sp = «, (up to a phase factor) holds in any
representation.

What does (3.346) mean for some of the familiar wave functions we have obtained
in the previous sections? Take, for instance, the first of the E > 0 plane-wave
solutions (3.114). We have

E *
’”T/ [u“’(p) exp (M - l-—h—fﬂ

¥
000 —1I } *
Fimerl 001 0 0 exo (— X | IEL
\/zw 010 0 pacl(E + mc?) p( k "')
1 00 0/ \(py + ips)c/(E 4- mc?)
(pi — ip)c[E} + mc?)
_ JEF me? picl(| E] 4 me?) ip-x | i|E|t
=N TR 0 exp (= T + 1)
—1

Note that the eigenvalues of ~/AV and m(a/a:) are —p and —| E| respectively.
Similarly

me @ zp X xEt)] me? ( ip-x iiE]t)
o | ex u ex B SRS el B
w“"[ Wexp 5= — )| =g PR T T+
(3.353)

fMore genterally we have S = %v,, where 7 is an undetermined phase factor; however,
this phase factor can be set to 1 by convention.
§ln 2 more advancqgi treatment of the subject the relations (3.346) and (3.349) are often
written as Y = CT, C~'y,C = —~T, where 7 stands for “transpose.” In the standard
representation € =r,y, up to a phase factor since Y7 = v, 7 (Pry )T =777, 7T* =y,
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Tius the charge-conjugate wave function +° obtained from the positive-energy
plane-wave solution +» by means of (3.346) is the wave function for a negative-
energy plane wave whose magnitude of the energy is the same and whose momen-
tum is opposite. Moreover, the spin direction (or if p is not along the z-axis, the
expectation value of X) is also reversed since the index 4(3) goes with the index
1(2). If we now invoke the hole theory, we see that the charge-conjugate wave
function describes the dynamical behavior of the negative-cnergy state whose
absence appears as the E > 0 positron of the same p and same (2 (cf. Table 3-4).
Likewise, when + represents a negative-energy electron state whose absence
appears as the positron state of p and {25, then +° represents the positive-cnergy
efectron state of p and {&).

As another example, let us compare the probability distribution «+t» with the
corresponding """ where for the sake of definiteness, 4» may be taken to be
the wave function for the ground state of the hydrogen atom. In general, we have

P == oy ) (yafr®) = At == A, (3.354)

For the electron in the hydrogen atom, the 4= --id,) that appears in (3.60)
is | e|/drr; P¢, according to (3.345), is a solution to the Coulomb energy problem
in the negative electrostatic potential —|e|/4zr. Evidently the energy eigenvalue
of 4r¢ is the negative of that of yr because of the complex conjugation that appears
in (3.346). Thus the relation (3.354) implies that the negative-energy electron going
around the negative electrostatic potential has the same probability distribution
as the corresponding positive-energy electron going around the positive electro-
static potential. This means that in an electrostatic potential that appears repulsive
to the positive-energy electron (for example, in the Coulomb field of the antipro-
ton), the negative-energy electron behaves dynamically as though it were in an
attractive force field. Invoking now the hole-theoretic interpretation, we see that
an antiatom in which a positron is bound to the center by 4, = —|e|/4nr looks
like the usual atom in which an electron is bound to the center by 4, = |e|/dnr.

We define the charge-conjugation operation such that its application on the
electron (positron) state of momentum p and the spin-expectation valie A(Z>[2
results in the positron (electron) state of momentum p and the spin-expectation
value h(Z>/2. The equivalence of (3.345) and (3.60) implies that if (X, 1) charac-
terizes the space-time behavior of an £ > 0 electron state in a potential A, then
its charge-conjugate wave function «“(x, f) characterizes the space-time behavior
of the negative-energy electron state whose absence appears as the churge-conjugate
(positron) state in the potential —4,,.

When we start computing the expectation values of the various dynamical
variables. using ", we obtain results which may appear somewhat confusing at
first sight. For example, if we naively evaluate the expectation value of p with
respect to 4 and 4, we obtain the result: {p> is opposite to {p)., as can be scen
directly from (3.352) and (3.353) for the free-particle case, and similarly for {Z>.
But we know that the momentum and the spin direction are unchanged under
charge conjugation which transforms the electron state of momentum p and
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(Z into the positron state of momentum p and (&> (not —p and —<{Z3). Thi,
peculiarity is due to the fact that in the unquantized Dirac theory the so-cilled
charge-conjugate wave function «“ is not the wave function of the charge con
jugate state but rather that of the state (subject to the potential whose sipn is
opposite to the original one) whose absence appears as the charge-conjupatc
state.

What is even more striking, the space integral of the charge density

0= ef«];vyn{rdsx =e J«{r*xpd-"x, (3.355)

which is the total charge, cannot possibly change its sign when we replace 4r by
its charge-conjugate wave function «%, in sharp contrast to the Klein-Gordon
cuse where the substitution ¢p === ¢* results in the reversal of the charge-current
density (cf. Eqs. 1.55 and 3.127).1 Actually this is expected because when J is
a positive-energy wave function, 4r¢ is the wave function for an E < 0 negatively
charged particle even though it “behaves dynamically” like a positively charged
particle in an external electromagnetic field. For a more satisfactory formulation
of charge conjugation, it is essential to quantize the electron field according to
Fermi-Dirac statistics,

3-10. QUANTIZATION OF THE DIRAC FIELD

Difficuities of the unquantized Dirac theory. One of the great triumphs of rela-
tivistic quantum theory is that it has succeeded in providing a theoretical frame-
work within which we can discuss quantitatively a variety of physical phenomena
involving the creation and annihilation of various particles. We learned in the
fast chapter that the “natural language” used to describe the creation and an-
nihilation of photons is that of quantum field theory. In the previous section
we did discuss phenomena such as pair creation and pair annihilation, The lan-
guage used there, however, is very different from that of quantum field theory;
instead of saying that the number of electrons is not conserved in pair production,
we hiave argued that the number of electrons actually is conserved and that all that
happens is just the escalation of a negative-encrgy electron. In other words, we
have tried to describe phenomena such as pair production without abandoning
the single-particle interpretation of the Dirac wave function according to which
the space integral of '+ is a constant of the motion even in the presence of the
electromagnetic interaction. In doing so, however, we were forced to depart very
radically from the single-particle theory itself; in fact, we had to introduce a sea
of an infinite number of negative-energy particles.

There are essentially two reasons why the hole-theoretic description works.
First, as we have already mentioned, crucial to the success of the hole theory is
the assumption that the electron obeys the Pauli exclusion principle. Second,

In fact 4t cannot have its sign changed under any transformation that preserves its
positive-definite form.
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although electrons and positrons can be created or annihilated, the basic interac-
tion in electrodynamics is such that the difference between the number of (positive-
energy) electrons and the number of (positive-energy) positrons,

N = N(e") — N(e%), (3.356;
is conserved. In the hole-theoretic description what we do is just set
N(egsd) = Ne7),

(3.357)
N(ezwo) = —N(e*) + constant background,

so that the newly defined electron number, given by the sum
N'= N(ezso) + N(ez<o), (3.358,

1s necessarily conserved whenever (3.356) is conserved.
In the “real world” there are nonelectromagnetic phenomena which do not
conserve (3.356). Take, for instance, a beta (plus) decay
p—rn+4e’ 4 v, (3.359)
Although the free proton cannot undergo this disintegration process because
of energy conservation, a proton bound in a nucleus can emit a positron and
neutrino and turns itself into a neutron. In the hole-theorctic interpretation we
may try to attribute the presence of the e* in the final state to the absence of a
negative-energy electron in the Dirac sea. But where is the electron which used
to occupy the now vacated negative-energy state? It is apparent that the proba-
bility of finding the electron is no longer conserved.t

Second gnantization. Our beta-decay example reveals that it is actually much
mure sensible to construct a formalism in which we altow electrons and positrons
tv be destroyed or created more freely. Guided by the success of the quantum
theory of radiation, we are tempted to follow, as much as possible, tie quantiza-
tion procedure we used in the photon case. We shalt first construct a “classical”
theory of the Dirac field using the standard Lagrangian formalism of Chapter 1
and then quantize the dynamical excitations of the Dirac field by replacing the
Fourier coefficients by creation and annihilation operators. At this stage it is not
completely clear whether this method is a legitimate one. As we emphasized in
Section 2-3, the classical field theory is a limit of the quantum field theory where
the occupation number goes to infinity, but we know that the occupation number
of a particular electron state is &t most one. However, let us go ahead with the
Lagrangian formulation of the classical Dirac field.§

{We might argue that in this 8* process a negative-energy electron gives up its charge
to the proton and gets escalated to a (positive-energy) neutrino state. But note that the
electron and the neutrino are different particles which must be described by different
wave equations.

§The reader who is unhappy with our procedure may study an alternative, more axio-
matic, approach based on J. Schwinger’s action principle, discussed, for instance, in
Chapter 1 of Jauch and Rohrich (1955). In Schwinger’s formalism the ficld variables
are treated as operators from the very beginning.
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The basic free-field Lagrangian density from which the field equation may be
derived is taken to be

L = —ch\ry(3f0x, ) — mc2afdde

— chra(,)as QfDX,)ofrg — 1MC* Saprafa, (3.360)

which is 3 Lorentz invariant scalar density. In the Lagrangian formulation each
of the four components of +» and + is to be regarded as an independent field
variable. Varying ¥, [which actually stands for (4*), (y.),] we obtain four Euler-
Lagrange cquations of the form 8. /34, = 0 which can be summarized as the
single Dirac equation (3.31). To obtain the field equation for 4}, we ficst make
the replacement.

i

I!

~ chafa(tudas 5% Yrg ~> ch (5% J)a Vu)asra, (3.361)

which is justified since the difference is just a four-divergence. Varying s we
then get the adjoint equation (3.46). The “canonical momentum” = conjugate
to e isf
- 0L — ihdet
Ty = BT Thrays)ag = ibfrh. (3.362)
The Hamiltonian density is then obtainable by the standard prescription (1.4):

M=C7fﬂa B_.ff

Bx,
= ch (i«;»* g}f—:— "«Fm-g-xi: + «M%w) + me*
= H(—ihca-V 4 Bmc). (3.363)

Thus the total Hamiltonian of the free Dirac field is
H= [ (—ihca-V + Bmec)pd’x. (3.364)

Since the plane-wave solutions (3.114) and (3.115) taken at 1 = 0 form a com-
plete orthonormal set, an arbitrary four-component field at = 0 can be expanded
in free-particle plane waves. The Dirac field +» becomes a quantized field if we
replace the Fourier coefficients in the plane-wave expansion by operators of the
type considered at the end of Section 2-2. We have

1 L me? .
X, 1) = MC* By 1T () ete- /2 3.365
P(x, 1) 77;2’):;:1 lElp() () > ( )
where is now an operator assumed to act on state vectors in occupation number
space. We interpret b and b{"* as respectively the annihilation and the creation
operators for state (p, r). A single electron state characterized by (p, r) is represented
by byt (0)[0>. As we have already seen in Chapter 2, the Pauli exclusion prin-

1As we have written the Lagrangian density, the canonical momentum conjugate to
yr vanishes.
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ciple is guaranteed if we use the Jordan-Wigner anticommutation relations (cf.
Eq. 2.49)
{bl(;r): bl‘;‘“”} = 871'81:9':
(b5, b5} = 0, (3.366)
(b, b5y = o,
from which it follows that the eigenvalue of the number operator defined by
NG = bbin (3.367)
IS Zero or one.

We assume that the Hamiltonian operator of the quantized Dirac field has the
same form as the classical expression (3.363). We then have}

me’ o o ~ip-x/n ; 2
H— S7a 2 b)) Z 2 ( = B () e 1P/ )(-—lhca-V + Bmc?)
& 2 A \VTE]
X mce? b(',') Ty ! _yp'»x/n) d?
( lEI’ P u (p)e X

mc*E’

- (1)t )yt )
%?Z;SWWE‘F[J b umt(pyu(p’)

=3 3 LE|bMb — Z 3 E[BP b7, (3.368)

P T2

because of the orthogonality and normalization relations (3.106) and (3.110),
and the energy momentum relation
1, 2,

= /]9 |*c* + mct for r'= {3 4

Recall that by our definition, the creation and annihilation operators b§* and
by are time-dependent operators. Their time dependence can be inferred from the
Heisenberg equation of motion,

(3.369)

- i i, 1,2,
b{,’:-h—[fl,b,‘,”]=¥~h—b(,’lEi for r:{3’4’
. » s (3.370)
; i i s 2,
bt = -h—[H, b = £ Tb{,”lE] for r = {3’ 4,
where we have taken advantage of the very useful relation
[AB, C) = A{B, C} — {4, C}B. 3.371)
Thus we have
> 2)
B0 = O for = 337)

tPreviously we used the symbol H for the Hamiltonian operator (—ikca-V 4 Bric?)
acting on the Dirac wave function. In this section, A stands for the total Hamiltonian
operator of the free Dirac field acting on state vectors in occupation-number space.
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and a sinuilar relation for b{7(f). The expansion (3.365) now becomes

Px, 1) = V b ﬁ[( %, b(0) u(R) exp [ p-x dfﬂ]
+ 2 b(©) u(p) exp [Qh—x + ‘—Lﬁlﬂf]) (3.373)

The guantized free field is now seen to satisfy the same field equation (viz. the
Dirac equation) as the one derived from the classical variational principle. Note
that this is not a priori self-evident; recall, in particular, that b and b* can no
longer be written as linear combinations of P and @ satisfying [Q, P] = ih. What is
even more striking, the form of the field equation obtainable from the Heisenberg
equation of motion is the same whether the creation and annihilation operators
satisfy anticommutation relations of commutation relations, as the reader may
readily verify. Mathematically this remarkable feature is a consequence of the
fact that the commutator [4B, C] that appears in (3.371) can also be written ag

[4B, C] = A[B, C] + [4, C]B. (3.374)

From the fact that we can get the same field equation whether the electron satisfies
Fermi-Dirac statistics or Bose-Einstein statistics, we may be tempted to infer that
quanturn field theory does not “know” which statigtics the electron is supposed
to satisfy. This inference, however, is 70t correct, as we shall see shortly.

At this point it turns out to be more convenient to redefine the b and b* so that
they now become time-independent operators. We do this because we would like
to exhibit the time dependence of the field operator +» more explicitly. We set

b{:”““w) — b}gﬂ(ﬂd!(o),
1,2, (3.375)

bl()')(nld)(t) — b‘()r)(naw)gﬂlh‘ll/h for r= {3 4
, 4.

The form of the anticommutation relations is unchanged under this replacement.

Iu the previous sections the symbol +» stood for a single-particle wave function
while in the present section the same symbol 4 is used to denote the quantized
Dirac field which is an operator that can act on state vectors in occupation-number
spacc. To distinguish between the two possibilities the wave function ) is often
called a ¢-number field; the field operator +f, 2 g-number field. We naturally ask:
what is the connection between the c-number r and the g-number «? For a single-
particle plane-wave state the desired connection is easily established

om0 [ | By, (3.376)
where A i oiven by (3.373) with b replacing 5{°(0). To see this, just note
O 1BEBE 0 == &8,,.8pp-. 3.377)

INote that (3.368) would still be valid even if the electron satisfied Bose-Einstein
statistics.
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Therefore, for r = 1, 2, we have
O [afplarmumben) | peryt s — /_'g_‘;u(r)(p) exp (lgﬁ—)f — '.1;1:1), (3.378)

which is indeed the wave function for a positive-energy plane wave characterized
by (p, r). The transition from ™) to @ ) is sometimes called second
quantization.} Although in the above example we considered just a single-particle
state, it is important to keep in mind that, in general, “""%" can actually
operate on the state vector for an assembly of electrons (and positrons). The Dirac
equation in the quantized theory should be regarded as a differential equation
that determines the dynamical behavior of the entire’aggregate of electrons (and
pusitrons).

Let us now go back to the expression for the Hamiltonian operator (3.368),
which is unchanged under the replacement (3.375). This expression for the total
Hamiltonian makes good sense since we showed in Chapter 2 that 50t b{” (whose
eigenvalue is zero or one) is to be interpreted as the number operator. The energy
of a one-electron state characterized by (p, r) is just | E| or —| E| depending on
whether r = 1, 2 or r = 3, 4. The total energy of an ensemble of E > 0 electrons
is just the sum of the energies of the individual electrons.

We can also compute the total charge operator. Following steps analogous to
(1.51) through (1.54), we can readily show that ifry,r satisfies the continuity
equation. Assuming that the charge density operator is given by eyrtr even in
the g-number theory, we get for the total charge operator,

Q=e[ytpdx
= e§ ? ; "‘; (mcz/ /IEEI l) 8pp,b{,"*b.‘,7"u"”(p)u""(p’)

=e é b e, (3.379)

p =i
This 1s again expected.§ As for the total momentum of the Dirac field we may
start with (cf. Problem 1-1)

Po=—i [T ud, (3.380)
where
N LS 1381
T w (OrafOxs) 2% 0%k H(OrafOX0) (3:381)
We then obtain
P = —ik j WV dx =3 T pbntop. (3.382)
P 7

1By first quantization one simply means peissiesl — _jpY etc., for the dynamical
variables of a single particle.

§Recall that the negative-energy electron has electric charge e = —|e| even though it
“behaves dynamically” like a positively charged particle.
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Positron operators and positron spinors. Although (3.368), (3.379), and (3.382)
are satisfactory from the hole-theoretic point of view, the persistent appearance
of negative energies seems somewhat distasteful. It is much better to have a for-
malism in which the free-particle energy is always positive while the total charge
is positive or negative (depending on whether there are more positrons or electrons).
With this aim in mind let us define 5§, 3, 4®(p), and v*(p) with 5 = 1, 2 such
that

b = b, (r=s) forr=12,

0t n s=1 forr=4, (3.383)
it = Fo% {s-—:Z for r=3;
and

u(p) = u"(p), (r=3) forr=1,2,

s=1 forr=4, (3.384)
s=2 forr=3.

v(p) = Fu(—p) {

The basic motivation for all this stems from the fact that the annihilation of a
negative-energy electron of momentum --p and spin-down appears as the creation
of a positron with momentum -+p and spin-up. We later see that d* (d) can indeed
be interpreted as the creation (annihilation) operator of a positron. We have
reshuffled the order of the r- and s-indices and inserted minus signs in such a way
that

Seut*(p) = o,y ¥(p) = v(p),

SevO*(p) = 7200 (B) = u (),

with the same s (= 1, 2} (cf. 3.352). Note that the d and d* satisfy the same anticom-
mutation relations as the & and the b*:

{d},’), d§it) = 8 'Spp':

(3.385)

(A5, ) = (a5, ) = 0. G359
We also have
(b5, di} = (B, ) = (B, )
= {b{M, d§"} = 0. (3.387)

For later purposes it turns out to be useful to collect formulas for # and . First,
(3.105) now becomes
oy - mcu®(py = 0,
(l"v p + me)ut(p) (3.388)
(—iy-p + mcp®(p) = 0,
where p = (p, iE/c) with E positive, even in the equation for »“(p). The orthogo-
nality and normalization relations (3.106) and (3.110) become

Uy (p) = Sl Efmc®), v (pRO(p) = &, (E[mc"),

: , (3.389)
VO —pJup) = wH(~p)r ) = O,
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where E is again understood to be positive. In terms of #(p) and 3™(p) we obtain
from the Hermitian conjugate of (3.388),

# )iy p + me) = 0,
Fp)(—iy- p + mc) =0,

where we have used (fivy- p -+ me)ty, = q(diy-p 4 me). It is also straight-
forward to prove with the aid of (3.389)

EORUD) = 8, FIEIVO) = =B,
) = FO(P) = 0,

for example, by multiplying the first expression of (3.388) from the left by at” @)y
multiplying the first expression of (3.390) (with s replaced by s') from the right by
w4 (p), and adding the two. The expansions for +r and + now take the form

1 ﬁc ® [lp'x ikt
)= o x
(X, 1) Wa% %]'_Zl.z £ bp u®(p) exp 5 5 ]

+ dPtu(p) EXP[ X | L?])

(3.390)

(3.391)

1 nct ip-x iEt ©.39)
Wx, 1) = 77 2 _Zu il_;f._(d{,”ﬁ"’(p) exp [-%;— - TJ

+ bt a(p) eXP[ px '~f«‘])

where from now on it is understood that £ shall always stand for the positive square
root A/|p*}c* + m*c'. Note that in obtaining (3.392) from (3.373) we used the
fact that the sum over p runs over all directions (—p as well as p).

Going back to the Hamiltonian operator and the total charge operator, we
can now rewrite (3.368) and (3.379) as follows:

H=%% EG@thP — de)de)
=33 E@GPb + dPtdy — 1), (3.393)

and
0 =3 T (BB + ddy)

=g %} SE (b(l)tb(') d{,’”df,” + l). (3‘394)

We recall that the anticommutation relations for the 4 and dt are completely
identical in from with those of the  and b*. This means, among other things, that
the eigenvalue of d{™dy’ is one or zero. From (3.393) and (3.394) we se¢ that
if we interpret d{°td{" as the number operator for a positive-energy positron,
then we have the following satisfactory result: A4 state with an extra positron has
the expected exira positive energy and positive (—e = |e|) charge. Thus we take

NG = bt b, N = dotdw (3.395)
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to be the occupation-number operators for the electron and the positron state
characterized by (p, 5). In hole-theory language, where r runs from 1 to 4, the ap-
plication of an E < 0 electron creation operator b§*“* to the “physical vacuum”
must result in a null state since all the negative-energy states are already filled.
in our new notation this means that the application of d§-? to the vacuum must
result in a nulf state. This is reasonable if §? is to be understood as the annihila-
tion operator for a positron with (p, s}; in the vacuum there 1s no positron to be
annihilated. So for the vacuum state we require

B0y =0, 4|0y =0. (3.396)

From the anticommutation relation between NI, 4§, and di™, it follows
that the eigenvalue of N{"® is zero for the vacuum state and one for a single
positron state d{Pt]0% (cf. Egs. 2.55 through 2.57). In other words, d{"t is the
creation operator for a positron.

The expressions (3.393) and (3.394) are still not completely satisfactory. It is
true that according to (3.393) the vacuum is the state with the lowest possible
energy; however, if we apply A to the vacuum state, we get —2, 2, E which is —co.
Physically this means that the infinite negative energy of the Dirac sea has not
yet been properly subtracted. We can redefine the energy scale so that H applied
to |0> gives a zero eigenvalue. We then have

H= ,;::, ; E(NE" 4. N2y (3.397)

whose eigenvalue is necessarily positive semidefinite. Similarly subtracting the
infinite negative charge of the Dirac sea, we obtain

Q= eX X W — Ng™)
*le{ g Z. (Nl(:ﬂ) . Nl();y‘:))- (3398)

Il

This subtraction procedure amounts to starting with the charge densityt

p= et — eCyrtde. (3.399)

Note that, unlike the total charge in the c-number theory (3.355) which is neces-
sarily negative, the eigenvalue of (3.398) can be negative or positive. Now at last
we can forget completely about negative energy electrons, the picturesque Dirac
sea, the negatively charged particles with £ < 0 that behave like positively charged
particles, the absence of p appearing as the presence of —p, and all that. From now
on we can work with electrons and positrons of positive energies only.

We have seen that once we define both the energy and the charge of the vacuum
state to be zero, then the total energy of the Dirac field is necessarily positive

{The expression (3.399) can be shown to be equal to

(/)i — T
which is not zero in the g-number theory. This methed of eliminating the undesirabie
vacuum expectation value is due to W. Heisenberg.
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semidefinite, while the total charge can be negative or positive. We emphasize
that in obtaining this satisfactory result the anticommnutation relations for the
creation and annihilation operators have played a crucial role. Had we used com-
mutation relations instead, we would have ended up with an expression for the
Hamiltonian operator whose eigenvalue has no lower bound [since b b{” with
r=3,4 in (3.368) can take on an arbitrarily large positive number]. Thus the
Dirac field must be quantized according to Fermi-Dirac statistics if we demand
that there be a state with the lowest energy. We have actually illustrated a special
case of a very general theorem which states that half-integral spin fields must be
quantized according to Fermi-Dirac statistics while integer spin fields must be
quantized according to Bose-Einstein statistics. This spin-statistics theorem,
first proved by W. Pauli in 1940, is one of the crowning achievements of relativistic
giantum theory.

" Let us now look at the total momentum operator (3.382). We get

P =3 ¥ pOP"HY + d%dy)
P smli2 .
= 3.3 b + 3 3 (DA + 1)
= 3 pNE + N (3.400)

v

(since Z,p = 0). This justifies our earlier assertion that the physical momentum
of the positron state d{*{0> is p, not —p (cf. Eq. 3.384).

In order to convince ourselves that 5{t[0) and 4|0} with the same
(p, 5) really are an electron and a positron state with the same spin direction, it is
instructive to work out the effect of applying the spin operator to these states.
Taking the spin density to be (h/2h)r* 24 we obtain

Sy = (h/2>f¢’21¢d’x (3.401)

for the z-component of the spin operator.} For an electron,

S:b0 10> = [, B"'110)

=2 [ sl b x 10
= BT ui () 5 )b [0 (3.402)

1Within the framework of the Lagrangian formalism the ultimate justification for inter-
preting (A/2nft 2+ as the spin density rests on the fact that the constancy of

[ t—intx x 9 + BT i

is guaranteed by the invariance of the Lagrangian density under an infinitesimaj rotation
around the z-axis [see, for example, Bjorken and Dreli (1965), pp. 17-19, 55]1. Note that
no additive constant is needed because, with S; given by (3.401), §,/0> = 0 is auto-
matically satisfied by rotational invariance.
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In contrast,

Sid§t 05 =[Sy, diP110)
= — 2 [, APy S dx |0
2
= — 2 T v () B0 (p) diY | 0. (3.403)
If the free-particle spinor corresponding to an electron state has an eigenvalue
3, == -1, then (3.402) tells us that S, = #/2, as expected. On the other hand,

if we want to describe a positron with spin-up, (3.403) demands that we use a free-
particle spinor » for which the eigenvalue of ; is minus one. As an example, take
the electron at rest with spin-up. The corresponding free particle spinor is «™(0)
with £, = 4-1. For the positron state at rest with the same spin direction we are
supposed to use v(0) = —u®(0) which indeed has Z; = —1. This, of course,
is expected on the basis of the hole theory.

Under the charge conjugation operation defined in the previous section, a single
electron state b [0> goes into the corresponding positron state d$"*}0> with
the same (p, 5). Thus

by == dP, bPt === gt (3.404)

under charge conjugation. We see that the total charge operator (3.398) indeed
changes its sign under charge conjugation in contrast to its c-number analog (3.355),
which always has the same sign. The Hamiltonian operator (3.397) does remain
iavariant under charge conjugation, as it should.

In the previous section we also examined the invariance property of the Dirac
equation under ed, — —ed,. In the quantized theory the steps (3.345) through
(3.351) go through just as before if we replace /* by «»7 (where the transpose
operation brings the free-particle spinor back to the column matrix form without
affecting the creation and annihilation operators); %, given by

= gt (3.405)

is now called the charge-conjugate field (cather than the charge-conjugate wave
function) Using (3.385), we find that /° in the free-field case is given by
Ve 2 /1 (b o exp| ZRX L LB guenpyesp [ BX BT,
(3.406)

Comparing this with (3.392), we see that the transformation

afp > ¢ (3.407)
is achieved if we make the substitution (3.404) which is precisely the charge con-
Jjugation operation; +° annihilates positrons and creates electrons just as «Js an-
nihilates electrons and creates positrons.

We shall now briefly meation the anticommutation relations among s, ¥,
and . First, it is evident that

{Wra(x), Pra(x)} = (b (), Y (x)} = {Palx), Pu(x)} = 0, (3.408)
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where x now stands for the four-vector (x, ict). For ¥r(x) and «'(x"), we have the
equal-time anticommutation relation first written by W. Heisenberg and W. Payli:

{‘k«(’g t)’ '\P‘E(Xl, t,)}b-l’ = 843 8‘3)()( - xl): (3409)
the proof of which is left as an exercise (Problem 3-13). This also implics
{Palx, D, Pox's Nime = (¥0ap 8V — X). (3.410)

As for the anticommutation relation between r and + at different times, for our
purpose it suffices to remark that {yr,(x), ¥a(x")} is a function of the four-vector
x — x’ such that it vanishes when x and x’ are separated by a space-like distance:}

{Yral), Fra(x)} = 0
if (3.411)
(x — x) = (x—x)? —c(t — ) > 0.

Because of the anticommutation relation, it is clear that «(x) and J{(x') do rot
commute when x — x’ is spacelike. This is not disturbing since «» and J, having
no classical analog, are not “measurable” in the same sense as E and B are measur-
able. On the other hand, for the charge-current density

Ju2) = ey, — ieC0| Py, |0, (3.412)
which is “measurable,” we obtain from (3.408) and (3.410),
Uu®, i =0 if (x — x)2 >0, (3.413)

where we have used
[4B, CD} = —AC{D, B} + A{C, B}D — C{D, A}B + {C, A} DB.  (3.414)
Thus measurements of charge-current densities performed at two different points

separated by a spacelike distance cannot influence each other, in agreement with
the causality principle.

Electromagnetic and Yukawa couplings. Let us now talk about the interaction of
electrons and positrons with the electromagnetic field. The Hamiltonian density
for the basic interaction is taken to be

e = —iePyard,, (3.415)

where «r is now the quantized electron field; A, can be either classical or quan-
tized. This interaction can be derived from the Lagrangian density

Ly = ie\%y“\kA,,, (3410)
since %1y, is just the negative of %, whenever %, does not contain time deriva-
tives of field operators. Strictly speaking, fefry,«r should be replaced by (3.412),
but in practice the form (3.415) is sufficient since a constant (c-number) interaction
cannot cause a transition between different states.

1The explicit form of {yra(x), Jra(x’)} known as —iS.p(x — x’) may be found in more ad-
vanced textbooks, for example, Mandl (1959), pp. 30-35, pp. 54-55; Schweber (1951},
pp. 180-182, pp. 225-227.
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Fig. 3-8. Four possibilities realized by the interaction (3.415).

In lowest-order perturbation theory (and also in covariant perturbation based
on the interaction representation to be discussed in the next chapter), we may
regard +Jr in (3.415) as the free field «r given by (3.392) and look at the effect of
e ON a given initial state. It is convenient to decompose each of «» and  into
two parts as follows:

'\!r = "!’(” -+ '\!r("’,
7 T+ 1}(-), (3.417)
where
1 . 2 ip-x I1FEt
(" — me? pen () p-x 1k
0= 5B (B2 1)
-y _ 1 me? s, —ip-x iEt
¥~ 3 A (S B,
(3.418)

(+) mc (3) (3 p-x l_f_f_’)
¥ 7-22 me” ags(p) exp (BX ),

FO =~ B3 /2 o) exp (<X 4 ),

Note that J*) (which is called the positive frequency part of ) is linear in the
electron annihilation operators; it can therefore annihilate electrons but cannot
do anything else. Likewise <), 4", and <7 respectively create positrons,
annihilate positrons, and create electrons. So we see that the interaction (3.415)
can do four different types of things, as shown in Fig. 3-8 where the symbol X may
stand for an interaction with an external classical potential, the emission of a
photon, or the absorption of a photon. The question of which of the four pos-
sibilities given in Fig. 3-8 is actually realized in.a particular physical process
depends entirely on what kind of initial and final state are present. For instance,
if initially there is only a positron, the action of (3.415) may result in the scattering
of the positron, represented by Fig. 3-8(b). On the other hand, if initially there is
an electron-positron pair, and if we also know that there is neither an electron nor
a positron in the final state, the matrix element of 5#,, is that of a pair annihilation
process represented by Fig. 3-8(c). Note that in all cases the difference between the
number of electrons and the number of positrons (3.356) is conserved. In Chapter
4 we shall work out a number of problems in quantum electrodynamics based on
(3.415),
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The meson-nucleon interaction proposed by H. Yukawa in 1935 is patterned
a'ter (3.415).1 We have

i = Gy, (3.419)

where +» and ¢ are now the nucleon and a neutral spin-zero meson field. Note
that 4~ can annihilate nucleons and create antinucleons while 4 can create nu-
cleons and annihilate antinucleons. The constant, G, characterizes the strength
of the coupling of the meson field to the nucleon. Alternatively we may have§

Hine = IGrysifred. (3.420)
Both (3.419) and (3.420) are invariant under proper orthochronous Lorentz trans-
formations, as is evident from Table 3-1. The form of the interaction (3.419)
can be made invariant under space inversion if ¢ in the space-inverted system
is given by
() =¢(x), X' = (—x,ict). (3.421)
On the other hand (3.420) can also be made invariant under space inversion if ¢
in the space-inverted system is given by

¢'(x") = —P(x), x' = (—x, ict), (3.422)

since Jrysr changes its sign. If we require that parity be conserved, we may have
either (3.419) only or (3.420) oniy but not both simultaneously. In the next section
we shall point out that a Yukawa interaction of the type (3.419) leads to an s-wave
emission (absorption) of a meson by the nucleon while an interaction of the type
(3.420) leads to a p-wave emission (absorption). The meson fields that transforin
like (3.421) and (3.422) under space inversion are called respectively a scalar
and a pseudoscalar field; the couplings (3.419) and (3.420) are respectively called
a scalar coupling and a pseudoscalar (pseudoscalar) coupling.il The meson fields
curresponding to the observed neutral spin-zero mesons, ¢ and 7, turn out to be
tuth pseudoscalar. We shall say more about the meson-nucleon interaction when
we discuss the one-pion exchange potential in the next chapter.

3-11. WEAK INTERACTIONS AND PARITY NONCONSERVATION;
THE TWO-COMPONENT NEUTRINO

Classification of interactions. To illustrate the power of the field-theoretic formalism
we have developed in the last section, we shall discuss in this section some simple
examples taken from the physics of so-called “weak interactions.” As is well

i{We emphasize that the field-theoretic description of the meson-nucleon interaction
is not as firmly founded as that of the electromagnetic interaction of electrons and posi-
trons. Quantum field theory does, however, provide a convenient language to describe
some phenomena involving mesons and nucleons.

§The factor # is necessary to make the interaction density Hermitian. Note (Jry )t =
YVl = =Py

l1So called to distinguish it from a pseudoscaiar (pseudovector) coupling of the type
GF A mac)@d/Ox,) VY .
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known, the basic interactions of elementary particles can be classified into three
categories:
a) swrong interactions, for example, n4p—n+p, =~ +p— A+ Ko,
pt ot Ty
b) electromagnetic interactions, for example, e* +e” — 2y, v +p —p + 7,
2= Aty
c) weak interactions, for example, n-—p -+ e +7, F +p—p*+ A,
K* —n* | 2l
To this list we should add a fourth (and the oldest) class of interactions, the gray-
itational interactions. But gravity turns out to be of little interest in our present-
day understanding of elementary particles. What is remarkable is that all four
classes of interactions are characterized by dimensionless coupling constants that
differ by many orders of magnitude; the dimensionless coupling constant that
characterizes electromagnetic interaction is (€’/dwhc) = a == 4. As we shall
show in Section 4-6, for the analogous coupling constant in pion-nucleon physics,
defined as in (3.420), we have (G*/4xhc) = 14, which is a typical strong-interaction
coupling constant. In contrast, the constant that characterizes the strength of a
typical weak-interaction process, when defined in a similar manner, turns out to
be as small as 107'* to 10~"; this will be illustrated in a moment when we discuss
A decay and pion decay. Gravitational interactions are even weaker; at the same
separation distance the gravitational attraction between two protons is about
107" times weaker than the electrostatic repulsion between them.

Another striking feature of the elementary particle interactions is that some
conservation laws which are obeyed to high degrees of accuracy by the strong
and electromagnetic interactions are known to be violated by the weak interac-
tions. In particular, weak-interaction processes i general do not conserve parity.
In this section we shall illustrate this point using the language of quantum field
theory.

Parity. One learns in nonrelativistic quantum mechanics that a state with mo-
mentum p goes into a state with momentum —p under parity, as is evident from
the operator form of momentum, p = —ihV. For instance, in the Schrédinger
theory the plane-wave solution y«{x, #) = exp (ip-x/h — iEt/k) goes into J(—Xx, 1)
= exp [i(—p)-x/h — iEt{h], which we recognize as the plane-wave solution with
momentum opposite to the original one. The orbital angular momentum L is
unchanged under parity since it is given by x X p. Furthermore, we argue
that the spin angular momentum is also even under parity since space inversion
commutes with an infinitesimal rotation. As a result the magnetic moment inter-
action—(eh/2mc)o - B, for instance, is invariant under parity since B does not
change under parity either. From these considerations we expect that in field
theory an electron state b{'*|0> goes into HUF|0> (with the same s), etc.
We shall see, in a moment, that this is essentially the case except that we
have to be careful with the relative transformation properties of the electron and
positron states.
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In Section 3-4 we proved that the Dirac wave function in the space-inverted
system X" = —X, ¢’ = ¢ is related to the wave function in the original system by
(X', 1) = (X, 1) (up to a phase factor). The proof given there goes through
just as well even if 4} stands for the quantized Dirac field. If we now consider the
space inversion operation (commonly called the parity operation) that transforms
X into —X, we see that the functional form of the field operator changes as

Pix, 1) —> (%, 1) = (X, 1), (3.423)
sirice what used to be called X’ = —x is now x. What does this mean? Going back
to the plane-wave expansion of the filed operator, we have

%) = 3 5 7 [byatop)exp (— X — )

+ dtey v (p) exp (X ’hE’)] (3.424)
But it is easy to show (cf. Problem 3-4) that
@) = d=P), 7 0@) = —o(=-p). (3.425)

Note the minus sign preceding the positron spinor, ¥*(—p); a special case of this
has already been worked out in Section 3-4, where we learned that a positive-
energy at-rest spinor and a negative-energy at-rest spinor behave oppositely under
parity. Thus

— == mc? () 1,3, !_P_'z___ig)
=, ) = S5 /P by exp (B — 12

— dPH(p) exp ( ip-x +’h_E_’)] (3.426)

Comparing this with (3.392) we deduce that the transformation (3.423) is accom-
plished if the creation and annihilation operators change in the following manner:

by —> b, AP —> —d%),

1< A (O _peea—; [C) L} (427)

An immediate consequence of this is that a single-particle state with (p, §) goes
into a state with (—p, 5), as expected from nonrelativistic quantum mechanics,
except that a positron state acquires a minus sign,

B |0y —> TL b 0) = 310,
a0y —> T {0) = —ds|0),

where IT is the parity operator that acts on state vectors.t
We shall now discuss the physical significance of the minus sign in the second

part of (3.428). Consider, for simplicity, an electron-positron system in which the
electron and the positron are both at rest, hence are in a relative s-state. According

(3.428)

1Using the operator [T, we can write (3.427) as I[6 ™! = b%), etc. We assume that
the vacuum state is even by convention: I1}0) = |0).
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to (3.428), such a system transforms as
B dEN [ 0Y —> —bE dEk 10D (3.429)

under parity. This means that the parity of an s-state e”e™ system is odd.1 Actually
we could have anticipated this fromn the hole theory. According to the hole-theoretic
interpretation, what is physically observable is the relative parity between the
completely filled Dirac sea and the Dirac sea with one negative-energy electron
missing. Reinembering that parity is a multiplicative concept in the sense that the
parity of a colnposite system is the product of the parities of the constituent systems,
we infer that the observable parity of the positron is the same as that of the missing
negative-energy electron. But, according to our earlier discussion following (3.179),
the parity of a negative-energy electron at rest is odd (when the phase factor 7 is
so chosen that the parity of a positive-energy electron at rest is even). Hence the
parity of a positron at rest is odd (relative to that of an electron at rest).

If we follow steps simular to (3.423) through (3.429) with a non-Hermitian
(charged) field ¢.(x, f) which transforms as

Pa(X, 1) —> L dep(—X, 1) (3.430)
under parity, it is not difficult to show that a ~ state and a »™* state transform
in the same way under parity and that a x*x~ system in a relative s-state is even
(in sharp contrast to the e*e~ case). Quite generally, the “intrinsic parity” of the
“antiparticle” is opposite to that of the corresponding “particle” in the fermion
case and is the same in the boson case. This is one of the most important results
of refativistic quantum theory. In Section 4-4, we shall present experimental
evidence in favor of the odd parity of an s-state e*e™ system.

Hyperon decay. So much for the transformation properties of the free-particle
states. Let us now examine how we may describe parity-nonconserving decay
processes using the language of quantum field theory. As a particularly simple
example, we shall consider the decay of a free A hyperon (known to be a spin-}
particle):

A—>p+x. (3.431)
A simple interaction density (operator) that can account for this process is
i = Gid(g + &'ys)ra + He, (3.432)

where +J, can annihilate A hyperons and create anti-A hyperons,§ +, can annihi-
late antiprotons and create protons, and ¢} can create - and annihilate n*.
We have added Hc which stands for the “Hermitian conjugate” because, without

{The skeptical reader may demonstrate that this conclusion (which can be verified ex-
perimentally) is independent of our choice 7 = 1 in Y'(X') = 7y Jo(x).

§The anti-A hyperon is to be distinguished from the A hyperon. First, even though they
have the same charge (namely, zero), the same mass, and the same lifetime, their magnetic
moments are opposite. Second, annihilations of a Ap system into mesons, for example,
A 4 p— K* + 2% + =, have been observed, whereas reactions of the type A + p —
mesons are strictly forbidden.
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it, the interaction density would not be Hermitian. Explicitly stated,

Hc = 1]1',{(8* —}' gl*’Ys)'Y{\I/‘p‘f’x

= Pa(g* — g™y Hrepx- (3.433)
We see that the He can give rise to processes like
A—>p+ux*, (3.439)

where A and P stand for an amti-A hyperon and an antiproton. It is a characteristic
fzature of the quantum-field-theoretic description that if (3.431) takes place,
then (3.434) must also take place. At the end of this section, we shall show that
this feature is a consequence of what is known as CPT invariance. Experimentally
the decay process (3.434) has indeed been observed to be as follows:

P+Pp—rA+A
bsp 4 (3.435)
—>p+x”.

We do not actually believe that the Hamiltonian density (3.432) is a “funda-
mental” interaction in nature in the same way as we believe that —ieryafred,
is “fundamental.” So many new particles and new decay processes are observed
nowadays in high-energy nuclear physics that if we were to introduce a new funda-
mental interaction every time a new decay process was discovered, a complete
list of the fundamental interactions would become ridiculously long. Anybody
in his right mind would then say that most (or perhaps all) of the interactions in
the list could not possibly be “fundamental.” Unfortunately, as yet we do not
know what the basic interaction mechanisms are which give rise to a phenomeno-
Jogical interaction of the kind described by (3.432). In any case, for computational
purposes, let us go aleng with (3.432).

We shall now investigate the transformation properties of (3.432). First, we can
easily see that (3.432) is invariant under 2 proper orthochronous Lorentz trans-
formation,

Bl s = s s,

i
=y A Pxs 3.436
Bl Jys 6.4

since the form of S, (Sia) is independent of the type of spin-§ field. Next, we
shall show that the interaction (3.432) is not invariant under parity unless g =0
or g’ = 0. Since yr, Yra, and ¢, transform under parity as

"l"p "——)’7]|er( "I"p(“x’ t)) "«;’A —> 7aYa "l"A(‘xy t), ¢’r - Nx ‘ﬁx(—x: t),
(.437)

$The use of a Hermitian Hamiltonian density is required since the fexpectation value o
the Hamiltonian operator must be real. Furthermore, in Section 4-2 we shail show that
the use of a non-Hermitian Hamiltonian violates probability conservation.
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the interaction density (3.432) changes under the parity operation as follows:

(%, 1) = ¥ pEa b (=%, OFo(—X, 1)(8 — gy )dra(—X, 1) + He.  (3.438)
Suppose g’ = 0; then 5#,, transforms like a scalar density,
(X, 1) —> Hin(—X, 1), (3.439)

provided we choose the phase factors in (3.437) in such a way that pfp¥y, = 1.
Similarly for g = 0, 4\, again transforms like a scalar density provided we set
ninena = —1. However, if both g and g’ are nonvanishing, then 5#\,, cannot be
made to transform like a scalar density no matter how we choose 7, 7, and 74
This is what we mean by saying that the interaction is not invariant under parity.

All this appears somewhat formal. We now wish to exhibit some of the physical
manifestations of the parity-nonconserving interaction (3.432). For this purpose
let us obtain the transition matrix element for this process. First, recall that the
state vectors we have been using are time independent, while the interaction
Hamiltonian density is made up of time-dependent field operators. In the language
of time-dependent perturbation theory, discussed in Section 24, a state vector
in our occupation-numher space corresponds to a time-independent wave func-
tion un(x) rather than to a time-dependent one u,(x)e~'*+/", Recalling the connec-
tion between the operators in the Heisenberg and the Schrédinger representations,
we see that the matrix element of | 5#1,.d°x taken between the initial A state and
the final = ~p state correspends, in the language of Chapter 2, to the matrix ele-
ment of e/ H e~ taken between u(x) and u,(x); the only new point is
that our Hamiltonian can now change the nature of the particles. Using this facc
and recalling the expression for ¢* given by (2.109) we see that ¢**’(r) in our
case is given by

) = (—ifh) ( fl [ar [ #rx) d‘x'i}, (3.440)

where the perturbation is assumed to be turned on at ¢t = 0.
In the language of quantum field theory the initial and final states in A decay

are given hy .

i = 5110,

1> = @b |0,
where bM*:, bR, and a'(p.) are the creation operators for the A hyperon,
the proton, and the =~ meson. It is legitimate to replace +r, by its positive frequency
part* since the negative frequency part of 4, acting on the initial state would
result in a (A + A) state which, because of orthogonality, gives zero when mul-
tiplied by (f|¢k, from the left. Furthermore, the only part of f{*) which
contributes is just (1/a/ ) b "u{(p) exp (ip- x/h— iEtfh),since b§h* IS | 0> =0,
unless p”’ = p, s = 5. All this amounts to saying that it is al] right to replace the

(3.441)

i1We shall present a more formal discussion of the connection between the transition
matrix and the interaction Hamiltonian in Section 4-2, when we shall discuss the S-matriX
expansion in the interaction representation.
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field operator -, by the wave function of the initial A particle multiplied by the
corresponding annihilation operator. Likewise it is easy to see that ¢! can be
replaced by just

a' () en/ 20,V exp (—ip-X/h + iwgt)
(with hw, = /| [*c® + mic?), and 4, can be replaced by
~ mEV BRI (p"y exp (—Ip - X[h -+ (E,tfh).

The result of alt this gives
<f J‘fimd’)fli)
o =Sl @AbE B | i (en/ B 20 ) (W CTEN B(9) (8 + g'ys)ug(0)

I __ip,,-x_ip-x) ) ] ( iE,tMimAc"t)
X [Wj.exp( 5 5 d*x|exp xm,z-{———hL )

(3.442)

where we have assumed that the initial A particle is at rest. Using
bEPOEEPT 0D = (1 — bt by | 0>, etc.,

it is not difficult to see that {f]a*(p,)b®*"b%3| 1> can eventually be reduced to
{0[0> = 1. The exponential time dependence in (3.442) is precisely the kind that
appears in the derivation of the Golden Rule in time-dependent perturbation theory
(cf. Eq. 2.113); if we assume that the perturbation is switched on at t = 0 and
acts for a long time, the modulus squared of f§ exp (fwxt -+ iE,1'[h — imyc*t'[R)dt’
teads to 2xht times the usual 3 function that expresses energy conservation.
Note also that the space integra] in (3.442) simply tells us that the transition matrix
element is zero unless momentum is conserved.

To sum up, the time-dependent matrix element that appears in the Golden
Rule can be obtained immediately from the Hamiltonian operator [ ,.d°x
just by replacing the quantized field operators in 5, by the appropriate initial
and final wave functions with their time dependence omitted. In other words,
we get the correct results by pretending that the g-number density (3.432) made
up of the field operators is a c-uumber density made up of the initial- and final-state
wave functions.

Let us now simplify the spinor product in (3.442). We have

#5p") (8 + &'vs)ul(0)

’ p— (3)
= [mect 4 En( @it . e_(@-p'c) ) g Y\ (X
2myc? XX E, + m,*)\—g g/\ o
= [m 4B (l')f( SRS X4 ) @ .
2m,c? X g§+eg E, + myc? X (3.443)

$In fact this kind of replacement is implicit in the discussions of beta decay that appear
in most textbooks on nuclear physics, for example, Segré (1964), Chapter 9, and Preston
{1964), Chapter 15. We now understand why beta decay can be discussed at an elementary
level without using the language of quantum field theory.
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Assuming that the initial A is polarized with spin along the positive z-axis, we
obtain

(g + g ”ngﬁcﬁ) x® = (a, + a,cos 0)((1)) + a,sin 0310*([1’), (3.444)
where
ay=g, =g (V|/E + mc?) (3.445)
and the angles 6 and ¢ characterize the orientation of p’ relative to the A spin
direction. The physical meaning of g and g’ can now be seen as follows. If g 5 0,
"= 0, the final state proton can be described by an s, j, = } wave function
(3). On the other hand, if g=0, g’ 3 0, the final proton is in a pure p}, j. =4
state described by cos@(3) -+ sin 6 e*(2). In other words, the scalar coupling
(the g-term) gives rise to an 5§ 7~ p system, whereas the pseudoscalar (v,) coupling
(the z'-term) gives rise to a p§ =~ p system. If g and g’ are both nonvanishing, both
s% and p§ are allowed; in other words, the same initial state can go into final states
of opposite parities. Recalling that for g 5% 0, g’ ¢ 0 the interaction density (3.432)
15 not invariant under parity, we see that an 5, that does not transform like
(3.439) under parity indeed gives rise to final states of opposite parities.

We shall digress here and examine the pseudoscalar (pseudoscalar) coupling
of the pion to the nucleon (3.420) which gives rise to processes likep ~— p + =°.
We may argue that when the proton dissociates itself into a z° and a proton,
the final p system must be in p} state. Unfortunately, such dissociation processes
are forbidden by energy momentum conservation if all the particles are free.
However, taking advantage of a reaction in which the nucleon is bound (specifi-
cally #* 4 d — p - p) it has been proved possible to show that the == is pseu-
doscalar (with the convention that the proton and the neutron are both even),
that is, ¢(X, 1) — ~—¢d(—X, 1). Note that if there is just a « type coupling, parity
is conserved; the “intrinsic” odd parity of the pion is compensated for by the
odd orbital parity.}

Coming back to A decay, we can now compute the decay-angular distribution.
The relative probabilities of observing the proton with spin-up and spin-down
can be obtained immediately from (3.444):

spin-up: a, + azcos @,
pro-up la, 4 aycost] (3.446)
spin-down: |ay|?siné,
which results in the decay-angular distribution of the proton
1 —acosf, (3.447)
where§
2Re(a,a})
o= —2Re(@ap) | 3.448
(@l 4 (3T 045

tAn alternative way of understanding what is meant by the intrinsic odd parity of the
pion is to visualize the pion as a very tightly bound state of a nucleon (intrinsically even)
and an antinucleon (intrinsically odd) in a relative s-state.

§The minus sign in (3.447) arises from the fact thai the experimentalists usually talk
about the decay-angular distribution of the pion relative to the A spin: 1 + a cos §™
where cos §¢) = —cos 6.
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Recalling that 8 is measured from the A spin direction, we see that the angular
distribution (3.447) implies that whenever Re(a.a}) 0 or equivalently
Re(gg'™) # 0, there exists an observable effect that depends on {@,)>-p’, a pseudo-
scalar quantity that changes its sign under parity.

To really understand the meaning of parity nonconservation in this decay
process, it is instructive to work out the special decay configuration ¢ = 0. This
is shown in Fig. 3-9(a). The transition probability for this process is, according
to (3.446), | a, + a,|* apart from kinematical factors. If we apply the parity opers-
tion to the decay configuration shown in Fig. 3-9(a), we obtain the decay configura-
tion shown in Fig. 3-9(b) since, under parity, momentum changes but spin does
not. However, according to (3.446), the transition probability for the physical
situation described by Fig. 3-9(b) is |a, — a,|* since § = =. Thus the transition
probability for {i>—|f> is not the same as that for IT{i) — II|f> unless
Re(a,ay) = 0. Since the configuration in Fig. 3-9(b) is the mirror image of the
configuration in Fig. 3-9(a) apart from a 180° rotation about an axis perpendic-
ular to p’, we conclude that the mirror image of our world looks different from
our world if Re(gg'™) =« 0.

Proton L
b
Probability Probabirity
A lataf? A lai—apf?
T Proion
@ (b

Fig. 3-9. A decay, Parity conservation would require that the two decay configurations
(which go into each other under space inversion) be physically realizable with the sare
transition probability. The gray arrows indicate the spin direction.

Although we cannot prepare a polarized sample of A hyperons using a magnet,
it turns out that the A hyperons produced in

7 4+ p—>A+K° (3.449)

are strongly polarized in the direction Pxineenc X Pa. Parity nonconservation
in A decay was unambiguously established, in 1957, by a Berkeley group and by
a Columbia-Michigan-Pisa-Bologna collaboration group who showed that there
are more decay pions emitted with (Pujpeciasne X Pa)*Pr gocay = O than with
(Pe tnctaent X Pa)* Pr docay << 0. Now, at last, it is possible to communicate even to
intelligent beings in outer space that the incident pion direction, the A direction,
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and the preferential direction of the decay pion, taken in that order, form the
three axes of what we mean by a right-handed system.

Prior to 1956 practically everybody tacitly assumed that it was “illegal” to
write parity-nonconserving interactions like (3.432). There was a good rcason for
this; the success of the parity selection rules in atomic and nuclear physics shows
that the principle of parity conservation holds to a high degree of accuracy in both
electromagnetic and strong interactions. In the years from 1954 to 1956, as various
experimental groups studied the properties of “strange” mesons called 7* and 6*
which decay via weak interactions as

at—> 2 b T, O —> a4 ad, (3.450)

it soon became evident that ++ and 8* have the same mass and the same lifetime;
it therefore appeared natural to assume that a +-like decay event and a 6-like
decay event simply represent different decay modes of the same parent particle
(now called K*). However, using an ingenious argument based only on parity
and angular momentumn conservation, R. H. Dalitz was able to show that the
experimental energy and angular distributions of the pions from r-decay strongly
suggest that the + and the 6 could not possibly have the same spin parity. Since,
at that time, people believed in parity conservation, this led to the famous +6
puzzle.} Faced with this dilemma, in the spring of 1956 T. D. Lee and C. N. Yang
systematically investigated the validity of parity conservation in elementary particle
interactions. Their conclusion was that in the realin of weak interactions parity
conservation (which holds extremely well for the strong and electromagnetic
interactions) was “only an extrapolated hypothesis unsupported by experimental
evidence.” Furthermore, they suggested a number of experiments that are really
sensitive to the question of whether or not parity is conserved. (Their list of sug-
gested experiments included the decay angular distribution of a polarized A
hyperon which we have been discussing.) As is well known, subsequent experi-
ments (beginning with the historic Co® experiment of C. S. Wu and coworkers
and the z-y-e experiments of J. 1. Friedman and V. L. Telegdi and of R. L. Garwin,
L. M. Lederman, and M. Weinrich) have unequivocally supported the idea that
weak interactions in general do not conserve parity.

Coming back to A decay, let us work out the decay rate using the Golden Rule
and {3.442) through (3.446). The cos6 term drops out as we integrate over all
angles. For the reciprocal of the partial lifetime, we get

1 T{A—px)
- h

T hvopn-

_ 2m c*h myct myet 4 En(lglz i |g']’|p]*c’) azy |p'|Pd|p’]
TR 200 BV 2myc? E, + myc*) Qnh) d(E, + E,)
gl

(18l | 181 (B, — mec™©\ P [(E, 4 myc?)
= (e + ione (B i) T e (.451)

tFor detailed discussions of the =# puzzle see, for. example, Nishijima (1964), pp.
315-323; Sakurai (1964), pp. 47-51.
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where we have used

dp’| dy’|
d(E, + E)  [V'17E) + (v [/ ED]d]y']
= Jocky (3.452)
my|p'|c

1f we insert the experimentally measured mean life of the A particle (2.6 x 10-1°
sec) and the branching ratio into the =~ p decay mode (known to be about 2),
we obtain

gl gl -4 e
Anie + 0.003 e 2 x 1071, (3.453)

Thus the dimensionless coupling constants
[gl*/(4xhe)  and  |g'[*/(dwhe)

for A decay are seen to be small compared to e*/(dzhc) = v+ by many orders of
magnitude. The interaction responsible for A decay is indeed “weak.”

Fermi theory of beta decay. Historically the theory of weak interactions started
when E. Fermi wrote, in 1932, a Hamiltonian density that involves the proton,
neutron, electron, and neutrino fields to account for nuclear beta decay:

n—>p-e 4+ 5 (3.459)
Fermi assumed for simplicity that the derivatives of the field operators do not

appear. With this hypothesis the most general interaction density invariant under
proper orthochronous Lorentz transformations has the form

Hine =3 Wolefra) T Co + Clys)yn] + He, (3.455)

where}
Iy = 1, Yar Oras IYsY2, Vs. (3-45{?\7
We have subscribed to the usual convention according to which the light neutral
particle emitted together with the ¢~ in (3.454) is an “antineutrino” (¥), not a
“neutrino” (), and the field operator +, annihilates neutrinos and creates antineu-

trinos. Evidently the explicitly written part of (3.455) can account for the neutrino
induced reaction

v+n—>re 4p (3.457)

as well as for 8~ decay (3.454). The He in (3.455) can describe 8* decay, K (electron)
capture, etc.:
p—>n+e* 4,
_ (3.458)
e +p—rn-+v,

since, when explicitly written, it contains the annihilation operators for protons
and electrons and the creation operators for neutrons, positrons, and neutrinos.

$We avoid the indices x and » to prevent possible confusions with muon and neutrino.
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The constants C, and C§ characterize the strength of the interactions of type i
(scalar, vector, tensor, axial vector, and pseudoscalar); they have the dimension
of energy times volume. From our earlier discussion on A decay, it is evident that
parity conservation requires either

Ci=0 foralli (pryp.min, = 1),
or (3.459)
C, == foralli (npyn.nsn, = —1).

If neither of the two possibilities is satisfied, then the interaction density (3.455)
is not invariant under parity.

As it stands, (3.455) contains 10 arbitrary constants (which need not be purely
real). About a quarter-century after the appearance of Fermi’s paper, it finally
became evident that the correct Hamiltonian density that phenomenologically
described nuclear beta decay was

H e = C;‘(‘ﬁ,y"h Wlfn)['\l;u')’a(l + 'Ys)"l’v] + CA("I‘;:"'YS'YA ‘]’n){‘ﬁpi'}’s'h(l + 'Ys)‘l’v] + Hce

(3.460)
with
Cy = 6.2 x 1074 MeV em® == (107%/~/2) m,c*(h/m,c)’, (3.461)
C,JCy =~ —1.2.
The interaction (3.460) with C,- == —C, is known as the ¥ — 4 interaction; it was

written, on aesthetic grounds, by E. C. G. Sudarshan and R. E. Marshak, by R. P.
Feynman and M. Gell-Mann, and by J. J. Sakurai in advance of the confirming
experiments. Since the nucleon can be assumed to be nonrelativistic, only the time
component of the vector covariant and the space components of the axial vector
covariant contribute (v, and iy,ry, are “small”) unless the symmetry of the initial
and final nuclear states is such that the expectation values of I (the nonrelativistic
limit of Jry,4r) and o, (the nonrelativistic limit of «riysyi) are both zero.
The vector interaction gives the Fermi selection rule AJ = 0, no parity change,
while the axial-vector interaction gives the Gamow-Teller selection rule AJ = 0,
-1, no parity change, for the nuciear states.

W shall not discuss in detail the various aspects of nucledr beta decay: the
eleciron spectrum, the fr-values, forbidden transitions, the electron-neutrino
angular correlation, the angular distributions of electrons from polarized nuclei,
etc. They are treated in standard textbooks on nuclear physics.} We concentrate
on just one aspect of (3.460), namely the physical meaning of (I + «ys)yn,.

Two-component neutrino, The neutrino field +J, can be expanded just as in (3.392).
The only difference is that its mass is consistent with zero, m, < 200 eV/c? ex-
perimentally. The positive frequency part of +J, is linear in the free-particle spinor
for an annihilated neutrino. So let us investigate the effect of (1 + «5) on u(p).

1See, for exampie, Preston (1962), Chapter 15; Xallén (1964), Chapter 13,
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As m, — 0, we have

lantere) = 1 ollhe)

G- Hy®
=—< ;’m ) (3.462)
Meanwhile
. @ P 0 )
M) =0 oillos )
(o-pc/Eyx™ 0 o-p/\c-p x
A8
=—<";’j§ ) (3.463)

This means that as m, — 0, the i, operator (sometimes called the chirality oper-
atorf) and the negative of the helicity operator have the same effect on a free-
particle spinor #®(p). In particular, eigenspinors of 2-p are also eigenspinors of
s With opposite eigenvalues, and (1 -+ ;) acting on the free-particle spinor for
a right-handed particle gives zero as m, ——0. It then follows that (1 + q)y®
annihilates only left-handed (helicity = —1) neutrinos, denoted by v,. Likewis:
it is easy to see that

(1 + ysnk™?  creates  bg,

(1 — ys) annihilates Fp,

JENHY — ys)  creates vy,

where 75 stands for a right-handed antineutrino. Now the Hc in (3.460) contains
(1 — ) since

{«}.{l.r:‘%}(l + v:)%]' =Pl + v:){_l.,;ws} Voo
ST 0w

where the upper signs are for the space components, the lower for the time com-
ponents. An immediate consequence of this is that the helicity of the neutrino
emitted in K (electron) capture [the second of (3.458)] is —1. This has indeed
been shown to be the case by a beautiful experiment of M. Goldhaber, L. Grodzins,
and A, W. Sunyar. The positive (negative) helicity of the antineutrino (neutrino)
emitted in 8~ (B8*) decay has also been inferred from the electron (positron)
polarization and the e~5(e*v) angular correlation (cf. Problem 3-14). Parity con-
servation would require that in a physically realizable process the emission prob-
ability for a right-handed particle be the same as that for a left-handed particle
since the helicity changes sign under parity. It is therefore evident that the interac-
tion (3.460) which produces only v, (Fy) in 8* (8~) decay is incompatible with the
principle of parity conservation,

tThis expression is derived from the Greek word xetp meaning “hand.” The term “chirs -
lity” was first used by Lord Kelvin in a somewhat different context.
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There is another (simpler) way to see the connection between helicity and chira-
lity for a massless particle. Let us go back to (3.26) which was obtained by lineariz-
ing the Waerden equation. When the fermion mass is zero, the two equations are
completely decoupled,}

T J— _é‘ (L) (__, . _ j_ R) .
(za v lax°)c{; —0, ia-V zaxu).ﬂ =0.  (3.465)

Let us now postulate that only the first of (3.465) has to do with physical reality.
Evidently a free-particle solution of the ¢ equation in the c-number (wave-

function) language satisfies
c-p = —E/, (3.466)

where E can be positive or negative. This means that the helicity of a positive-
energy neutrino is negative, while the helicity of a negative-energy neutrino is
positive. Using the hole theory, we infer that the helicity of a (positive-energy)
antineutrino is also positive (cf. Table 3—4). We should emphasize that the asser-
tion that the neutrino (antineutrino) is always left-handed (right-handed) makes
sense only if the mass is strictly zero. Otherwise we can easily perform a Lorentz
transformation that changes a left-handed particle into a right-handed one.
Meanwhile, according to Problem 3-5, in the Weyl representation of the Dirac
equation we have
¢(R))
’

o (3.467)

-
and
s = ("g (;) (3.468)

It is then evident that (1 -+ ysh)r, selects just ¢, that is, only the lower two of
the four components of 4 in the Weyl representatiou:

(A 4y =2 ( (;L,). (3.469)

11t is amusing that the Maxwell equations applying to empty space can also be written in
a form similar to (3.465). The reader may show that (1.57) and (1.58) with p =0,j =0
can be combined to give

(-—iS—V —i%)@ =0,

00 O 001 0 —1 0
S, =ilo 0 —1), s,=f( 00 0), S3=i(l 0 0);
01 0 —1 00 0 00

wher:

and
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Suppose we demand that only
(4 +ann  and (b — o) = [+ ysinlty,

appear in the beta-decay interaction. Because of (3.469) this requirement amounts
to saying that only ¢‘* and ¢!t appear, hence the neutrinos (antineutrinos)
emitted tn 8% (87) decay are necessarily left- (right-) handed. We may argue that
the appearance of only ¢'® is due to either (a) an intrinsic property of the free
neutrino itself, or (b) a property of the parity-nonconserving beta-decay interaction
that just happens to select '™ (and also of other interactions in which the neutrino
participates). If the neutrino mass is strictly zero, the two points of view are,
in practice, completely indistinguishable.f A theory of neutrinos based on
B # 0, ¢ =0 (or vice versa) is called the two-component theory of the
neutrino.

Historically, the idea that the peutrino is described by ¢ only (or ¢ only)
was advanced by H. Weyl in 1929; it was rejected by W. Pauli in his Handbuch
article on the grounds that the wave equation for ¢ oaly (called the Weyl equa-
tion) is not manifestly covariant under space inversion (cf. Problem 3-5). With the
advent of parity nonconservation in 1957 the Weyl equation was revived by A.
Salam, by L. D. Landan, and by T. D. Lee and C. N. Yang.

Muon capture,

poAp—n v, (3.470)

can also be described by an interaction of the form (3.455); 4, and v, are now
replaced by +r, and .. The particle v’ whose mass is also consistent with zer::
turns out again to be left-handed (its antiparticle v’ is right-handed). For some
years it was generally believed that v and »’ were identical; however, motivated
by the experimental absence of u* — e* + & {which can be best understood if
v # »"), B. Pontecorvo and others proposed an experiment to test the assumption
that v is the same as »’. Noting that v’ also appears in

wt—— pt v (3.471)

(because x* can virtually disintegrate into a proton and an antineutron), we can
settle the question of the identity or the nonidentity of » and »' by examining
whether or not the neutral particle from pion decay (3.471) can induce a high-
energy neutrino reaction, that is,

v 4+ n—>e” -+ p. (3.472)
In 1962 M. Schwartz and collaborators established experimentally that (3.472)
is forbidden, while

vV+oan—pu +p (3.473)
is fully allowed for »” from pion decay; these experimental facts are in agreement
with the idea that » and v’ are different.

In general, you may introduce as many fields as you like without changing the physical
content, so long as the fields introduced are coupled to nothing.
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Pion decay and the CPY theorem. As a final example, let us make a comparison
between

e A (3.474)
and

xT—> e 4+ B (3.475)
It is appealing to assume that the interactions responsible for (3.474) and (3.475)
are the same in form as well as in strength, that is, the interactions are invariant

under
et > }Lt, - V', g o> 5, (3476)

lu addition it is reasonable to postulate that in (3.475) the field operators Yry
and 4, enter in the same combiuation as in nuclear beta decay, viz. in the com-
bination idrgysyi(l + gy i, [Which is also equal to —iveya(l -+ yshfn]. With
these two hypotheses, the interaction densities may be taken as

Ko = if i Z85 a1 + 7 4] + He, 3.477)
for (3.475) and
B = if 2 I [T (1 4 )] + He (3.478)
Int mMacdx, nYsYa ] (IS5 Bl > B

for (3.474). The constant f is assumed to be universal, that is, the same for both
(3.474) and (3.475); we have inserted the factor h/m..c just to make ( */4xhc) dimen-
sionless. Using the same argument as in A decay, we obtain the following for the
7-e process:

. . .
= “717 Fv’ff,h”c (CV "“22, )(v o )(/\/ mEc )[iﬁe%m(] + 5)0,]
1, ' 9 -p("hx']) [~,'p(ﬁ).xl _ t’p“”-x'] }’
X X L dt !dix Rm exp [1 — (cxp == E )

(3.479)
where we have suppressed the momentum and spin indices for the free-particle

spinors. The four-gradient acting on the pion plane wave just brings down ip{*/#;
because of energy-momentum conservation we get

I'Pﬁ”l?e%%(l + y5)v, = —ipfP il - 75w,
= —idy- p® + 7. pONI + 5,
= mycit (1 + )0, (3.480)
where we have used (3.388) and (3.390) with m, = 0. Let us now work in the rest
system of the decaying pion with the z-axis along the antineutrino mornentum
denoted by p. Using the explicit forns of free-particle spinors (cf. Eqs. 3.115and
3.384), we can easily verify that for p along the quantization axis,
(I + v)o(p) = 200%(p), (I + ¥s)v(p) =0 (3:481)

as m, — 0, which supports our earlier assertion that (I + yhj{"? creates right-
handesi antineutrinos only. The amplitude for the production of a right-handed
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(spin~down) electron with momentum p, = —p is proportional to
2 2
VT EERU A+ 7))
0

e o [mct+E, [mc?+E, ___Iple -1
=2 2E, 2, (0’1’0’ Ee+m‘,'c'7') 0

]
_Etme lple _ fmc (3.482)

T VE(E Fmeny  NTIE”

as m, — (0, where we have used

E, _(m — mde

Ipt= c 2m,

E, +|plc = m.c (3.483)

Note that the use of the normalization convention (3.389) does not cause any
‘rouble in the m, — 0 limit. For the other (left-handed) spin state of the electron
we can readily show that

@)1 + vs)ui’(p) = 0, (3.484)

which we could actually have guessed from angular momentum conservation.
(The pion is spinless and the orbita] angular momentum cannot have a nonvanish-
ing component along p.) The only other thing we must evaluate is the phase-space
factor

Ipidipl _ E|pl* _ Ef{m:— m)t
d(E, + E)~ mec® ~  dmic (3.485)

Collecting all the factors and using the Golden Rule, we finally get

1 - ( I? ) mymy, — mp)’c* (3.486)

H{n~ —>e” 1 v) \dmhc hm
Similarly
1 A [P \mi(mi — ml)c?
T —p ) (47rhc) * At ’ (3.487)

What is more significant, the ratio of (3.475) to (3.474) is

T~ —>e 47 _ (r_ni)"'(m,’,— m)?

D~ —>pu +7) \m,

Note that the muonic decay rnode is much more frequent despite the smaller
Q-value available; it is hard to beat the factor (m,/m,)? = 2.3 x 10°%,

Actually the fact that the transition probability computed with (3.477) is pro-
portional to m} is not surprising. To see this we first note that, if m, = 0, then

'&e')’s‘)’l(l + 'Yﬁ)"l’v = '&c(l - 'YS)'YS'Y/\"!‘\J
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would create only left-handed electrons. But the simultaneous creation of a left-
handed electron and a right-handed ¥ in pion decay is strictly forbidden by angular
momentum conservation. It is therefore expected that the amplitude for (3.473) is
proportional to m,.

Although the result (3.488) was first obtained by M. Ruderman and R. Fink-
elstein as early as 1949, only two years after the discovery of the pion, for a
very long time the experimentalists failed to find the electronic decay mode; the
quoted upper limit was an order of magnitude Jower thau (3.488). When it became
evident that the electron and neutrino eater in the combination Yreya(1 + o)
in beta decay and also in muon decay, the idea of describing pion decay by (3.477)
and (3.478) became so attractive that some theoreticians even said, “The experi-
ments must be wrong.” Truly enough, a nuinber of experiments performed since
1958 at CERN and other places brilliantly confirmed the predicted ratio (3.488).
We mention this example just to emphasize that the power of rclativistic quantum
mechanics in making quantitative predictions is not limited to the domain of
electromagnetic interactions.

As a by-product of our calculation we obtain

(f*fdrhe) = 1.8 X 107", (3.489)

when the observed pion lifetime is inserted in (3.487). So this is again an example
of “weak” interactions. We may also mention that a similar calculation with He
in (3.478) gives the following result:

P —> pt +v)) = D™ —> p~ + 9%) £ 0,
Tt —> pt +vh) =Tx~ —> p~ + 73) = 0.

This means that charge conjugation invariance [which demands Iz * — u* + »7)
=~ — p~ + by), etc] is violated as well as invariance under parity.

1t is very important to note that the equality of the #* and the =~ lifetime holds
despite the breakdown of charge conjugation invariance.

Following E. P. Wigner, we shall define the time-reversal operation which
reverses both momentum and spin. This definition of time reversal agrees with
our intuitive notion of the “reversal of motion.”§ Consider now the product

(3.490)

1The original calculation of Ruderman and Finkelstein was based on the parcity conserv-
ing interaction 7 f(R/m.cXdb./dx1)Fra7s71¢. The numerical result for the ratio of the
two decay modes is unchanged since

11}.,’)’5 'Y)L"{fu = %[{]}u’)’g’)’)‘(l + "/5)1fl'u + ‘pu'Ys'YA(! - ’Y5)1I/‘u].

and the calculation for the emission of a right-handed » proceeds in the same way as
that for the emission of a left-handed ».

§If the final state is not described by a plane wave, a much more careful discussion of
time reversal is needed. This is because time reversal interchanges the roles of an incoming
and an outgoing state. For a detailed discussion of time reversal in both nonrelativistic
and relativistic guantum mechanics, sce Sakucai (1964}, Chapter 4.
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Fig. 3-10. CPT operation applied to pion decay. The gray arrows indicate the spin
direction.

Table 3-5

TRANSFORMATION PROPERTIES UNDER CHARGE CONJUGATION,
PARITY, TIME REVERSAL, AND CPT

Q p J Helicity
Charge conjugation ~— + + +
Parity + — + —
Time reversal + ~ - +
CPT — + — —

1By charge conjugation we mean “particle-antipacticle conjugation.”

of charge conjugation, parity, and time reversal, denoted by CPT. The relations
(3.490) are completely consistent with invariance under CPT; the decay configura-
tion obtained by applying CPT is seen to be a physically realizable configuration
with the same transition probability (Fig. 3-10 and Table 3-5).

In the formalism- developed in this chapter, the invariance under CPT can be
regarded as a consequence of the use of a Hermitian Hamiltonian. (Actually the
pion decay interaction we have written turns out also to be invariant under CP,
the product of charge conjugation and parity, but it is easy to write down a Her-
mitian Hamiltonian that violates CP invariance; for example, the electric-dipole-
moment interaction of Problem 3-16.) In a more axiomatic formulation of quantum
field theory it can be shown that it is impossible to violate CPT invariance without
drastically altering the structure of the theory. The fact that a wide class of quan-
tum field theories is invariant under CPT was first demonstrated by G. Liiders
and W. Pauli; its physical implications have been extensively discussed by T. D.
Lee, R. Oehme, and C. N. Yang.§

§For a more complete discussion of CPT invariance see Nishijima (1964), pp. 329-339;
Sakurai (1964), Chapter 6; Streater and Wightman (1963), pp. 142-146.
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PROBLEMS
3-1. Prove Eq. 3.13.
3-2. Consider an electron in a uniform and constant magnetic field B along the z-axis.

3-3.

3-5.

Obtain the most general four-component positive-energy eigenfunctions. Show that
the energy eigenvalues are given by

E = /m’c* + ¢*p} + 2nehc|B]

withn = 0, 1, 2, ... List a]] the constants of the motion.

(a) Construct the normalized wave functions for E > 0 plane waves which are
eigenstates of the helicity operator. (The momentum p is not necessarily assumed
to be in the z-direction.) Evaluate the expectation values of X-p and jv,y-p
= B3-p, that is, [YtZ-Prdix = [ Pivsy-PYrd®x and [tivey P dix =
[ PE-phrdi.

(b) Construct the normalized wave function for an E > 0 transversely polarized
plane wave whose propagation and spin ({¥)) directions are along the positive
z- and the positive x-axes respectively. Evaluate the expectation values of ¥, and
sy, = B,

Let 4r(x, ) be the wave function for an £ > 0 plane wave.

(a) Show that vf(~Xx, 1) is indeed the wave function for the E > 0 plane wave
with momentum reversed and the spin direction unchanged.

(b) Show that iZ,J*(x, —1) is the wave function for the “time-reversed state”
in the sense that the momentum and spin directions are both reversed while the
sign of the energy is unchanged.

Consider the coupled two-component equations (cf. Eq. 3.26)

. D mc
L VHR) = — = HUI)
'ax“ (T” ¢ h 4) ’

. d mc

e LD L) = I AT

lax“ cP e 3 P,
o) = (o, 1), o) = (e, —i).

(a) Write the above wave equations in the form

(1 + v -o

v = P
ot f

Obtain the explicit forms of v/, and v; = v}v;viv) and check {v,, v} = 28,, for
#,v =1,...,5 Findaunitary S that relates the new (Weyl) set {vv}} and the standard
(Dirac-Pauli) set {v,} via v, = §v,57".

(b) Without using the invariance properties of the Dirac theory, disaugsed in
Section 3-4, establish directly the relativistic covariance of the coupled two-com-
ponent equations. In particular, find 2 X 2 matrices S“) and S¢ such that

rb(l'{, f,)'(xl) = S(R. L) ¢(H, L} (x),

where x and x' are related by a Lorentz transformation along the x,-axis. Discuss

where
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also the covariance of the coupled wave equations under parity; ¢®5(x") = ?,
where x’ = (—x, ict).
(a) Reduce

BP0 g (D) = [u (P )y, ()
to the form x¢"0x™ where ©™(p) and 1(p’) are positive-energy free particle
spinors and x® and x® are the corresponding two-component Pauli spinors.
Assume |p| =|p’|.
(b) The interaction of a neutron with the electromagnetic field can be represented
at low energies by the phenomenological Hamiltonian density

Ky = —(k|e| A/2muc) [} Fudropmwyrl, = —1.9],

Using the expression obtained in (a), compute the differential cross section for t' -
scattering of a slow neutron by an electrostatic field in Born approximatio:
Interpret your results physically. Show, in particular, that even a very slow neutron
can have an attractive short-ranged ((x)-like) interaction (known as the Foldy
interaction) with an electron. Show also that if this interaction is represented by
an equivalent spherical potential well of radius ry = (e*/4nmyc?), then the depth
of the potential is 4.08 keVv.}

Using the uncertainty principle, N. Bohr argued that it is impossible to prepare
a beam of free electrons with all spins pointing in the same direction by means
of a Stern-Gerlach type experiment or, more generally, by a selection mechanism
that takes advantage of the classical concept of a particle trajectory.§ Justify Bohe's
thesis from the point of view of the Dirac theory of the electron. Would this still
be true even if the electron had a large anomalous magnetic moment ?

Consider the unitary operator

_ [m& +]E Ba-pe
U=N"31ET t 7TTE e TTED)

where | E{ is to be understood as a “square root operator,” ./cZp? + m2c%, which
just gives 4/[p [Fc? + m¥c* as its eigenvalue when it acts on the wave function for
a free-particle plane wave.

(a) Show that the application of U to the wave function for a positive- (negative-)
energy plane wave results in a wave function whose fower (upper) two components
are missing.

(b) The above transformation (first considered in 1948 by M. H. Pryce[l) can be
regarded as a change in the representation of the Dirac matrices. Show that the
operator in the usual representation that corresponds to x in the new representa-
tion is

X = ichBae _ _ichBlee x p)p _ _ ch(a X p)
=X T FE] T ITEF(E + me) T ZIETQE| F mc)

(The operator X is sometimes called the mean position operator.)

tAlthough the Foldy interaction is much weaker than the nuclear interaction, it can be
detected experimentally as thermal neutrons are scattered coherently by high-Z atoms,
§The original argument of Bohr can be found in Mott and Massey (1949), p. 61.

[ This transformation is a special case of a class of transformations considered extensively
by L. L. Foldy and S. A, Wouthuysen, and by S. Tani.
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(c) Prove

X = +c?p/| E|.
{Note that the expression for X is free from Zirterbewegung, but the nonlocality
of X is the price we must pay.)

At some instant of time (say, ¢ = 0) the normalized wave function for an electron
is known to be

eimTi/h

o o D

=L
’\]/‘(X, 0) - «/V
d

where a, b, ¢, and d are independent of the space-time coordinates and satisfy
{al? +|b]* +|c|® +1d}* = 1. Find the probabilities of observing the electron
with (i) E > 0 spin-up, (ii) £ > 0 spin-down, (iii) £ < 0 spin-up, and (iv) £ <0
spin-down.

Consider a Dirac particle subject to a (three-dimensional) spherical well potential

V)= —Vo<0 for r<r,
Viry=90 for r>r,

(a) Obtain the exact four-component energy eigenfunctions for j = § (“even”)
bound states, where “even” means even orbital parity for the upper two components.
(b) Set up an equation that determines the energy eigenvalues.

(¢) What happens if the strength of the potential is increased so that ¥, becomes
comparable to or larger than 2mc®?

Discuss how the numbers of nodes of the radial functions G(r) and F(r) of the
hydrogen atom are related to the quantum numbers n, j, and /.

Consider a positive-energy electron at rest with spin-up. Suppose at ¢ = 0 we
apply an external (classical vector potential) represented by

A = fiya cos ot

(where a is space-time independent, and fi; stands for a unit vector in the positive
z-direction). Show that for ¢ > 0 there is a finite probability of finding the electron
in a negative-energy state if the negative-energy states are assumed to be initially
empty. In particular work out quantitatively the following two cases: hw < 2mc?
and ho =~ 2mc?.
(a) Prove

4

T PEE) = T IOCEE) + o (- (D)l
= es (| Elfme?).

{b) Using the above relation, prove the equal-time anticommutation relation
between ra(x) and ri(x) (3.409).
Consider an allowed pure Fermi 8* decay. Only the vector interaction contributes,
and it is legitimate to replace v, by v;. Without using the trace techniques to be
introduced in the next chapter show that the pesitron-neutrino angular correlation
is given by

1 + (v/e)e coS B,
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where 6 is the angle between the momenta of e* and ».§ Compute also the expecta-
tion value of the positron helicity, and interpret your result, using angular momen-
fum conservation.

We showed in Section 2-3 that in atomic physics, favored radiative transitions
take place between states of opposite parities, that is, parity must change. Mean-
while, we know that the fundamental electroinagnetic interaction conserves parity.
Resolve this paradox.

(a) Suppose the electron had a static electric dipole moment analogous to the
magnetic moment. Write a Hamiltonian density that represents the interaction
of the electric dipole moment with the electromagnetic field and prove that it is
not invariant under parity.

(b) Show that the electric dipole moment interaction would lead to a mixing
(in the quantum-mechanical sense) between the 2si and 2p} states of the
hydrogen atom. From the fact that the observed and the calculated Lamb shift
agree within 0.5 Mc, obtain an upper limit on the magnitude of the electric dipo! .
moment of the electron. (Caution: the relevant matcix element vanishes if the
nonrelativistic wave functions for 255 and 2 p} are used.)

1Because v,u(p) = u(—p), it is easy to see that the angular coefficient would be just op-
posite in sign if the interaction were scalar. Historically the vector nature of Fermi transi-
tions was first established by J. S. Allen and collaborators, who showed that the positron
and the neutrino tend to be emitted in the same direction in the 8* decay of 4% (almost
pure Fermi).



CHAPTER 4

COVARIANT PERTURBATION THEORY

4-1. NATURAL UNITS AND DIMENSIONS

In relativistic quantum theory it is most convenient to use units in which action
(energy times time) is measured in k, and length divided by time is measured in c.
This system of units is referred to as natural units. When we work in natural units
(as we shall for the reinaining part of this book) the symbo! m, may mean not only
the electron mass but also any one of the following:

a) reciprocal length

1 _ 1
m,(_ h/m,,c) T 386 x 100 Tem’ 4.0
b) reciprocal time
1y 1 )
m‘,(_ h/m‘,c“) T 129X 107 sec “42)
c) encrgy
my(= myc?) = 0.511 MeV, 4.3)
d) momentum
my(== myc) = 0.511 MeV/e. 4.4
In natural units the fine-structure constant is simply
- |
R R kI .5)

In the “pure” electrodynamics of electrons and photons, apart from m, there
is no other coustant that has the dimension of mass or reciprocal length. So, from
purely dimensional considerations, we may argue that the cross section for any
electrodynamic process which is of order * in the amplitude must be of the order of

052 ez 21 . ,

E:‘: = (:‘;) ;12 = Ty, {4.6)
ro being the classical radius of the electron. Indeed, apart from the numerical
factor 87z/3, (4.6) is precisely the Thomson cross section computed in Chapter 2.
Working with a and m,, we can form other constants which are familiar from
atomic physics. For instance, the Bohr radius is given by

a9 = 1/dmey (4.7)
so that
]

N S 1.
au.r—n—“.ro_ul37.l.r—7- (4.8)

The Rydberg energy is simply
Ry.=a'mJ2 =13.6eV. 4.9
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In high-energy physics a typical energy scale is set by the rest energy of the pion,

{139.6 MeV for »*
m, =

135.0 MeV  for ° (4.10)

A typical length is then given by
1/m, = /2 x 10" ¢cm, (4.11)

which is accurate to 0.07 9 if the charged pion mass is used. Since the dimen-
sionless constant analogous to « is of the order of unity in strong-interaction
physics, a typical cross section in collisions of strong-interacting particles is ex-

pected to be
1/mi =2 x 1072 cm? = 20 mb, (4.12)

which is, in fact, roughly equal to the total cross section for z*-p collisions at high
energies. Suppose there is a short-lived state that decays via strong interactions.
The decay width of such a short-lived state must be of the order of the pion rest
energy. As an example, we may mention that the decay width of the 750-MeV
p meson is about 100 MeV .1 A decaying state whose decay width is 100 MeV has
a mean lifetime of 6.58 X 10~* sec, which is a typical time scale of strong inter-
actions. As we mentioned in Section 3-11, the square of a weak-interaction coupling
constant is smaller than that of a strong-interaction coupling constant by a
factor of about 10'%. As a result, the time scale characteristic of weak interac-
tions is about 10 X 6.6 X 10~% sec. Indeed the mean lifetimes of particles like
K mesons and A hyperons are in the vicinity of 107® to 107*° sec.

In any practical calculation we can work with £ == 1, ¢ = | throughout. At
the very end of the calculation we may insert, if we wish, the numerical values for
A and c in the appropriate places to make the dimension right. In going from
natural units to the usual units all we need to remember are:

h = 6.58 x 10”22 MeV-sec, (4.13)
and
he = 1.973 x 10" MeV-cm. (4.14)

For instance, take the example of Z° decay (3° — A + w), which the reader may
have worked out in Problem 2-5. The mean lifetime in the system of units used in
Chapter 2 turns out to be

2
- e @1

tMore quantitatively, if the p decay interaction (p° — =+ + =) is represented by
E adt
K = g (‘ﬁ:ﬂ Ix, Pen — a(ﬁf: ¢cn>
where ¢y, ¢ar, and $tx ate the field operators for p° =, and =+, then we can show

2 2 232
P — * + ) = (£) 2 1231':!’ e

which gives (g%/4n) = 2 when " = 100 MeV,
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If we compute the same quantity using natural units, we, of course, get
w(m, -+ ms)?

= _(__f\eylzrﬁ), (4,16)
Now k may mean the wave number of the photon E,/hc, the photon energy E,,
the photon momentum E,/c or the photon angular frequency w = E,/h; likewise
my may mean myc®, (hfm,c)™* or (h/m,c*)"'. But we need not worry about all this.
All we should note is that when m,, my, and k in the formula (4.16) are expressed
in MeV, we must muitiply the right-hand side of (4.16) by h = 6.58 X 10-?* MeV-
sec to make the expression dimensionally correct. Noting that (m, + my)c® = 2307
MeV, and E, = 74.5 MeV, we obtain

_ ]_31(2307 Mz:V)2 6.58 x 107** MeV-sec
- 74.5 MeV 74.5 MeV

4
It is a complete waste of time to keep track of all the A and ¢ at each stage of the
calculation, to convert the value of the hyperon mass in grams, or to express e in
terms of (gram)'”(cm)**(sec)?, etc. It is so easy to get numbers if we just work in
natural units.
To conclude this section we shall make a few remarks on the dimensions of the
field operators. The Hamiltonian density 5# or the Lagrangian density ¥ must
have the dimension of energy divided by volume:

[#] = energy/(length)® (mass). (4.18)

In the free-field Lagrangian density the boson field ¢ (or A) appears in the form
(@pjox,)®, (mefh)* ¢, [(1/c)oA[o1}%, etc. This means that

[$] = energ}'/length———-—+""‘“'"' %, mass. (4.19)

Note that ca/1/2wV which appears in the plane-wave expansion (2.60) indeed
has the dimension of ~/energy/length which is expected since the creation and
annihilation operators defined in Chapter 2 are dimensionless. According to
(3.360) the Dirac field 4 appears in the Lagrangian density as hyry,(24/dx,) and
me?Jmjr. Hence

=~ 29 x 107 %sec. (4.17)

natitral units

[} = ~/Tf(lengthy ~22220" (mass)”. (4.20)

Note again that ~/mc?/EV which appears in the plane-wave expansion (3.392)
is dimensionally correct since the creation and annihilation operators as well as
the free-particle spinor u®™(p) are dimensionless. In constructing interaction
densities it is worth remembering that expressions like iy, 4, and ¢ automati-
cally have the dimension of the Hamiltonian density in natural units, while an
expression like ¢’ must be multiplied by a constant that has the dimension of mass.

4-2, S-MATRIX EXPANSION IN THE INTERACTION REPRESENTATION

Interaction representation. In this chapter we wish to discuss a variety of physical
processes assuming the validity of perturbation theory. The usual time-dependent
perturbation theory used in Chapter 2 is not too convenient for treating processes
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involving relativistic particles because neither the space-time coordinates nor the
energy-niomentum variables appear in a covariant manner. It turns out that within
the framework of the Hamiltonian formalism manifestly covariant expressions for
transition matrices can be most readily obtained if we use a representation known
as the interaction representation. The utility of this representation in quantum field
theory was first recognized by S. Tomonaga and by J. Schwinger in 1947.

In the usual Schrédinger representation the time development of a state vector
D(1) is given by the Schridinger equation

i(@PD 1) = HOP®, @.2n
where the superscript (S) stands for Schrodinger. We can split #® into two parts,
H® = HE 4 HY, @22

where H§" is the Hamiltonian in the absence of perturbation, and H§? stands for

the perturbation Hamiltonian. In field theory H{" is taken to be the free-field

Hamiltonian while H{? is the space integral of the interaction Hamiltonian density,
Consider now the transformation

(1) = e,

O(t) = 4§ 0® =11, (4.23)

where O® is an operator in the Schrédinger representation. The above transfor-
mation can be regarded as a change in the representation~—from the Schrddinger
representation to what is known as the interaction representation. The symbols
@ and O which have no superscripts stand for the state vector and the operator
in the interaction representation which correspond respectively to ®® and O®
in the Schriodinger representation. The time development of (1) is given by

2L R R Y (S P
$95 == [ IHP U PE) - 7
a1 [’ 0 + a2t
— __H'gS)em&-‘)i(D(S) 4+ L,m‘()sh(H‘()S) + H([;))e—m‘(;‘)t e“"gs)‘d)(s)
= H,d, (4.249)
where H, is the perturbation Hamiltonian in the interaction representation. Mean-
while, noting that O® and O coincide at t = 0, we have

O(ty = "5 0(0)e=+, (4.25)
from which foltows the equation of motion for O,
O == i[Hl(]S)’ 0] = i[Hoy 0], (426)

since H{¥ and H, are identical. It is amusing to note that (4.24) would give a
constant state vector just as in the Heisenberg representation if H, were zero
and that (4.26) resembles the Heisenberg equation with H, replacing the total
Hamiltonian. We could have anticipated all this, since the transformation (4.23)
would be identical with the familiar transformation that relates the Schrodinger
representation to the Heisenberg representation if H§" were replaced by H®™,
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The differences among the three representations are summarized more sys-
tematically as follows:

a) Inthe Heisenberg representation the state vector is completely time independent,
whereas the operator which is time dependent satisfies the Heisenberg equation.

b) In the Schrodinger representation it is the state vector that carries the entire
time dependence.

¢) In the interaction representation the time dependence is split into two parts: the
time dependence of the noninteracting systems is carried by the operators, while
the remaining part of the time dependence due to the interaction is taken up by
the state vector. For this reason the interaction representation is sometimes
referred to as the intermediate representation.

In quantum field theory the field operator in the iuteraction representation
satisfies the equation of motion (4.26) which involves H, only. This means that the
field operator satisfies the free-fle/d equation even in the presence of the interaction
provided that we use the interaction representation. This is indeed gratifying since
from the previous chapters we already know a great dcal about the explicit forms
of the free-field operators. We can, for instance, use the plane-wave expansion
(3.392) for the electron field.

As for the interaction Hamiltonian, H, differs from H in that the field oper-
ators occurring in H, are time-dependent free-field operators.

U-matrix and S-matrix. We now propose to obtain a formal solution to the differ-
ential equation (4.24). First, let us define an operator U(t, 1,) by

O(1) = U1, 1) D(t), 4.27)
where ®(1,) is the state vector that characterizes the system at some fixed time 1,

Clearly we have
U(te, 1) = 1. (4.28)

Equation (4.24) is equivalent to
i(2/20) U, t)) = H,()U(1, to). (4.29)

But the differential equation (4.29) and the boundary condition (4.28) can be
combined to give a single integral equation

3
Ut tg) =1 — i j[ dt H,()U(1, 1,). (4.30)
Let us solve this by the well-known iteration procedure. We have
t by
=1~ if dt,H,(t,)[l — i duH () UG n,)]
‘ b
=]~ iL' dt, Hy(y) -+ (i) J[" dt, J:. dt, H (1) H (1) + - -
¢ N In-1
+ (—1) L dn, L dt, L dty Hy (L) H (1) - Hy(ty) + -+ (4.31)

They physical meaning of U is as follows. Suppose the system is known to be
in state i at 1, The probability of finding the system in state f at some later time ¢
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is given by
[{P | U, 1) PO = | Upnlt, o). (4.32)

The average transition probability per unit time for i — fis
1 .
W= r—r [Upndt, to) — 85I, (4.33)
[

since the “1” in (4.31) would be present even if the interaction wereabsent. Although
this ratio has a rather complicated time dependence when the time interval t — ¢,
is small, it approaches a definite limit as #,— —oo and 1 — -0, as we shall see
explicitly in working out actual physical problems in the next section. This moti-
vates us to define what is known as the S-matrix by

S = U(co, — o). (4.34)
Fromi (4.27) we see that the S-matrix connects P(co) and ®(—oo) according to
P(c0) = SP(—o0). (4.35)

The explicit form of the S-matrix can easily be read from (4.31):
S=S0 4 SO L SO L §& 4 ...

=1—i " B - i [T dnHWHw) +

i [T [ dt o [T A A - @) e (@3

Whether or not the expansion (4.36) is useful depends on the strength of the
interaction. In quantum electrodynamics the S-matrix expansion turns out to
converge rapidly so that we can obtain results that agree extremely well with
observation just by considering the first few terms; this, of course, is because the
dimensionless constant « is small compared to unity. In the realm of strong-
interaction physics, however, the situation is not so fortunate because the relevant
expansion parameter is of the order of unity.

At this stage it is perhaps of some interest to discuss the connection between the
formalism developed here and Dirac’s time-dependent perturbation theory ex-
tensively used in Chapter 2. First, let uslook at the formula (2.107), which describes
the time development of the coefficient ¢,(f). We may imagine that the ¢;forma
column matrix that corresponds to the state vector & in the language of this sec-
tion; the differential equation (2.107) is then seen to correspond precisely to (4.24).
The coefficient ¢,(¢) is nothing more than the matrix element of the expansion
(4.31) taken between the initial (k) and the final (j) state; ¢{” = 8 corresponds to
the leading term, 1, of (4.31); c§"(¢) given by (2.109) is readily seen to correspond
to the second term in the expansion (4.31) with ¢, = 0 if we recall that

GIHOIEY = (e HP et |k
— <]|HS%)I k>ei(lh—lim. (437)
A similar remark holds for higher-order terms. From this point of view the basic
idea of interaction representation is as old as Dirac’s time-dependent perturbation
theory.
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There is, however, an important difference between the perturbation method
we learn in nonrelativistic quanturn mechanics and the perturbation method we
shall develop in this chapter. In the nonrelativistic theory, using (4.37), we first
integrate over f,, t, etc. in (4.36) to obtain a transition matrix T, that goes as
follows:

Sy = 8y — 2iS(E; — E)Tp, (4.38)
SHE
L nt .
Tr=HY + 3 E_,Lﬁw-‘ S (4.39)

(where we have assumed for simplicity that H® is time independent) and sub-
sequently pcrform a space integration of the type

HEy = (1/1) [ e HOe> dx, (4.40)

etc. This is not how we shall proceed in this chapter. Instead, we propose to per-
form the space and time integrations simultaneously in a covariant manner. As a
result, it becomes possible to obtain a manifestly covariant expression for the
transition matrix even though neither the basic equation (4.24) nor the expression
for the interaction Hamiltonian

H = _[;i”m dx (4.41)
is covariant. We shall see how this method works in the following sections.

Unitarity. We shall finish this section by discussing the unitarity property of the
S-matrix:

St=1, (4.42a)
St =1, (4.42b)
or equivalently
E anan = th (4.433)
% SkeSn = 8y (4.43b)

Although there are several ways of proving this important property, we present
here a straightforward proof (to second order) based on the explicit form of
the S-matrix expansion (4.36). We assume that K, is linear in sorne coupling
parameter A; for instance, in the case of

H[ = —ief%“qf/““ d*x
the parameter A is just e itself. The expansion (4.36) can then be regarded as a
power series in A; S© varies as A° = 1, §™ as », §® as A%, etc. Meanwhile the
unitarity equation (4.43a) can be written as

S SHA SR SHA ISR+ SR A SR+ ) =8 (444)

This must hold as an identity relation for any value of A. So the coefficient of
each power of A on the left-hand side of (4.44) must vanish if the nnitarity relation
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is to be satisfied. Thus

% SOSE — 8, =0, (4.452)
5 (SASH + SOSH) =0, (4.45b)
T (SOSR* 4+ SASH®) + T SUSH* =0, (4.45¢)

etc. The first expression (4.45a) is trivially satisfied, since
SP=208m, SR* =8 (4.46)

Because of (4.46) the unitarity relation to order A (4.45b) now becomes

i acil @l =i [T ks Ry = 0. @.47)

This is satisfied provided that X, is Hermitian.

Ip=1y

1y-axis 15-axis =t

ty-axis ty-axis

(a) (b)
¥ig. 4-1. Region of integration in (4.49) and (4.50).

Before we proceed to prove (4.45c) we must prove a very important identity
for SO

5O = (—if [ an " duH ) H,w)
= =iy [__dn [ dnHi() Hy(n). (4.48)
To prove this we rewrite the first form by interchanging the variables of integratior
s = (=i¢ [ an | A_'.,. dt, H () Ho(1). (4.49)
We are supposed to fix t, and integrate over f, from —oco to t,; we then integrate
over t, from —oo to oo, This means that in a two-dimensional 1, plane we must

integrate H,(1;) Hy(1,) over the region above the line 7, = ¢, as indicated in Fig.
4-1(a). But it is clear from Fig. 4-1(b) that we can write (4.49) equally well as

SO = (—i)? [ :_ dn, j :" Aty Ho () H(1), (4.50)

which proves (4.48). We shall call the first and the second forms of (4.48) respec-
tively “Form 1” and “Form 2” for S®.
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Using this important identity for $*2 and (4.47) already demonstrated, we see
from (4.45c) that in order to prove the unitarity relation to second order in A,
it is sufficient to prove that

s 7 aksimminy |7 a1

= | [ anf anci Hiy a1 + 7 anf” a1 E@D],

(4.51)
where we have “Form 2” for S2* in (4.45¢) and “Form 1” for S% in (4.45¢).
Using the hermiticity of H,(r) and inserting a complete set of intermediate states
Z In>{n|=1 between H,(t,) and H,(1,), we readily see that the right-hand
side of (4.51) is reduced to

S| [ anrm@inainmin, @)

which is the same as the left-hand side of (4.51). This method can be generalized
to pruve that the S-matrix is unitary, in the sense of (4.43a), to all (finite) orders.
A similar proof can be carried out for (4.43b).

To understand the physical significance of the unitarity property we have just
verified to second order let us go back to the probabilistic interpretation of the
U-matrix given earlier. Suppose the system is certain to be in state / at 7 = —oo.
According to (4.32) the probability of finding the system in some particular final
state fat t = oo is then given by | S(|*. When we consider all possible final states,
the sum of the probabilities at # = co must add up to one:

? [SyHP =1 (4.53)

This requirement is guaranteed if the S-matrix is unitary. As we emphasized in
Chapter 3, in relativistic quantum mechanics the probability density of observing
a single given particle integrated over all space is no longer constant since particles
are freely created or annihilated. For instance, when we start with e* 4 e~ with
momenta p and —p, a possible final state may be not only e* + e~ with p’ and
—p' but also 2y, 3y, e* + €~ 4w, etc. Yet probability conservation still holds
in the sense of (4.53) provided we include in the sum all possible states into which
the initial state can make energy-conserving transitions.

We would like to emphasize the role played by the hermiticity of the interaction
Hamiltonian in proving the unitarity relation for the S-matrix. Conversely, we
might argue on the basis of (4.47) that probability conservation in the quantum
theory demands that the interaction density be taken to be Hermitian. In fact, we
can take probability conservation or the unitarity requirement as the starting
point. Assuming that $ is given by —i times the time integral of H,, we may
ask how §® must look if unitarity is to be satisfied. In this way, instead of deriving
the S-matrix expansion from the Hamiltonian formalism, we may derive the S-
matrix expansion from the unitarity requirement for the S-matrix and a few other
general principles. This approach, advocated particutarly by N. N. Bogoliubov
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and collaborators is an interesting alternative point of view, but we shall not
discuss it any further.t
In terms of the T-matrix defined by (4.38) the unitarity relation reads

H(Tp = T8) =2 5 8(E; — EDT % T (4.5,

From this refation it is possible to derive the optical theorem which relates the
total cross section to the imaginary part of the forward scattering amplitude (cf.
Eq. 2.219). Since the derivation of this important theorem from {4.54) is treated
in most modern textbooks on nonrelativistic quantum mechanics, we shall not
give it here.§

A somewhat different application of the unitarity principle will be discussed in
Section 4~7 where we shall show how (4.45¢c) can be used to relate vacuum
polarization to pair production by an external field.

4-3. FIRST-ORDER PROCESSES; MOTT SCATTERING
AND HYPERON DECAY

Matrix element for electron scattering. We are now in a position to apply the S-
matrix formalism developed in the previous section to concrete physical problems.
Consider first the simplest problem in relativistic quantum mechanics, the scat-
tering of a relativistic electron by an external (unquantized) potential. Although
this problem can be treated in an elementary manner just as well by the usual
Born approximation method (cf. Section 3-5), we shall deliberately use the language
of quantum field theory to illustrate some of the techniques and formalisms which
will be useful for tackling more complex problems.
As in the unquantized Dirac theory, the basic interaction density is taken as

Howe = — ey AL, (4.55)
where 4 stands for an external (unquantized) potential. For example, 4{(x)
may be a time-independent Coulomb potential
A=0, A, = —ieZ[dnr 4.5
generated by an infinitely heavy nucleus (assumed to be fixed in space) or a time-
dependent three-vector potential
A = (0,0, a cos wt), Ai=0, 4.57)

where a is space-time independent. Although the form (4.55) is familiar, we have
to be a little careful with what is meant by the expression Jry,r. First, let us rewrite
it, using the decomposition (3.417):

Yo = (P A PN (Vda (P + ),
= (Y ap (PEOPE? + POPE) + P 4 FOPE). (4.58)

1See Bogoliubov and Shirkov (1959), pp. 206-226.
§Merzbacher (1961), pp. 495-499; Messiah (1962), p. 866.
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As we explained in Section 3-10, the current operator must be so constructed that
its vacuum expectation value vanishes. This requirement is not satisfied by (4.58)
because (Y6, is infinite. However, the expression

(Vi dan(PEIPE? 4 POIPE? — PP + OPE), (4.59)
which differs from (4.58) only by a c-number function (v,)as{¥8, 415}, does
satisfy the required property since 4" acting on the vacuum state vanishes. In the
literature, to distinguish (4.59) from (4.58) one often denotes (4.59) by : Jry,fr:.
We shall not use this notation but always understand ry,+r to be (4.59) rather than
(4.58) whenever ambiguities anse. The physical meaning of each term of (4.59)
has already been discussed in Section 3-10. We merely recall that the first term
dest-oys an electron-positron pair; the second destroys an electron and creates an
elecivon, hence it is appropriate for describing electron scattering; the third de-
stroys a positron and creates a positron (positron scattering); and the fourth
creates an electron-positron pair. The four possibilities are schematically shown
in Fig. 3-8.

To compute the transition amplitude from state i to a particular final state f,
we must consider S, — 8, since the leading term S® = | simply represents the
amplitude for a physical situation in which nothing new' happens. Since S, — 8,
is just S to lowest nonvanishing order, we consider

§t = i, | —ie [ dx o

where the four-dimensional integration is over all space and time. In our particular
problem, P is an electron state with p = (p, IE) and s; ®; is also an electron state
with p' = (p', iE’) and . Denoting by b* and b'* the corresponding creation
operators, we have

<I>,>, (4.60)

O =b{0), D, =bt|0D. (4.61)

It is intuitively obvious that out of the four terms in (4.59) only ¥{’ ¢4 contrib-
utes. This can be verified rigorously. Take, for instance, J{"«§". A typical
matrix element will look like <0 |¥ db"bt|0) so far as the creation and annihila-
tion operators are concerned, where we have denoted a typical electron annihila-
tion operator contained in g by ", a typical positron annihilation operator in
T by d. But '

0b'db"bt| 0> = (0]b'b"'b'd|0> = 0, (4.62)

since the positron annihilation operator 4 acting on the vacuum vamishes. Thus
it is wufficient to consider the J{§” term only. Furthermore, we claim that it is
legitimate to replace Yo by A/ m/EV bu®(p)e'™ =, 7 by o/ mfETV B ut) (p)e 17",
To prove this rigorously, let 5 and 5% be a typical annihilation and a creation
operator contained in (") and {" respectively. We must consider

<0 |b4b111+b:/b4 I 0> — <0 l{b’: b””}{b”, bi” 0>’ (463)

which vanishes if the momentum and spin indices of an annihilation operator
(creation operator) in (7)) do not coincide with those of the initial (final)
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electron. Thus, in the language of quantum field theory, the lowest-order scattering

is viewed as the simultaneous annihilation of the incident electron and creation of

the final outgoing electron at the same space-tinie point at which the potential

A is operative. This is shown schematically in Fig. 4-2(a). In contrast the second-

order amplitude, whiclt we shall not consider here, is represented by Fig. 4-2(b).
The anticommutator {6, b*} in (4.63) is unity

when the momentum and spin indices of b"

coincide with those of b*. The case is similar X
for {b', &"'*). So we flnally get x
R P%
(l —— —— 4 i S ~1p'eT
SQ eJ.d [,/ Vu (p')e ]
X 7”[1/E—7u(’)(p)e‘”"] ADO(x). (4.64) @ (b)

e . Fig. 4-2. Scattering of an electron
Specializing now to the Coulomb potential by an external potential.

case (4.56) and abbreviating #7(p") and
u®)p) by # and u, we obtain
Ze?

SO = —2mid(E — E )[ 7 [ ry.u], (4.65)
where we have used
[ atxap e = 2m8(E — E) [ dix(—izZefamr)eto-or
= —2iS(E — E')(Zeflp — p' ). (4.66)

The results (4.64) and (4.66) are precisely what we expect when we solve the proh-
lem in an elementary manner using the Born approximation method (cf. Sectics:
3-5).

The transition probability is [ S¢}]* divided by the time interval 7 — ¢, that ap-
pears in (4.33). If we naively square (4.65), we get the square of the 8-function that
expresses energy conservation. The meaning of this can be understood if we set
t = Tj2, ty = —T/2, and let T — oo. By the 8-function in (4.65) we actually mean

T2
8(E' — E) = lim (1/2) j L CEE (4.67)

But this evaluated at E' — E = Qs just 7/2z. We therefore set}
|2r8(E" — E)|? = 2xTS(E’ — E). (4.68)

tA more “rigorous” way of proving (4.68) is given below:
T2 . 2
[SE — E) = Iim‘ 1ox —j " et d:|
e =¥

oy | sin [(E' — EYT/21}?
=lm S EF—E

= (T2 E — E),

where we have used (2.115).
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Because of this, | .S, [?/T is seen to be independent of T. To get the differential
cross-section element into d{), we must multiply |5,;[*/T by the phase space
factor and divide by the incident flux density which, in this case, is just |p|/EV.

Thus
_ LM[W’P'] EV
do = L5 H 5\ (Gor)

Z'e ot |T9ul s g o
~Zle m' | @y —E)d
= Epllp—p o~ B

Z2e'm® | yul? 40
~<Lem Wyl gq, 4.69
i Tp— T R
where we have used
2
dSE — E) = B0 a0
POE = E) = GEammD

= |p| EdQ, (4.70)
with [p'| = [p].

Spin sum and projection operator. The problem is now reduced to that of evaluating
{&'ry,ul*. For a transition from a particular momentum-spin state to some other
momentum-spin state we may use the explicit forms of the free-particle spinors,
just us we did in discussing weak interaction phenomena (cf. Section 3~11). Quite
often, however, we are not interested in the transition probability into a particular
spin state, since what is readily observable is the angular distribution of scattered
electrons without any regard to their spin orientations. We must then sum over
the final spin states. This spin sum can most readily be performed using a trick
originally introduced by H. Casimir. First, recall that|#' v, v |* really means

fi' ot = wopyryatd Wy u
= ﬁB(')’d)B‘l ufr ﬁ;’(’)’t)ﬂauw (471)
So we must evaluate the spin sum 3%, ¥ @)a$’(p’). To do this we take ad-
vantage of the following matrix relation:

2 0@ = [(—iy- p -+ m) 2y, @.72)

The proof of this relation goes as follows. First, for the free-particle spinors that
represent the electron at rest, we have

1 (0
2 _ 0 1
T ut0)a(0) = 0 (1 0 0 0)4 0 o I 00
3=l
0 0
i 0
1
_ vl _mytm
- o =S = (4.73)
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Now consider the “inverse” Lorentz transformation of Section 3-4 (cf. Eq. 3.165)
which “boosts” the electron at rest.

H9(0) > UO(p) = Spku(0),
a™(0) — u®(p) = #*Y(0)SLor-

Multiplying (4.73) by St from the left and by Sy, from the right, we readily
obtain (4.72) with the aid of

(4.74)

StaviStor = s cosh x — iy-Psinhy
(cf. Eq. 3.139). The matrix (4.72) can be regarded as the projection operator for the
electron spinor ¥®(p) in the sense that when it acts on u®(p), we merely obtain
u)(p) itself, whereas when it acts on the positron spinor »*X(p), it gives zero.
This is evident from (3.391). It is not difficult to show that the analog of (4.7!) for
the positron spinor is

. .
OV D) == — (1P m) R

Z @@ ( T )es (4.76)
where p is the momentum-energy four-vector of the physical positron state (not
that of the negative-energy electron state whose absence appears as the positron
state). Note that

2
Z 2@Ee) — v@) @] = Sea- .77
(Contrast this with Problem 3-13.)

Cross section for Mott scattering. Let us go back to electron scattering. We may
further suppose that the incident electron beam is unpolarized. We can then sum
over the initial spin states using Casimir’s trick once again and divide by two.
So we are led to consider

E Zl#yul = ':‘12' T B() (7 )y 45 (B ) (0 XY Do (P)
1 v+ m —iy:p+m
Loon(FEE) o (g
1 —iy-p'+m —iy-p+m
- 7“[%( ()]
= (1/8m*)Tr{(—iv- p" + m —iy-p + m)), (4.78)

where the symbol Tt stands for the “trace” (the sum of the diagonal elements)
and p" is defined by
p=—p, P =pi. 4.79)

To evaluate a trace of this kind it is useful to note that for any pair of four-vectors
a, and b,, we have

Trl(y-a)y-b)] = Trl(y-b)y-a)] = 4a-b. (4.80)
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This can easily be proved since
Yuuyob, + v, byy,.a, = 28,,a,6, = 2a-b, (4.81)
and
Tr(l) = 4. (4.82)
Recall also that the y-matrices are traceless so that a term like Tr(y- p) vanishes.
Quite generally the trace of the product of an odd number of y-matrices vanishes
as we can prove most elegantly, using s which anticommutes with every v, (i =
1,2,3,4):
Tr(yus -+~ Yovp) = Tr(vivurys - - Yo'Yp)
odd number = Tr(r\hry“p’v - qupqs)
= —Tr(vave = Yoe)- (4.83)

Thus

1 ~ 1 ’
5 ); ? [# oy ul? = W(—‘W’ -p +4m?)

= i;?ln‘2(4p~p’ + 4E* 4 4m?)
- '_nl.i(E’ —IpF sin? _‘2’_) (4.84)

Collecting everything we obtain the differential cross section for the scattering of
unpolarized electrons:

i‘z».-_].' 2__§f__(_z'zi’
70 = 7@ Grameml! — s 7) (4.85)
where we have used

[p—p'[F=4[pfsin®(9/2), B=|plE (4.86)
It is seen that, as v — 0, Eq. (4.85) is reduced to the famous Rutherford cross
sectiont

dé\ 1 (Za)
(58) = + o IR ¢.37)

It is also interesting to note that for the scattering of the charged Klein-Gordon
particle we simply have (4.85), with the 8% sin® (§/2) term omitted, as the reader
may easily verify.

The problem we have been treating was discussed, in 1929, withaut recourse to
perturbation theory by N. F. Mott using an E > m Coulomb wave function
(involving hypergeometric functions) obtained earlier by W. Gordon and C. G.
Darwin. For this reason the scattering of a relativistic electron by a Coulomb
field is referred to as Mott scattering.§ Our perturbative treatment is expected to
be valid at sufficiently high energies with relatively low values of Z, or more quanti-
tatively for Z/(1378) < 1.

1Goldstein (1951), p. 84; Merzbacher (1961), p. 228.
§The reader who is interested in the nonpertuchative treatment of Mott scattering may
consult Mott and Massey (1949), pp. 78-84.
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Finite charge distribution. In representing the potential by A, = —iZe/4xr we have
tacitly assumed that the nucleus is pointlike. We shall now show that at sufficiently
high energies a large-angle Mott scattering may be used to probe the finite size of
the nucleus. Let p(x) be the charge density of the nucleus. The 1/r potential charac-
teristic of a point nucleus is now modified as follows:

fd’ X)) (4.88)

47r|x| Ix=x7

Hence, calling the momentum transfer g
9=p —p, (4.89)
we see that the analog of (4.66) is

[ dx Auersre = 2aibE’ — E) [ax [ anw LOOCT

47 |x — x'|

.
= 27i8(E' —E)_[dwe-'“ (x)Jd“ m;‘i_’}_l

= —2id(E' — 15)i iZF(q), (4.90)

where the function F(q), calied the form factor of the nucleus, is essentially tiw
Fourier transform of the charge distribution

f p(x)e "9 d*x
F(g) = " (491)

For a point nucleus where we have p(x) = —Ze8%(x), F(q) would be identically
equal to unity in agreement with our earlier result. Evidently the cross section is
given by

(d5[dSY) = (d5/dDpone | F(@ (4.92)
where (d5/d2)pqine stands for the expression (4.85). If {q° = 4|p|*sin®(6/2) is not
too large, we can expand the exponential in (4.91) as follows:

F(q) = _IZJ(I — ig-x ‘(‘"2—")2 + --*)p(X)d’x
=1_§_’£21q|ﬂ+...’ (4.93)

where we have taken advantage of the fact that p(x) is spherically symmetric.
[Clearly F(q) depends only on |q{* whenever the charge density is spherically
symmetric.] The quantity

o= [rp dax/f pdix (4.94)

that appears in the expansion (4.93) is known as the mean square radius. The rela-
tions {4.92) and (4.93) have actually been used experimentally to determine the
size of the nucleus, particularly by R. Hofstadter and coworkers.

Helicity change; spin projection operator. In deriving the differential cross sectic::
(4.85) we assumed that the incident electron beam is unpolarized. We also know
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that the final expression (4.85) is easy to arrive at, once we master Casimir’s trace
method. However, it is sometimes instructive to work out how the spin direction
changes as the electron undergoes scattering. For this reason let us evaluate the
S-matrix element between definite helicity states. Clearly factors like m/E and
1/lp — p[* are the same as before. We are concerned with #'v, 4, where u and '
are now eigenspinors of helicity. Let «*(p) and u("Xp) stand for the free-particle
spinors for electrons with momentum p and helicities -1 and —1 respectively.
Choosing the z-axis along the initial momentum p, we find that «*)(p) and u-)(p)
coincide, of course, with u®(p) and u®(p). We must now construct the helicity
eigenspinors u'*)(p’), where p’ is no longer along the z-axis. We can do this most
easily by using the rotation operator of Section 3-4 (cf. also Problem 3-3a). If the
scattering plane (the plane determined by p and p’) is chosen to coincide with
the xz-plane, all we need to do is rotate the electron state of helicity 1 (—1)
moving in the positive z-direction by the scattering angle 6 around the y-axis,
that is,}

WD) = Sriut(p) = (COS 9 isysin %) u(p)

2
1
g1
T COS—Z—»lﬂzsln—z—: 0 0
SN T | ) e
2m 0 |Cos£-~—io sin . E+m
1 2 z 2
0
cos—g-
e sin%
m
—_ . 4.95)
2m Ipl cosﬁ— (
E+m 2
il .0
E+msm2
Similarly
. 0
——sm?
g cos%
(~Yg'y — m
uPY = of - ol 8 (4.96)
E—{«ms 7
__lpl A
E—{-mcosiz

With these helicity eigenspinors it is now straightforward to evaluate the ampli-
tudes for “helicity-nonflip” scattering and *“helicity-flip” scattering, illustrated in

1The term S7) rather than S, appears because we are rotating the physical state rather
than the coordinate system.
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Fig. 4-3. (a) Helicity nonflip scattering, (b) helicity flip scattering. The gray arrows
indicate the spin direction.

Fig. 4-3(a) and (b). Apart from a common proportionality factor, they are simply

i;(”(p')fy; ll(*)(P) = E.Zir;‘ﬂ(cos ._9. -4 (_]_E_L,>z cos __6.]

2 E+4m 2
E 0 -
= o Cos 5 (4.97a)
and
vyt . E . 2
A p Yy (p) = __2:,_};1_!71[__5'“ 'g* + (—E_l——i{,——':ﬁ) sin %—]
= —§j 2. THY
sin 3 (4.971)

Two limiting cases of (4.97) are of interest. First, if the electron is nonrelativist:. ,
the ratio of the probability of helicity nonfiip to that of helicity flip is cot?® (6/2)
which is recognized to be the ratio of the probabilities of observing an s == }
electron with spin in the direction p’ and in the direction —p't. This is expected
since the electrostatic field of the nucleus cannot change the spin direction of a
very slowly moving electron. On the other hand, for extreme relativistic electrons
the probability of helicity flip to that of helicity nonflip goes to zero, as (m/E)*
for a fixed #. This is again not surprising if we recall from Section 3-11 that (a)
apart from a minus sign, chirality coincides with helicity for extreme relativistic
fermions and (b) the vy, interaction connects states of the same chirality. To sum-
marize, the spin direction does not change in the scattering of stowly moving elec-
trons, while it is the helicity that is unchanged n the scattering of extreme relati-
vistic electrons. As is evident from the derivation, this statement holds quite
generally for the lowest-order scattering of a spin-4 particle by any potential that
transforms like the fourth component of a vector field.

Summing the two transition probabilities for helicity flip and helicity nonflip, we
see that the Jowest-order cross section for Mott scattering of a longitudinally
polarized electron is the same as that of an umpolarized electron since

E

SRt (+3(p) |2 =Ygyt (£ (2 LN ., 0
@)@+ 1T @I = () cos' T 4 sin 5

| PPN
=;ﬁ(52 —Ipltsin 7.), (4.98)

1See, for example, Merzbacher (1961), pp. 276-277.
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which is completely identical to (4.84). This does not mean, however, that we can
never detect electron polarization by Mott scattering. 1t can be shown that if the
scattering of a transversely polarized electron is computed to higher orders, the
differential cross section does depend on sin ¢, where ¢ is the azimuthal angle
measured from the polarization direction of the incident electron.

When we obtained (4.84) using the trace method, it was unnecessary to use the
explicit form of the free-particle spinor. In computing the transition probability
between particular helicity states, it is also possible to use the trace method without
recourse to the explicit forms of the helicity eigenspinors. All we need to do is
construct the projection operator for a particular spin state just as we can com-
pute the sum taken over only the electron states (as distinguished from positron
states) once we have the electron projection operator (4.72).

In the Pauli spin formalism, it is well known that

| + -4

3 (4.99)

is the projection operator for a two-component spinor whose spin direction is #.
Motivated by this, we may try
1430

5 (4.100)

in the relativistic theory. However, as we emphasized in Section 3-3, a free-particle
spinor is, in general, not an eigenspinor of Z-A. Moreover, this form is not mani-
festly covariant. So, remembering that X, and 8%, = iy,v; have the same non-
relativistic limit, we may try instead

1 - deyseyew
—‘—Z—i—m’ (4.101)

where w is a four-vector such that in the electron-rest system it is a unit (three-)
vector with a vanishing fourth component:

W Imst frame — (ﬁ, 0) (4102)
More generally,

whe= WP =1, w.p=0 (4.103)

in any frame. The physical meaning of w 1s such that when we consider a Lorentz
transformation which brings the electron to rest, then dn that rest frame, (4.101)
is the projection operator for the electron spin state whose spin points in the direc-
tion A. If we are interested in constructing the spin projection operator for a trans-
versely polarized elcctron, then the four-vector w is again given by

W) = (i, 0). (4.104)
This is clear because, quite generally, a three-vector is unchanged under a Lorentz
transformation in a direction perpendicular to the direction of the three-vector.

The reader who has worked out Problem 3-3(b) will recognize that the use of
fryz7y - is completely reasonable for a transversely polarized electron. On the other
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hand, if we want the projection operator for a longitudinally polarized state with
helicity -1, we must use
wionm) = (Eﬁ, -—'“"), (4.105)
m’ m
which evidently satisfies (4.103). In fact, it is not difficult to verify that %-p and
(ivsy - BE — ygyi{p))/m have the same effect when they act on helicity eigenspinors.
It is important to note that iy- p and iy, y-w commute:

[y-p,ysy W] = —os(y-poyw + y-wo-p)
= —2yp-w=0, (4.106)

where we have used (4.81) and (4.103). It is therefore possible to construct a sin -
ultaneous eigenspinor of —iry- p and iysy-w with eigenvalues m and 1 respectively.
We shall denote such an eigenspinor by u)(p). To summarize the various free-
particle spinors defined in this text, the description of momentum eigenstates
based on ™ and u® makes use of the eigenvalue of the 2 X 2 Pauli matrix a,
for the upper two components in the Dirac-Pauli representation. The description
in terms of #'*) and 4!~ is characterized by the eigenvalue of the helicity operator
Z-p. Finally the description in terms of u™(p) makes use of the eigenvalue of
iysy-w.

In practical calculations we often need to evaluate u{”(p)a§”(p) withaut the
spin sum (cf. Eq. 4.71). In analogy with (4.27) we expect that this is given by the
product of the electron- (as distinguished from the positron-) projection operator
multiplied by the covariant spin-projection operator (4.101):

W\ () o (1Y P +m (l + i"{y}'-W) .
@) = (“phm (L) (4.107)
This assertion can be proved in a simple manner as follows: First, (4.107) is evi-
dently true for the spin-up electron at rest,

1 0 0 O\f/l 0 O O
(’Y¢M+m)(l+i%%)=00000000
2m 2 0 0 0 0Jjo 0 0 O
00 0 o/\0 0 0 1
1
0 ‘
=1, (1 0 0 0). (4.102"
0

Considering a rotation which transforms a unit vector along the z-axis into an
arbitrary unit vector fi, we obtain

wnOya0) = (Lt L) (L4 s B) (4.109)

for any at-rest spinor with spin along i, We can then “Lorentz-boost” (4.109) to
get (4.107) in the most general case just as we obtained (4.72) from (4.73). As an
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example, we may mention that we can evaluate |a¢*(p')y,u(p)|* without re-
course to the particular form of the helicity eigenspinors
|2 )y u X D? = AP (o 4 (VB (B')(v4)a 47(R)

_ (—dy-p = m)( + dygyw)  (—iy-p +m)(l + iﬂ/sfy-w)}
-—Tr[m S 5 V4 > 3 > (4.110)

where, since we are considering longitudinally polarized states with helicity plus
one, w and w’ are given by (4.105). A straightforward (but tedious) calculation
shows, as it should, that this is nothing more than (4.97a) squared.}

Pair annihilation and pair creation. So far we have just tatked about electron scat-
tering by an cxternal potential. It is important to note that an external potential
is capable of not only scattering electrons (or positrons) but also annihilating or
creating electron-positron pairs. Take, for instance,

e~ + e* —> yacuum. (4.111)

Although this cannot take place in the absence of a potential because of energy
momentum conservation, if there is a time-dependent potential whose angular
frequency is equal to the sum of the electron and the positron energies, we expect,
in general, a finite transition probability for (4.111), as we shall see in @ moment.
The initial state & is an electron-positron state represented by

D, = [e"e*) = 5N (p)d ' (p.)|0), (4.112)

where (p_, 5.) and (p., 5,) characterize the electron and the positron state respec-
tively. We have, to lowest order,

SH = ~—i<0[ —~ e [ dx Py rA,

This time the only term in (4.58) that contributes is ¥£(y,)ae ¥, Which annihi-
lates an electron-positron pair. Using the now familiar argument, we readily get

Sh = —e [ d‘x[@a{’-’<p+>e'P-'*] w[@u(’"(p_)ew--*]A&’(x) (4.114)

with p, = (p., iEy) = (P, in/[p. [ -+ m®). This expression is strikingly similar to
the first-order S-matrix for electron scattering given by (4.64); the only différence
is that the adjoint wave function for the outgoing electron s replaced by the adjoint
wave function that represents the annihilated positron. This similarity is not a coinci-
dence. After all, in the hole-theoretic description pair annihilation is nothing more
than the “scattering” of a positive-energy electron into an empty negative-energy
state. We shall come back to this similarity between (4.64) and (4.114) when we
discuss Feynman’s space-time approach in Section 4-5.

It is clear that S%} for pair annihilation vanishes for a time-independent poten-
tial (for example, the static Coulomb potential) because of §(E, + E_) that arises

e“e“). (4.113)

tIn this particular example, it does not pay to use the covariant spin-projection operator.
1t is much faster to work with {4.95) as we have done.
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as a result of the ¢ integration. This, however, need not be the case for a tim. -
dependent potential such as (4.57) with o = E, -+ E_, since the integrand now
contains a term whose time dependence goes as exp [—i(E, 4+ E_ — w){], which
results in 8(E, + E_ — o) when integrated. Physically this difference arises
because a time-dependent potential can transfer energy to, or absorb energy from,
the charged particles, whereas a time-independent potential (such as the static
Coulomb potential) can transfer momentum to the charged particles but cannot
exchange energy with them.
We may remark that a process inverse to (4.111),

vacuum —> e* - e, (4.115)

can be treated in a completely analogous manner. In Problem 4-5 the reader is
asked to compute the probability per unit time per unit volume that the time-
dependent potential (4.57) will create an electrou-positron pair in vacvum. We
have to admit that the potential (4.57) is not a very realistic one. In this connection
we should mention that the electromagnetic excitation and the de-excitation of
spin-zero nuclei of the same Z (for example, 0'® 7 0'** where 0'** stands for an
excited J = 0 state of 0!® with an excitation energy AE of 6.05 MeV) can be repre-
sented by a phenomenological potential of the type

A=0, Ay = f(r) cos (AEY),

4.116
f(r)=0 for r> nuclear radius ¢ )

so far as their effect on the electron-positron system is concerned. This effective
time-dependent potential offers a convenient framework within which to discuss a
process like

0"%* —> 0 - e* ¢, (4.117}
which, from the point of view of the electron-positron system, is just pair creatic-
(4.115). In nuclear physics a process such as (4.117) is known as internal conversivi:
with pair creation, a theory of which was first formulated by H. Yukawa and
S. Sakata in 1935.%

Hyperon decay. Mott scattering, which we have treated in detail (or more generally
any problem that involves an external potential), is actually not such a good
example for illustrating the covariant perturbation method. This is because the
very presence of an infinitely heavy nucleus prompts us to select a particular
Lorentz frame in which the nucleus is situated at the origin. The lack of covariance
is reflected by the fact that the 8-function that expresses energy conservation is not
accompanied by the 8®-function that expresses momentum conservation. Phy-
sically this arises from the fact that an infinitely heavy nucleus can accommodate
any amount of momentum. If, instead, we treat the electron plus the nucleus
as a whole as a quantum-mechanical system, the formalism automatically gives both
the conservation of total energy and the conservation of total momentum (cf.

$We shall not discuss this interesting phenomenon any further. The reader may consult
Akhietzer and Berestetzkii (1965), pp. 567-569.
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Problem 4-13, where electron scattering bya proton is treated without the assump-
tion that the proton is infinitely heavy.)

To illustrate the techniques encountered in covarjant perturbation theory let us
now reconsider the decay of a A hyperon (treated earlier in Section 3~ 11). Using
the interaction density (3.432), we see that the first-order S-matrix element for this
decay process is

8)

Syl = —f<7f_p l J. dixpbillg + g oys)r
. . e~ tPex My = s . l‘ m =

s g B s s [y ]
~iQuay 3V (py — pr ~ Podaf Z—E_!;T/V En:pyv Er%\;‘}p(g + &'y ug.  (4.118)

Note the appearance of a four-dimensional delta function that expresses both
energy and momentum conservation. It is convenient to define a covariant matrix
element denoted by # ;, with the kinematical factors 8(p, — p, — p), /mJE,V,
etc., climinated:

f

m,

Sp =8, — iQuy8N(py — p. — pp)J(ZE V)(E V)( Al )J/,g, (4.119)

where 8, (which comes from S®) is zero inthis case and .# , is to be computed to
only first order in g and g’. With this definition,

M =g + 85, (4-120)

which is invariant under Lorentz transformation.

We may be interested in computing the decay distribution of the final #~p system
arising from a A hyperon whose spin state is characterized by the four-vector w.
If we are not interested in observing the polarization of the decay proton, we must
sum over the proton spin states. So we are led to consider

| M ult= T [ul(g* +&™v)vau i g + g’ vs)u,)

proton Bpin proton Spi
—iyepy+m
:Tr[ ¥ gt ( 1Y Py p)
(8" — &) S,

"‘i'Y'P.\‘f"m I ‘i‘i'Ys'Y'w
X (g+g'rys)( o “)( > )} 4.121)
The evaluation of the trace is facilitated if we note that
Tr(ysyuyo - -2) =0 (4.122)

foss than four gamara watrloos (1, vws)
The only terms that survive in 4m,m, times (4.121) are
g Tri(—fy- p)(~iy- p)] + §1g1 Te(mymy),
+318' I Tel(—ws) (=i pys(—iv- pl, 4.123)
iz P Tr(— s muysma] + g*g’ Trl(—iv- Po)vsiysy-wmy],
+38"* 8 Tel(—vys)(—iy= p)ivsy-wm.],
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where we note that a term like Tr[(—rwys)m,(iysy-w)(—iy- p,)] vanishes because
wepy = 0. We can “kill” the ¢, in (4.123) by noting that sy, ys = —y, and 4% = 1.
We then use (4.80) and (4.82) to obtain

dmymy 3 Ml =81 (~2py P 2mma) + 8 F(=2p, Py — 2myms)
+ 2Re(gg )2y wmy). (@124

Without committing ourselves to any particular Lorentz frame we can compute
the differential decay rates as follows:

dw = 110780~ b= PP (5 ) (£ ) (£ ) ot ot o oA T
(4.125)

The appearance of both V' d°p,/(27)* and V d°p,/(27)* can be understood if we recall
that we have not yet used the constraint imposed by the momentum conservation
implied by the delta function. We can handle the square of the four-dimensjonal
delta function just as in (4.67) and (4.68), remembering that

8ps — px — ) = m [(20)] [ d*xexp [i(ps — px — )X, (4.126)
which is V/(2x)* if p, — p. — p, = 0, hence
18%ps = pe =PI = (5 )‘8“’(“ Px = Py)- (@.127)
The expression (4.125) is now reduced to}

4 _Dpe 285 (p —p
dw = () (5; (27r)’2E (27:)’25 (4’"“”“).,,02},.);"'“”"' ¥pa=pe=po).
(4.128)

Note that the normalization volume ¥ no longer appears. We note that apart from
1/E, the expression (4.128) is completely relativistically invariant. To prove this
assertion it is sufficient to note that

fiil_?: J-dAPB(Pn—’VlPIz -+ m?)
2E

2/1plP + m?
_I 8(pa—«/|pl’+m’)+8(po+~/lpi’+m’)
Pa>0 24ipf + m?
= L L&+ my ', (4.129)

where p, ts understood to be an integration variable in contrast to E = /Tp[F + m°
which is fixed once p is given.§ Furthermore, the dependence of dw on 1/E, is
readily understandable from the point of view of the special theory of relativity
which requires that a faster moving A must decay more slowly.

1A generalization of this formula, to any decay process, can be found in Appendix D.
§For any timelike vector (for example, the four-momentum vector of a free particle)
the sign of the zeroth component has a Lorentz invariant meaning.
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The expression (4.128) with 3, | # ; [* given by (4.124) gives the differential decay
rate for a polarized A hyperon in any Lorentz frame. We can now work in the rest
system of the A hyperon so that p = p, = —p,, p, = 0. Taking advantage of the
delta function that expresses momentum conservation, we can immediately
integrate over the pion momentum to obtain

— lpl’dlpldﬂ(m)(L) t e — E. —
dw = 27 Ony ﬁ 3E S M) 8(my — E. — E),  (4.130)
which is in complete agreement with the Golden Rule when we realize that m/E,

and 1/2E, combine with | A ,|* to give V| (H})[?. Meanwhile, remembering that
w is simply a unit (three-) vector in the A rest system, we have

4m,m, b ]-/i[fll2 = 2[fg|2 (EllmA -+ mnmn) -+ Igllz (‘Epmll - mpmA)
+ 2Re(gg"™*)(p,-1)], (4.131)

which leads to the decay angular distribution (3.447) obtained earlier. If we are
interested in the decay width we must integrate (4.130) over the directions of p.
Thus
T(A —> 7~ + p) =_L(J.)2|_Pljm S | M Amm,,  (4.132)
) 2 \4x mf\ proton spin st ° ’
where we have used
I I
d\p|d(my, — Eq — E,)) = =
[P I8, P = RE T ENaTo] ~ GPIE + Qv TED
EE,
= ER, 4.133
tplmy ( )

We may parenthetically remark that (4.132) is a special case of a very useful for-
mula applicable to any two-body decay process:}

R WA
1‘(1«-+2+3)*_2«(4”) 75{]"“
Combining (4.131) with (4.132) ,we finally get

- _[lgl | 18’ F(E, — m\]|pl(E + mp)
ra— =+ p) = [ Ll (B It m) 135

]‘/ﬂﬂ P ext{!{ml (Mﬂmnl)‘ (4 l 34)

feruton

final apln

in complete agreement with (3.451).

The reader is now ina position to work out the angular distribution and the decay
rate of almost any decay process that can be described adequately by a first-order
S-matrix. As exercises, he may try @ —e* 4 e~ and Z° — A + « (given as Prob-
lems 4-6 and 4-7).

1The product
(zmrunul)

external ferinion

arises because the normalization constant for a boson differs from that for a fermion
[V1/2EV and /m[EV respectively; cf Eq. (4.119)]. This difference would have been
absent had we pormalized the free-particle spinor by Z9()u ™ (p) = 2md,,..
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4-4. TWO-PHOTON ANNIHILATION AND COMPTON SCATTERING; THx
ELECTRON PROPAGATOR

S-matrix for two-photon annjhilation. We shall now proceed to discuss processes
that involve second-order matrix elements. The fundamental relations on which
everything will be based are the two alternative forms of the S™-matrix derived in
Section 4-2 (cf. Eq. 4.48). If we use “Form I,” we have

50 = (=i [ an | ' dts Hy(1) H (1)
= (=i fdn [ dix o) (), (4.136)

where the four-dimensional integration over X, is to be performed only for 1, < 1,.
With “Form 2” we haye

SO = (—iYy j " an j :" dty H{t) H (1)

= (—i) j déx, J - Ay H 10(52) vl X1) (4.137)

with ¢, later than 1.}

Without further preliminary remarks we wish to consider a specific physical
process that can be described by considering S™. We shall first treat the problem
of two-photon annihilation in detail and show how the notion of the electron
propagator arises in a concrete physical situation. The discussion of second-order
processes which involve the propagation of virtual photons or mesons will be
deferred until Section 4~6.

By two-photon annihilation we simply mean that

et -+ em > 2y. @1
The initial and the final states are written as
B, = [eme’) = be(p_)'de(p.) |0,
D =|2y) = af 0,30, 10)-
Needless to say, S@ and S® give no contributions. So, assuming that S can be
approximated by S, we write Sy in “Form 1" as follows:

Spoe= (o) [, [ dies Qy 1) mam) A, O yb(en) Axs) [ ee .
(4.140)

(4.139)

$In the literature “Forin 1 and Form 2" are often combined as follows:
S = (=072 [~ _de, |7 de PUELC) He),

where the symbol P stands for an operator that arranges the product of factors as follows:
A By if £, > 1y,
Bl A if 6,>t,.

This P-product (Dyson chronological product) should not be confused with the T-product
(Wick time-ordered product), to be introduced later,

PLA(Y B()] = {
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This particular problem (treated to this order) involves only real photons, and it is
therefore legitimate to regard A, as the (quantized) transverse efectromagnetic
field discussed in Chapter 2.1 So far as the electron field operators are concerned,
the final state is just the vacuum state; likewise, so far as the photon field is con-
cerned, the injtial state is the vacuum state. Since the free-electron field and the
free-photon field operate in different subspaces, we can write (4.140) as

Sp= (e [ dix, [ b QOIFCr () Plxamaple) [e7e)
X Q| A(x1) A(x2) | 0. (4.141)

From Chapter 2 we already know how to handle (2y|A,(x,)4.(xz)]|0). Noting
that A,(x ) can create either photon 1 or plioton 2 at x,, we get

1 " 1 iR
vl A e 0 = ( _elan U\‘-z.)( g.x,) ikyexy
Q[ Au(x) A(x:)] 0> [ T T )
N ] (eer) ——lk,.z.)( ! (1) ~ik--r')] 4.142
F( P S » (W142)

where €™ simply stands for
el = (€9, 0) (4.143)

with € perpendicular to k,. We have, of course, | K, | = o, since we are talking
about a real photon.

Let us now concentrate on the matrix element of the electron field operators.
If we rewrite Jry,r in (4.141) using (4.59), it may appear at first sight that there are
as many as sixteen terms. Fortunately most of them give rise to no contribution
when taken belween the e"e* state and the vacuum state. For instance, take
T W e W Yo )(xa), which annihilates two electrons and two posi-
trons. So far as the electron-positron system is concerned, there are only two
particles in the initial state, none in the final state. Hence the matrix element
of such a product does not contribute to this particular process. More generaily,
since we have to go from a two-particle state to a no-particle state, there must be
three (+) and one (—). Furthermore, it is legitimate to replace ra(x)yra(x1)
by P )P (xn) since P47(x,) andfor Y& (x,) acting on (0] from the right
give zero. (Physically this is reasonable since {7(x) and/or i (x,) would give
rise to at least one electron and/or one positron created at ¢, which survive(s) at
1 = -+00.) So out of the sixteen terms we need to consider only two terms:

(it )y PO OPE 0 )P (o) Pk (x0) (4.144)
= (0 aa ()0 I (0 )b ). (4.145)

Note that the ordering of Yr{*)(x,) and +r{)(x,) and the associated minus sign in
(4.145) are chosen to agree with those of the third term of (4.59). We propose to

and

1One may argue on the basis of Appendix A that the complete interaction Hamiltoni'am
must also contain the instantaneous Coulomb interaction. However, the Cou}omb io-
teraction is irrelevant if we are computing two-photon annihiiation to order ? in ampli-
tude.
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1nove the positron annihilation operator (" in the first term (4.144) so that the
product 57 (x )y (x;) may immediately annihilate the electron-positron pair in
the initial state:

@daa(y)rs TE e P (e DB (o))
= (yiea (¥ dya P DV () P2 )P (). (4.146)
As for the second term (4.145), we interchange x, and x, and make the following
changes in the summation indices g« v, @ «— o8 so that the second term may look
as similar as possible to the first one. The product (4.145) now becomes
(o )rs (Y dea Wy (X )YE(e )Wl (6 )PV (x)
= —(Yp)aalyo)ya F§ o) Pl (e ) P00 ) (). (4.147)
It is legitimate to interchange freely the integration variables x; and x, in this
manner provided that we keep in mind that ¢, is now Jater than t,. This forces .
to use “Form 2,” which after all was originally obtained from “Form 1” by int¢ -
changing the integration variables [cf. (4.49) and (4.50)]. The photon-field matui~
element is unaffected by these changes because (4.142) is symmetric under x; « x,,
4+ v. Thus we have

Sp=(—e) f d'x, J d'xy Q2 | Au(X1) AlX) 0> (7, s (705
X [CO T e )P (o) PV ()P (xa) | €7 e D0(1 — 1)
= QP XY )PP )P (xa) [ e e Db(r, — 1)), (4.148)
where the 6 function is defined by
I t>0,

o :{o 1<0

There still remains the task of simplifying the electron-field rnatrix elements.
This can be done by inserting a complete set of intermediate states ¥, |n){n|

between p§ (xS (g) [or F47(en)frk(x)] and PLI(x, )4 (x,). Evidently the
only contribution comes from the vacuum state. We have

O A ()P (X )P e) P () e et
= (0[PP (X )P () | 050 I (e ) ) (x) [eme*)

= QI F (010 00 e [ towyen=]. - @1s0)

An analogous reduction can be performed for the second term. Putting everything
together we finally obtain

N S
1 2
" {k; <> kgH[ [ m 1")&'"([)98‘”""}

Q<> g v WV
X (¥adagl OIS e (x2)[056(8 — 1) — O (X 0Bt — )]
X (ry,,),a[ Ei—'ll—/-ué'*(p-)e“"“'], (4.151)

(4.149)
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Fig. 4-4. Time-ordered graphs for two-photon annihilation.

where we have abbreviated the second term of Eq. (4.142) by the expression
{ki o kyy @y ¢ a5},

Expression (4.151) has both familiar and unfamiliar aspects. First, the appear-
ance of (1/4/2w,V)el™ e * =1 ete., is familiar from Chapter 2, where we showed
that this is expected whenéver a real photon characterized by (k,, a,) is emitted at
x,. Similarly ~/m/E_V ue'** and ~/m/E,V #e'?-* simply represent the annihila-
tion of the incident electron at x, and the incident positron at x, just as in (4.114).
1t is clear that of the four efectron-positron operators we started with, we have used
up two [{$(x,) and 4§*)(x,)] to annihilate the jncident positron and the incident
electron. The remaining two operators 1rg(x,) and ,(x.) (not used in annihilating
the incident particles) are seen to be paired and sandwiched between the vacuwm
stares; this is really new. When ¢, is later than 7,, we are instructed to use the first
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vacuum product, in which 7(x,) first creates an electron at exactly the same
space-time point (x,) at which the incident electron is annihilated and one of the
photons is emitted. The appearance of 4§"(x,) in the same vacuum product tells
us that the electron created at x, is subsequently annihilated at x,, the point at which
the incident positron is ananihilated ard the other photon is emitted. Thus for
ty > f, the vacuum expectation value <O|gf i (x )P (x,)[0)> characterizes
the propagation of a virtual electron from x, to x,. This is shown in Fig. 4-4(a),
where the “internal line” that joins x, and x, represents the virtual electron going
from x, to x,. Similarly, when £ > f, then (O]F{7(x)4r§7(x,)|0) represents
the propagation of a virtual positron from x, to x,, as shown schematically in Fig.
4-4(b). Note that in both cases the action of the creation operator [y§(x,) or
P67 (x2)] precedes that of the annihilation operator [WJr§(x,) or. {*Y(x.)] as de-
manded by the “causality principle.”

Eleciron propagator. The major breakthrough in the evaluation of the matr
element is achieved when we combine the two vacuum-expectation-value terms i.:
(4.151) into a single expression. We propose to consider fogether the propagation
of a virtual electron from x. to x, for t; > 1, and the propagation of a virtual
positron from x; to x, for 1, > 1, (not separately as in the old-fashioned perturba-
tion method). With this in mind we define what is known as the time-ordered
product (Wick time-ordered product) of the fermion operators as follows:

Yol X)fra(x’) for t>7¢
~afra(XIra(x) for ¢ >1.

Since the () part [the (—) part] of the field operator gives no contribution when
it acts on the vacuum state from the ieft (from the right), we have

QO PEIxPE (N0 for t> 1,
=0 [PEx W (x)0>  for 1>,

which is precisely the form that appears in (4.151). Let us now compute (4.153).
For t > ¢’ we must consider

O )PE (=) 0) )
- iV<0] )} ,\/;_E—b‘”(p)ufj’(p) exp (ipx) %, IE’.’,b"'>+(p')ﬂg‘>(p') exp (—~1'p'-x')|0>

T(Jra(x) (X)) = { (4.152)

O Tl Tu(x) 10 = { @153

= ("7}'?)3 m _[ %‘3 % d(p)a(p) exp lip-(x — x)]

- (2‘7[?7 [ EB1—iy-p — ivi(E) + mlas exp lip:(x — X) — iE(t — 1), (4159

where we have used

O 1BR@BMPHI 0D = 8pp- 85, (4.155;
the well-known rule ) -
s 1 - __..E.,
hm 2 f @y (4.156)
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and '4.72). Similarly for ¢ > t we get with the aid of (4.76),
— OGP [0
= “@Ji?m I%e 2, va()0s(p) €xp [ip (x' — X) — iE(1 — 1]

! d? . . . . , . ,
= Ony f i}-{z[“‘ly'l’ = iy (—1E) + mag exp [ip+(x — X') — i(—E)(t — 1)},
(4.157)
where in obtaining the last line we have changed the sign of the integration variable
(p — —p) so that the whole expression may look similar to (4.154). We shall now

demonstrate that the vacuum expectation value (4.153) is equal to the four-dimen-
sional integral

where e is an infinitesimal positive real quantity and p* = |p|* — p5 with p, not,
in general, equal to o/ |p[° + m®. We first integrate over p,:

i - (i p + m)og exp lip-(x — x)]
B—s d| : —  (4.159
(2")'I o) (oo = VIoF T ml(pe + V107 ) —7e 1P
Regarding the integrand as a function of the complex variable p,, we note that it
has poles at two points,

po == ~Tpl +m* —i8 = E— i3,
po=—~TpF + m* + i8 = —E + i§,

with 8 = (¢/2E) where E, as usual, is understood to be o/[p]* -+ m?, in contrast to
po, Which is variable. We are, of course, supposed to integrate along the real axis
in the pe-plane. This can be done using the contour-integral method. If # > ¢/, we
must. use the semicircular path indicated in Fig. 4-5(a) since the p, that appears in
exp [—ipo(t — 1)) cannot be positive imaginary. This means that for ¢ > ¢’ we just

(4.160)
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Fig. 4-5. The p, integration in (4.159).
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pick up the pole contribution from p; = E — i3. Hence (4.159) is equal to

CoXD [ T2U—iy-p = im(iE) + mlgexplip-(x — X) — iE(t— )] (4.16)
fort > ¢, in complete agreement with (4.154). Similarly, by considering the contour
indicated in Fig. 4-5(b) we readily see that the four-dimensional integral is equal
to (4.157) for t' > t.

To summarize, we have proved that

O T (ra(x)Pra( X' N0 = ——(—21—;—;); J- d'p (_‘;%.%m),a exp [ip-(x — x)] (4.162)
regardless of whether t is later or earlier than t'. Note that (4.162) called the “electron
propagator” is a 4 X 4 matrix which depends on the four-vector difference x ~— x'.
In the literature (4.162) is often denoted by —3(Sy(x — x))as (Where F stands
for Feynman).t The electron propagator is undoubtedly one of the most importa-
functions in twentieth-century physics; together with the covariant photon prop::
gator to be introduced in Section 4-6, it has enabled us to atttack a variety : 1’
physical problems which we could not manage earlier, Although its explicit form
in the coordinate (x) space can be obtained in terms of a Hankel function of the
second kind, it is more useful to leave it in the Fourier integral form (4.162). In the
next section we shall show that it is one of the Green’s functions associated with
the Dirac equation.

Coming back to two-photon annihilation, we find that the expression for the
S-matrix element (4.151) now becomes

Sp= (e [dx, [dts, (755:1-76},“”8"“‘"") (:7:2%:;/-63“”8"""")
X (o 2 50 0)as O T o) 52D O3 s o o =)
sl
o ) o

P S | o, € md'}(—“‘/ g+ m))
xe vry“( (27{)‘qu qg? 4+ m* — ie

+ {k' A k"}, (4.163)

@y > Oy

where in next to the last line the usual rule for matrix multiplication is understood.
1t is indeed gratifying that the vacuum-expectation value that appears in (4.163) is
manifestly covariant. We may come to appreciate this point even more if we note
that (a) the notion of 1, being earlier or later than 1, is not a Lorentz invarias:

t5ometimes the symbol (Sp(x — x")ag is used for (4.162) itself. Our definition of S
agrees with that given in F. J. Dyson’s original paper on this subject,
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concept when x, — x, is spacelike; (b) unlike the anticommutator {yr,(x), Yre(x")},
the electron propagator does not vanish for a spacelike separation} (as can be
shown by examining the explicit form of the electron propagator in the coordinate
(x) space). In other words, the separation shown in Fig. 4-4(a) and (b) is not a
Lorentz invariant procedure. To put it in a more pictorial way, a physical process
in which we visualize a virtual electron as propagating from x, to x, may appear
in some other Loreniz frame as a process in which we visualize a virtual positron
as propagating from x, to x,.§ Yet when Fig. 4-4(a) and (b) are considered rogether,
the two vacuum-expectation-value terms combine into a manifestly covariant form.

The fact that we get a mathematically simple Lorentz covariant expression when
we consider Fig. 4-4(a) and (b) together suggests that we should take the following
viewpoint. Instead of saying that the virtual particle is an electron that goes from
x, to x, when t; > t, and a positron that goes from x; to x, when t, > ¢,, we might
as well say the following: (a) It is always an electron that goes from x, to x, regard-
less of whether ¢, is later or earlier than t,, (b) if ¢, happens to be later than ¢,,
the electron simply goes “backward in time.” (We say this with the understanding
that the electron wave function for the virtual electron is that of a negative-energy
electron because of the appearance of ¥ (p) [= Fu®"(—p)].) From this point of
view the positron that propagates forward in time [e.g. the virtual positron in
Fig. 4-4(b)} can be considered as being equivalent to a negative-energy electron that
propagates “backward in time.” This interpretation (proposed originally by E. C.
G. Stueckelberg in 1941) forms the basis of Feynman’s space-time approach (to be
discussed in the next section).}|

Given an internal line segment that joins x; and’x,, we must still specify whether
the electron goes from x; to x, or from x, to x,. This can be done simply by drawing
an “arrow.” If the arrow points from x, to x;, we understand it to be one of the
following two situations: either the electron goes forward in time from x, to x,
(t, > 1), or the positron goes forward in time from x, to x, (t, > t,). If we do not
ask whether ¢, is earlier or later than t,, Figs. 4-4(a) and (b) are topologically
equivalent. So they are collectively represented by a single graph Fig. 4-6(a) where
1, can now be earlier or later than ¢,. It is also convenient to draw an arrow for an
external line which represents a real (as opposed to a virtual) electron or positron.
If the direction of the arrow coincides with the direction of increasing ¢ (upward),
then the external line represents a real electron, If the arrow direction is opposite to
the increasing t direction, then the external line represents a real positron. All this

}Feynman (1961b), pp. 83-86, gives an enlightening discussion as to why the electron
propagator need not vanish for a space-iike separation,

§In this sense we agree with “purists” such as G. K4llén who remarks, “We should like
to warn the reader against too pictorial an interpretation of the diagrams in terms of
particles propagating from one space-time point to another since such pictures sometimes
lead to serious misunderstanding of the physics invoived.”

{IThe first statement in the literature proposing that a virtual positron appearing in the
intermediate states can be treated as a negative-energy electron except for the reversal
of the time ordering is found in a 1930 paper of P. A. M. Dirac. See also our earlier dis-
cussiun of Thomsoen scattering given in Section 3-9,
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Fig. 4-6. Feynman graphs for two-photon annihilation, where £, can be earlier or later
than ¢,.

is clear from Fig. 4-6(a). The “arrow rule” can be concisely summarized by saying
that we associate with the action of J{(x}[y-(x)] an arrow toward (leaving) the
point x regardless of whether the action of the field operator represents annihila-
tion or creation, whether the particle created or annihilated is real or virtual, and
whether the particle is an electron or a positron.

The introduction of the arrows makes it simpler to keep track of the ordering
of the various factors in the S-matrix element (4.163). All we need to remember is
“follow the arrow.” We start with the wave function for the incident electron to
be annihilated at x,, —ewy, to represent the interaction with the radiation field at x,,
the electron propagator that takes care of the propagation of the virtual electron
from x, to x, (with the understanding that the virtual particle-is actually a positron
if ¢, > 1,), —evy, to represent the second interaction with the radiation field at x,,
and finally the (adjoint) wave function to represent the incident positron to be
annihilated at x,. If we subscribe to the “follow-the-arrow” prescription, there is no
longer any need to write the matrix indices explicitly.

We have argued that Figs. 4-4(a) and (b) can be combired into 2 single grap':,
Fig. 4-6(a). However, we must still inake a distinction as to whether the interacticn
of the electron-positron system with the radiation field at x, represents the emissica
of photon 1 or of photon 2. For this reason there are actually two topologically
inequivalent graphs we must consider, as is clear from Fig. 4-6(a) and (b). In terms
of the S-matrix element (4.163), the term denoted by k, < k,, «; < &, corresponds
to Fig. 4-6(b). Figure 4-6(b) is sometimes referred to as a crossed diagram.

Covariant matrix element for fwo-photon annihilation. Let us now perform the
indicated integrations in (4.163). We propose to perform the space-time integrations
first. Omitting those factors which do not depend on x, and x,, we have

J.d‘xl jd"xg exp [i(—k; -+ p, + g)-xJexp [i(—k; +p_ —g)-x))

= (@2n)8'g — (—p+ + K)Q2n)' 8 g — (p- — k)] (4.164)

for Fig. 4-5(a). One of the (2xz)' will be absorbed in the defining equation of the
covariant 4 -matrix to be given below, and the other (2z)* will be made to cancel
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with 1/(27)* in the Fourier integral expression for the electron propagator. We
now perform the indicated energy-momentum (g-space) integration which simply
kills one of the 8 functions (say, the second one) in (4.164) with the result that
q is replaced everywhere by p_ — k,. This amounts to saying that both energy and
momentum arce conserved at each verteX, in sharp contrast to the analogous situa-
tion in the old-fashioned perturbation method according to which energy is
not conserved in the intermediate states.i There survives a four-dimensional 8-
function that expresses overall energy momentum conservation. The crossed
diagram Fig. 4-6(b} can be treated in a similar manner; clearly ¢ is replaced by
p- — ky in this case. As in the A-decay case we define the covariant matrix element
.////z by

L . ' ety 7 m m 1 1

Sp =8 = 1Q)'Ep- 4 po — Ky "”*/(Z: 7 )& V)(Zw,V)(%o:V)Jlﬂ’
(4.165)

where 8, is again zero for this particular process. We end up with the remarkably

simple expression

.y — (—e)2H0) celw) —iy(p. — k) +m ol
(A o= (—e)'D (P+)['}’ € . — kY +m— ie]')’ el=)

e G R g, s
The first and second terms correspond to Fig. 4-6(a) and (b) respectively. Note
that the intermediate momentum of the virtual electron is ¢ = p_ — k, or p_ — k,.
The relative sign of the two terms is positive as expected from the Bose-Einstein
nature of the photon; we get the correct result automatically since we have used
a formalism in which the radiation fields commute.

Matrix element for Compton scattering. From this single example of two-photon
annihilation, it is perhaps not completely obvious that the various electron field
opetttors in the S-matrix necessarily combine in such a miraculous way that we
always end up with an elegant expression involving the covariant electron pro-
pagator. For this reason, before we proceed to obtain the cross section for two-
photon annihilation, let us work out the second-order matrix element for another
process, Compton scattering. This time the S-matrix element analogous to (4.140)
is

S, = (~e) J-d‘x. J‘,,(, dix, (' e X Y (e )AL W (X rraf(x ) A (X e D,
h (4.167)

where Jye ™) and [y'e~"> symbolically represent the initial and final y + e~ states.
Remembering that #, is later than t,, we argue that 4~(x,) cannot create a positron
(since there is no positron in the final state) and that +[(x,) cannot annihilate a
positron (since there is no positron in the initiat state). Thus y+(x,) and ¥(x,) can be

IWe shall come back to this important difference between the old-fashioned method and
the modern (covariant) method in Section 4-6.
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replaced by 4" (x,) and ¥*"¥(x,). Furthermore there must be two (+) and two (—)
since we start with one electron and end up with one electron. The products of the
electron-positron operators that give rise to nonvanishing contributions are
then seen to be

(V)an (¥ VS CePE o) P () x) (4.168)
and
(¥ )an (7 )ys P& E O DT )r§ ). (4.169)

When sandwiched between the initial and the final electron states, (4.168) becomes

(Yedaa(rodrsle ™ NP e )P ) P ) e
= (¥ 1)as (V)75 ™" | P50 ) [ 00 [Pk (e )2 (x2) 1 090 | () [ e

= [ e = | s O L T 10| =) a10)

As for (4.169) we interchange x; ¢ x3, u += v,and af < 8. Clearly

(Vidas(7)7s F§ e )P 2e) Pl (e ) Pl (1)
= (Va)as (¥o)7al =5 eI P 0P E (e )Pl (61
A P ), PO ()]
= (Va8 (1)1l — P& e o) (e ) )
+ '\-p“’(xz)w’y)(?‘z): ‘-ﬁ( )(Xx)}‘!’ D)) 417

Recall now that {y§*)(x,), J$7(x,))} is just a c-number function of x; — x, and that
J4* and §7) respectively annihilate and create positrons. This means that the
second term of (4.171) gives no contribution to Compton scattering.} Sandwiching
(4.171) between the initial and the final electron states, we obtain

(Fdes s L= TP )P (e €
= [ g e s O =T ¥ 501 0 ) o e, (8172

where we should keep in mind that ¢, is now later than #,. Note that just as in the
annihilation problem some of the field operators are used to annihjlate and create
the incident and the outgoing electron while the remaining operators are used to
create and annihilate a virtual electron (in the case ¢, > t;) and a virtual positron
(in the case ¢, > ). Considering the two terms (4.170) and (4.172) together, and
taking advantage of the fact that the photon-field matrix element is symmetric
under g« », X, ¢ x4, we see that the two terms combine to form a single expres-
sion valid regardless of whether ¢, is later or earlier than ,:

[/ 25 e | 0ea O T oD 0 d o e, 817)

1To prove this rigorously, note that (0|b'd’d*bt{0) = {0|{d’, d*}{F, bt}|0) = O since
the initial and the final electron states are in general different.
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The photon-field matrix element is well known (from Section 2-5, where we dis-
cussed Rayleigh scattering in detail). We therefore get

(o) ik
€€

* {@ e | (7)an <O T(Palx )T (1) | 03 ) [“/F?V use‘"'x’]

k< k'
+ {a — a,}- (4.174)

The final expression involves the covariant electron propagator just as advertised
earlier. The remaining steps are very similar to (4.164) through (4.166). When the
indicated integrations are performed, we end up with the .#-matrix element
[defined as in (4.165)]:

—iy-(p —K) +m

— = (=Y (p) | - e® -el)
Ll = (e 2 - g B Ly

This expression can be visualized by drawing Feynman diagrams (Fig. 4-7). Again,
as Feynman put it, “the result is much easier to understand than the derivation.”

(a) (b)

Fig. 4-7. Feynman diagrams for Compton scattering.

Feynman rules. If the reader has closely followed the derivations of (4.166) and
(4.175) and, in addition, worked out a few similar problems, he will easily con-
vince himself of the following set of prescriptions for writing —ié ;. Fisst, draw all
possible topologically inequivalent diagrams. So far as the external fermion lines
go, for each real (as opposed to virtual) electron or positron annihilated or created,
associate the following free-particle spinors:

Annihilated electron: u(p) /

Annihilated positron:  #(p) /

Created electron: iY(p)

Created positron: v“Yp)
For the photoa use €. Write —evy, at each vertex. (Note that the factor i that
appears in —ieyry,+/rd, cancels with the —i of (—i)" that appears in the nth-order
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S-matrix element.) For a virtual electron (or a positron) represented by an internal
fine @——>——-e write
—iy-q-+m
Tt (4.176)

where g is the four-momentum of the virtual particle when the internal line re-
presents the propagation of an electron going forward in time. (The case when the
virtnal fermion is a positron is taken care of automatically.) Assume energy-mornen-
tum conservation at each vertex, Jf the energy-momentum of the virtual electron
is already fixed by energy-momentum conservation (as in our examples of two-
photon annihilation and Compton scattering), there is no g-space integration
needed, nor is the factor 1/(2xr)* necessary. On the other hand, if the virtual four-
momentum is not fixed, a “nontrivial integration” remains to be performed; we
must integrate with d'g/(2x)".1 As for the ordering of the factors, just “follow the
arrow.” In addition, there are certain sign factors which will be explained later.

This would be a logical place to discuss the connection between the old-fashioned
perturbation method based on energy denominators and the modern covariant
perturbation method based on Lorentz-invariant denominators. However, since
this connection can be seen in a simpler way in processes in which spin-zero virtua!
bosons propagate, and since spin is an inessential complication in the itlustration
this point, we shall postpone this topic unti] Section 4-6.

Cross section for two-photon annikilation. The remaining part of this section is
devoted to a detailed discussion of two-photon annihilation and other related
processes. The relation between the 4 -matrix element for two-photon annihilation
(4.166) and the differential cross section can be obtained just as in the A-decay
case treated in the previous section. The only new feature is the flux density, which
is indicative of how fast the two beams hit each other; it is given by v,/V, where
U 15 the relative velocity of the electron and the positron as observed in the
coordinate system in question. In analogy with (4.127) we have
d’k, d*k,

- [ gy 2k ks o ok
do = (27E)45,;2E+ 5 _I-//l/llz (2m) (2nY 20, (27t)320)28 (P+ +p-— K — k).
(4.177)

This formula is good in any coordinate systern in which the two incident beams are
collizear. In the center-of-mass (CM) system

1 P A 5 3 Y
o = 1t +iE =B (cm) (4.178)
with |p|=|p.|={p-|. It is worth keeping in mind that v,, can exceed unity,

that is, the relative velocity can be greater than the speed of light. In the so-called
Jaboratory system, in which the mioving positron collides with the electron at rest
(p- == 0), we simply have

v = |p.[/E, (lab). (4.179)

tWe shall encounter nontrivial integrations in Section 4-7.
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It is interesting to note that v,, £, E_ is the same in any Lorentz frame in which the
two incident beams are collinear since we can readily prove

Vg ELE. = A(p.-p) — m'. (4.180)

Using (4.128) and (4.180), we see that (4.178) is Lorentz invariant. This is reason-
able since the integrated cross section must be the same regardless of the coordinate
system we use. Using (4.178) and the analog of (4.133), we can readily work out the
diffevantial cross section in the cM-system:

do 11 10kl .
(?iﬁ)c“ T @y 1)l @ (4.181)
This expression is a special case of a very useful relation:
do o= L1 1 lprm\' ) )
(d'()‘)c“ & (47) Etpe [ piont| |t omul( o) (4.182)

fmw lon

applicable to any reaction of the type 1 + 2~ 3 4+ 4. In the lab systera we may be
interested in the differential cross section for the emission of one of the photons,
say photon 1. As usual, we can immediately integrate over k, because of the three-
dimensional delta function that expresses momentum conservation. In evaluating
8(E, + E_. — @, — w,) &%, all we need to know is 2E,/0 |k, | with §, and ¢, fixed.
Using the kinematical relations

Ip. — kil = ~Tp, = 2[p. @i cos by + ai = ks | = @,

(4.183)
m -+ E, = @ + 0,
we obtain
( ok, ) _ ey + b, — k)
a[kxlﬁén alkll
1 +|k|,—|l’*|c°sel=m(m+£*)_ (4.184)

g [OFR0F)

So the differentjal cross section in the lab system is

doy _ 1 . (ki f 27 ! .
(780),0 = a1 O™ 2oy 2 B TRy, 7
—l_,.,l._._*l_______,_____.]_,//ﬂ] (2m)5' (4.185)

It turns out that in this particular problem the evaluation of |4 » {* is simplest in
the lab system. First

_=(0,0,0,im), € = (€9,0), (4.186)
This means that o+ p_ anticommutes with -€'?, hence
(—iye p_)(y-eMu(p.) = —(y-)mut(p.), (4.187)

where €' may be e*? or &**. Moreover
(P — k)t = —m® — 2p_-ky,
= —m? + 2mw,.1. (4.]88)
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Thus (4.166) now becomes

el ke oy elen) el . PRZN)
My = reza[“f £ Z,Ymmi,y SRR Al gm’;ll"f < ]u. (4.189)

If the initial electron and positron are unpolarized, we must evaluate
4 7 (5.
711— SNl = % 5 @y Ot o, v 56 Quit)
3e, 8- 8,5

= S Te[ 0t (- DB Mo (Zhpe ], g

2m 2m

where we have denoted the expression inside the bracket of (4.189) by O. The
factor 4 appears because we must average over the four spin states of the e-e*
system. In evaluating o, Otry, it Is important to remember that

vily- @)ty = mly-a + yiae)*lye = —y-a (4.191)

for any four-vector a, whose space components are purely real and whose fourth
component is purely imaginary. The relation (4.191) can be generalized as follows:

wlly-a)(y-0)(y-c)y - - (y-Mrya = (—y-1) - - (—y-c)(—y-b)(—v-a). (4.192)
For the trace arising from the square of the amplitude for Fig. 4-6(a) we must
evaluate

Trf(y- ey kyy-e ) (i Po + M)y €y kgry €™ (—iy-p_ + m)). (4.193)
First, terms linear in m are zero because the trace of the product of an odd number
of the gamma matrices vanishes by (4.83). Terms proportional to m? also vanish
because

ry—k','y'e(“"'y‘e(“”rrkg =k} = 0, (4.194)
where we have used

(v-a)(y-a) = &, (4.195)

which is a special case of (4.81). To evaluate the remaining terms we keep in mind
that (4.195) can be used to “kill” the gamma matrices; so the trick is to cleverly
rewrite the various factors using (4.81) until we reach the stage at which we can
take advantage of (4.195). Specifically
Tr(y-ery-kyry ey pory-e™y-kyy ey p_)

- T[‘['y'kg(ZG("')'[u _— ,y.,p+,y.G(ﬂl))ry.e(‘!l),y.kz(zetdl’.P_ — rye PJ)"G("’)ry'e("';j

== — 260 p, Te(ykyy- €y koye p) + Tr(y-Kay- pory-kory-p.)

= —2“0 p, Tily ko260 -ky — yy-Kyy-€“)y- p_]

+ Trly-ko(2p,-ky — ykay- pi)y- p-)

—16(e=0p, ) (€5 - kp) (ko P2) + 8(kas p)(Ky p2)

—16(e*?-kp)*(ky- p.) 4 8(K1e p) (koo p2), (4.196)
where in the last step we have used . p, = -k, and k,- p, = k,- p_ which
follow from energy-momentum conservation and the transversality condition for

the photon polarization vector. The trace that arises from the interference of Figs.
4-6(a) and 4-6(b) can be obtained in a similar manner using various tricks. The

il

ft
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trace arising from the square of the amplitude for Fig. 4-6(b) can be written imme-
diately just by interchanging the photon labels in (4.196). The net result can be
shown to be

4
T E Ml = zém)*[(aif* b2 geeny ] (@)

This leads to the differential cross section for two-photon annihilation:

()= sraron o + o 42 emey ] sy

obtained by P. A. M. Dirac in 1930.
Let us now specialize to the low-energy limit of (4.198). With

@ = Wy = Wy, k= kl == *'kh Ip+l = B+m (4199)

(valid when the incident positron is very slow), we get
(" ") = D[] — (el g, (4.200)
ab /3

If the photon polarization is not observed, we can sum over the photon polariza-
tion states. Choosing the z-axis fong k = Kk, one can orient the polarization vector
in the x-direction or in the y-direction. In this way we readily construct Table 4-1
for 1 — (e“". e}, The polarization sum evidently gives rise to just 2. To obtain
the total cross section for pair annihilation we must note that the final state in-
volves two indistinguishable particles. Hence

i do
oo = L (dﬂ>dﬂ (4.201)
So we have
tot __ 71"'0
o 4B+2 xom =" (BN (4.202)

for the spin-average total cross section. The cross section varies inversely as the
velocity of the incident positron. This is characteristic of an exothermic reaction.
Although the cross section becomes infinite as 8, — 0, the number of annihilations
per unit time remains finite as the positron beam slows down in matter since the
flux is proportional to 3,.

Coming back to (4.200) and Table 4-1, we note that the transition probability
vanishes when €® and €® are parallel. This simple result, we argue, must have
a simple explanation. To see this and other interesting features let us treat the
problem of low-energy pair annihilation using the explicit forms of the free-particle

Table 4-1
THE VALUES OF 1 — (g(#0).etx))? IN (4.200)

€0 parallel to x-axis €(=) parallel to y-axis
€« parallel to x-axis 1] 1
€V parallel to y-axis H 0
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spinors. As the positron velocity goes to zero, the .4 -matrix element becomes
A = (1 2mw) 5N Oy - ey kyry - €19 - oy el ey ke y- @ ut(0). (4.2
We can replace e eoy-kyoy-el® by y -y k,y-€*? since the photon polasi-
zation vectors have no time cormnponents and «, 7, vanishes when taken between
w*0) and 9(0). The procedure is similar for the second term. Remembering
(4.199), we obtain, for the expression inside the bracket of (4.203), the following:
@y Ky ) | gty Ky gl
= —[iZ-(e*) X K)]y-€“ + y-€[—iZ-(e* X k)]
= —2k-(e X € )yyrys, (4.204)
where we have used
(yv-a)(y-b)y=a.b+iZ-(a Xb), ¥ea = iyy 2-a. (4.205)
We now show that the e"e* state with a zero relative momentum in the triplet
spin state cannot annihilate into two photons. Because of rotational invariance it is
sufficient to prove this statement for the J; = 1 state represented by
(Do (N = B0 *H(0) [ 0. (4.206)

The relevant free-particle spinors are 4®(0) and »(0). In accordance with (4.204)
we evaluate

1
. 0! —I\{ 0
(5"/4'75”)““:!6:, Tyml == "“”(O)'Ys”( )(0) = (0, 0,0, —l)(—~_T_~— =
—I! 0/i0
0

(4.207)
On the other hand, for the singlet state symbolically represented by

UV DD (Do = (D] = (/A 2)BOHO)ADHO) — b)YV 0)]| O,

(4.20%;
we havet
i
+ =1 0.1.0 Ol o
(’U 75u)slnglct :;7'5‘(0: ) l, ) _IT 0 0
0
0
1 0y —N\|1
——L0,0,0, 1)(-—-+———)
Na) —I1 0/lo
0
=72, {4.209)
1Note that this is one place where the minus sign in »/(p) = —u®(—p) is necessary

and important,
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To summarize, we get
|-////t l’fhlplut = 0,

| A pi fingtor = (v 2 [2me)t et | 2k- (0 X eC)]?
= (26'/m9)[} — (el g, (4.210)

These results are, of course, in agreement with the lJow-energy limit of (4.197) since

7}' ‘E’ l‘/{ﬂ |2 = % l'/{fl ,Srlnlel -+ %‘ l-/{{fl ]Eiugluh (4.21 1)

Symmetry considerations. We have shown that as p, — 0, (a) the triplet state is
forbidden to annihilate into two photons, and {b) the singlet state can annihijate
into two photons provided e €32 4], We shall now demonstrate that these
features follow from very general symmetry - considerations and are, in fact,
independent of the perturbation approximation we have made. Let us first list
possible two-photon states with zero total momentum. On the assumption that
k (= k, = —k,) is in the direction of the positive z-axis, €*” or € must lie in a
plane paralle] to the xy-plane. For photon 1 the two polarization vectors € and
€® can be chosen to be unit vectors in the positive x- and y-directions respectively.
For photon 2 with momentum —k, €V can again be chosen to be in the positive
x-direction, but then € must necessarily point in the negative y-direction, because
the negative z-axis, the positive x-axis, and the negative y-axis taken in that order
form a right-handed coordinate system. (If the reader is confused, he may look
at Fig. 4-8.) In other words, we use the phase convention

(k) = e(—k), e(k) = —e?(—k), (4.212)

where we have explicitly exhibited the dependence of € on the photon momentum
k or —k. Two-photon states in which the polarization vectors are parallel must be
linear combinations of the following two states:

ay,aty, 105, a ,aty, | 0). (4.213)

Likewise, states in which the two polarization vectors are perpendicular can be
formed out of af ,at,,|0> and af,at, ,|0>; it turns out, however, to be more

2-aXis z-axis

|
! &3(k)
|
1

«D(k) o (—k)

-axis -axis
Y »

x-axis

@ (b)

X-axis

Fig. 4-8. Choice of polarization vectors: (a) photon 1, {(b) photon 2.
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convenient to consider the following orthogonal linear combinations:

Sy (aliaty, + alsati)0), (4.2143)
7'7(@_,(:1,(,2 — ab,at )0, (4.214)

The two-photon states (4.213), (4.214a), and (4.214b) all satisfy Bose-Einstein
statistics automatically because the a' commute.

The two-photon states we have constructed have defininte transformation prop-
erties under parity. First recall that the transverse electromagnetic field transforms
as

A(x, 1) —> —A(—Xx, 1) (3.215)

under parity. If we go back to the plane-wave expansion of the field operator
(2.60), we readily see that with the phase convention given by (4.212), the above
transformation can be accomplished if the individual creation and annihilation
operators transform under parity as follows:

G (—Dalye G (=D (@=12). (42I6)

An immediate consequence of this is that (4.213) and (4.214b) are even under
parity but (4.214a) is odd under parity. Meanwhile, as shown in Section 3-11,
the e~e* system with p, = p_ = 0 is required by the Dirac theory to have a nega-
tive parity. It then follows that so long as parity conservation holds in the annihila-
tion process, the two-photon system that results from the p, == p_ =0 e”e* system
must necessarily be represented by a state vector of the type (4.214a) with per-
pendicular polarization vectors. This agrees with our earlier result based on per-
turbation theory.

Next we shall discuss the consequences of charge conjugation invariance. Neutral
systems such as a single-photon state and an e~e* state can be eigenstates of the
charge conjugation operation C explained in Sections 3-10 and 3-11. By this we
do not mean that all neutral systems are C-eigenstates; states such as a neutron an-
a hydrogen atom cannot be eigenstates of C, since under C they are transformes
into an antineutron and an “antiliydrogen atom” (a positron bound to an anti-
proton), etc. The eigenvalue of the charge conjugation operator is known as the
charge conjugation parity or C-parity. We recall that charge conjugation inter-
changes b®*(p) and dW(p) (cf. Eq. 3.404). Consider again a p, =p_ =10 e"e*
system. The triplet state (4.206) transforms as

BOY0)dMH(0) | 0y L JuG)b4(0) [ 0)
== —b“”‘(O)d“”(O)[O). (4_2]7)
Thus the C-parity of the triplet state is odd. Similarly, we readily see from the
following that the C-parity of the singlet state (4.208) iseven:
([~ 2)BH(0)dDH(0) — bPH0)dH(0)] |0
SRR, (1A T BOH0)dDHO) — bAHOYVH0)] |0y, (4.218)
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(Note that the anticommutation relation between b* and d* plays a crucial role in
obtaining these results) We may mention, without going into a proof, that a
consideration of this kind can be generalized to an e”e* system of a definite orbital
angular momentum (without the restriction p, = p_ = 0); the C-parity of ane-e*
system is given by (—I)"*% where [ and S stand respectively for the relative orbital
angular momentum and the total spin (S = 1 for the triplet, § = 0 for the singiet).
Meanwhile the electromagnetic field 4, is odd under charge conjugation since j,
changes sign, but the interaction density —j, 4, must remain invariant, This means
that the creation and annjhilation operator for the transverse electromagnetic field
must change sign since A contains af, , and g, , linearly:

chavge conj

charge con} +
+ r =0} > By a ———> Oy o+ (4.219)

,a

An immediate consequence of this is that a state with an even (odd) number of
photons is even (odd) under charge conjugation:

BB+ * A 0D N (1), g, - Ghea| 0D, (4.220)

no matter how the momentum and polarization of each photon are oriented. Re-
turning now to the problem of two-photon annihilation of a p,. = p_ =0 e"e*
system, we see that

teiplet (p.. = p, = 0) —> even number of photons, 4201

singlet (p_ = p, = 0) > odd number of photons, (4.220)
so fong as the basic interaction is invariant under charge conjugation. Our earlier
perturbation-theoretic result (4.210) is, of course, consistent with (4.221). As for
three-photon annihilations, the perturbation-theoretic calculations were performed
to order ¢* in the amplitude with the result that the p, = p_ = 0 singlet state
cannot annihilate into three photons but the p, = p_ = 0 tniplet state can.
L. Michel, L. Wolfenstein, and D. Ravenhall showed that these features are a
special case of (4.221), which follows rigorously from charge conjugation invariance
regardless of the validity of perturbation theory.

It is also instructive to consider the selection rules im-
posed by angufar momentum conservation. This time it is
simpler to analyze the polarization state of a two-photon b4
system (k, == —k,) using the circular polarization lan-
guage. Since the spin component of the photon along
the propagation direction is either +1 or —1, and the
orbital angular momentum cannot have a nonvanishing
component in the propagation direction, we see that the 1
totaj angular momentum component alongk = k, = —k, Vrr F oY
denoted by J, iseither 0 or 4-2. Let us consider the J; =0
case in detail. As is evident from Fig. 4-9, the two pho-
tgns are both 'right-circularly pf)l'fxfi‘zed or both [eft- states of a two-photon
circularly polarized; the two possibilities are represented system. The gray arrows
by the state vectors Wy, and ¥,,. Consider now a 180° indicate the spin direc-
rotation about the x-axis. We denote this rotation opera-  tion.

b

Fig. 4-9. The J;=0
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tion by Z,(x). For the field operator we have

Ai(x1, X2, X3, 1) L Ay(x1, — X2, —X3, 1),
Ay (X1, Xoy X3, £) B — Ay (X3, — X2, — X3, 1). (4.222)
The individual creation operators of photons with momenta along the positive
or the negative z-axis must then transform as}
af s aty, ah, T eaty, (4.223)
Using this property and the commutation relations for at, we get

Wer = [~ Y~/ 2)(af, — iaf =V~ T) (@, — iat)]10)
O (=D, — i (V2 Yt — daty )]0y, (4.224)

that is, Wxp is even under £ ,(x). Furthermore, it is a well-known fact that a::
system with J; = 0 transforms under proper rotations like the spherical harmonix. .
Y5(6, ¢) or the Legendre polynomial P,(cosf). The transformation property of
P;(cos 6) is particularly simple for 2,(x):

P,(cos 0) —2, Py(—cos ) = (—1)’P,(cos 6). (4.225)

This means that vr,s, which is even under £ (x), cannot have J=1,3,5 ...,
where J is the total angular momentum of the two-photon system represented by
Yrez. The case is similar for ¥,,.§ Since a J = 1 system cannot have J; = 4-2 and
the two-photon system whose refative momentum is along the z-axis has been
shown to have either J; = 0 (W, andfor W) or Jy == 2 (Wg, andfor ¥,,), we have
proved that

J =1 system > 2 photons. (4.226)

This far-reaching selection rule (based only on angular momentum conservation)
was first deduced by C. N. Yang in 1950.|] From this general result we see that
the “forbiddenness” of the two-photon annihilation of the triplet p_ = p, =0
e"e* system follows from angular momentum conservation as well as from charge
conjugation invariance. Table 4-2 summarizes the requirements imposed by the
various selection rules.§ These selection rules, of course, apply equally well to
systems having the same C, P, and J quantum numbers as to the e"e* system.

{The fact that a}y. ; does not go into —aty » is due to the orientation of the linear polariza-
tion vectors for af; 110> and ot 30D along the positive y- and the negative y-direction
respectively [cf. our phase convention (4.212).]

§Actually, if the two-photon system is to be a parity eigenstate, we must consider (1/,/2)
(Wxr + W), The parity considerations, however, are irrelevant in a discussion of ti.
angular momentuimn selection rules.

{| This selection rule was used to rule out the spin-one assignment for a neutral pion ver:
early in the history of pion physics.

#Some of the results of Table 4-2 can be obtained just as simply without using the lan-
guage of quantum field theory [cf. for example, Sakurai (1964), pp. 15-16, p. 45]. We have
deliberately used field-theoretic language throughout mainly to illustrate how the trans-
formation properties of the field operators are related to those of the state vectors.
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Table 4-2
SELECTION RULES FOR THE ANNIHILATION QF AN ELECTRON-POSITRON SYS-
TEM WITH p; =p_. =0
The statement “no by C(P, J)” means that the process is forbidden by charge conjugation in-
variance (parity, angular momentum conservation).

2-photon 2-photon 3
annihilation annihilation —;?hp ton
(€t | elan) (€= | gtes) annijhilation
Triplet Noby Cand J No by C andJ Yes
(C=—-1T=1]
Singlet
(C = +1, = 0) NobyP Yes No by C

Polarization measurement. Let us now look more closely at the two-photon annihi-
lation of the singlet state. We have already shown that parity conservation requires
that the two-photon system must be represented by the state vector (4.214a). Sup-
pose there is 2 device that is sensitive to the linear polarization direction of one of
the outgoing photons, say photon ! with momentum k. Equation (4.214a) tells us
that there is equal probability for observing the photon polarization in the x-
direction as in the y-direction. This is not at all surprising since there is nothing to
disturb the cylindrical symmetry about the direction k. We shall next consider a
more sophisticated experimental arrangement in which photon polarizations are
measured in coincidence, Imagine observer 4 and observer B who specialize in meas-
uring the polarization of photon | (momentum k)and that of photon 2 (momentum
—K) respectively. Suppose observer 4 finds that for a particular annihilation event
the polarization direction of photon 1 is in the x-direction; then, according to
(4.214a), observer B must find that the polarization vector of photon 2 has no
component in the x-direction. This is quite a striking result if we realize that the
two polarization measurements can be made at a widely separated distance long
after the two photons have ceased to interact. In fact the alleged correlation is
expected even if the two measurements are made at a spacelike distance so that
there is no way of communicating to observer B the result of the measurement made
by observer 4 before observer B performs his measurement. Since photon 2 appears
unpolarized when the polarization of photon 1 is not measured, it appears as if
photon2 “gets to know” in which direction its polarization vector must point at the
very instant the polarization of photon 1 is measured. In other words, having
mneasured the polarization direction of photon 1, we can predict with certainty the
resuit of measuring the polarization direction of photon 2 (which can be very
far away from photon 1), despite the fact that both polarization directions are
equally fikely for photon 2 when the polarization measurement of photon 1 is not
carried out.

If the reader finds all this disturbing, it is only natural. Some of the greatest
minds in twentieth-century physics have worried about this problem. In the Iiter-
ature a peculiarity of this Kind is known as the “Einstein-Podolsky-Rosen paradox.”
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In his famous autobiography, A. Einstein wrote on this subject as follows:

But on one supposition we should, in my opinion, absolutely hold fast: the real factual
situation of the system S, is independent of what is done with the system S, which is
spatially separated from the former.

To analyze this paradox a little more closely, Iet us ask what constitutes a
quantum-mechanical system in this particular problem. When we measure the
polarization direction of photon 1, the quantum-mechnanical system on which
we make a measurement is not the single-photon state af , 0> but the composite
two-photon system represented by the state vector (4.214a). In quantum mechanics
it is wrong to regard a two-photon system as two separate single-photon systems
even if the two photons are a mullion miles apart so that they cannot possibly
interact. Any measurement we make on one of the photons is to be regarded as a
measurement made on the entire two-photon system. When observer 4 finds
with certainty that the polarization vector of photon ! is in the x-direction, what
he actually learns is that the two-photon system is in ay ,aty,|0) rather than in
ay ,aty |0y, Any subsequent measurement observer B may perform must be
consistent with the finding that the system at the time of the first measurement #;
represented by the state vector af al, ,|0); from this point of view it is perhap:s
not too peculiar that observer B necessarily finds that the polarization vector of
photon 2 is in the y~direction. The Einstein-Podolsky-Rosen paradox ceases to be
a paradox once we accept the view that the polarization measurement on photon
1 is actually a measurement to determine whether the composite two-photon system
is in ay yaty 10> orin af ,aty  [0D.

90° rotation

Scatrerer Scatterer

Fig. 4-10. Coincidence measurements on the pkoton polarizations.

We may mention that there have been experiments to determine whether or not
the photon polarization vectors are correlated according to (4.214a). Following
J. A. Wheeler, we consider an experimental arrangement, schematically shown in
Fig. 4-10, where the annihilation photons are scattered by atomic electrons. As is
evident from (2.170), Thomson scattering is an excellent means of analyzing the
direction of the incident photon polarization; for instance, at # = 90°, the differ-
ential cross section varies as sin? ¢, where ¢ is the aximuthal angle of-the scattered
photon direction measured from the incident polarization direction. Since the
energy of the ry ray is as large as the rest mass of the electron, it is better to use an
analogous expression based on the Klein-Nishina formula (3.344); however, it is
not difficult to show that the strong dependence on the polarization persists even i
E, == m. By measuring the coincidence counting rates using the arrangeme.~
shown in Fig. 4-10 and then repeating measurements with an arrangement whe:.
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the right-hand half of Fig. 4-10 is rotated 90° around the propagation direction
k, we can test whether there is, in fact, the perpendicular correlation indicated by
(4.214a). The experimnental resuits of C. S. Wu and I. Shaknov have fully confirmed
that there indeed 1s such a correlation effect of the annihilation gamma rays as
predicted by (4.214a).

Positronium lifetime. We shall now go back to the expression for the 8, — 0 limit
of the total cross section (4.202) to show how this quantity is simply related to the
lifetime of an e"e* bound state, known as positronium, whose existence was estab-
lished experimentally in a series of elegant experiments performed by M. Deutsch
and coworkers in the early 1950°s. We first recall that o, »,, which has the dimen-
sion of volume divided by time, characterizgs the reciprocal of the positron mean
lifetime when there is one electron per unit volume. So

R = oy p (4.227)

1s the reciprocal of the positron mean lifetime when the electron density is p. For
instance, for positron annihilation in a medium in which there are N atoms of
atomic number Z per unit volume, the p that appears in (4.227) js NZ. When we
want to calculate the lifetime ofa bound e~e* system, the electron density (relative
to the position of the positron) is just the square of the bound-state wave function
evaluated at the origin; for instance, for the ground state of the positronium we get

p = |Yn(x = O)fF = 1/[n(2a,)"), (4.228)
wher> we have used the fact that the Bohr radius of the positronium is twice that of
the hydrogen atom. In practice, since the electron (positron) velocity in the bound

system is of the order of 4 times the speed of light, we can use limg, ., 0o, in
(4.227) to compute the positronium fifetime. For the ground state we get

T(n = 1,'S —> 2y) = lim 4 67", [ 4rs(x = 0) |
v,~8

- 4,,<£{)2_1__

o m/ n(2jam)

= ja’m, (4.229)
where the factor 4 is due to the fact that the singlet state does the whole job in
(4.211). This gives for the mean lifetime of the n = 1 'Sstate,

Tamges = 2f(@®m) == 1.25 x 1079 sec, (4.230)
as first calculated by J. Pirenne. The *S state which is forbidden to decay into two
gamma rays is expected to be much more long-lived since the ampljtude for three-
photon annihilation must involve another power of e, as is evident from Fig.
4-11. Without evaluating the complicated diagrams shown in Fig. 4-11 we may
guess that the lifetime of the S state must be about 137 times longer. The actual
answer (due to A. Ore and J. L. Powell) turns out to be

Tewe 9%~ 15 231
Tulnglot 4(”2 - Q)a (4 )

for the n = 1, 5 wave bound states.
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7

Fig. 4-11. Examples of Feynman diagrams for three-photon annihilation.

Cross section for Compton scattering. Earlier in this section we obtained the .#/-
matrix efement for Compton scattering as well as that for two-photon annihilation
(which we discussed in detail). It is interesting to note that the .#-matrix elements
for two-photon annthilation and Compton scattering (Eqs. 4.166 and 4.175)
are related by the following simple substitutions:

ky, €9 ——> —f ), ke, €0#9 —> k! el=

p-—>p, p.—>—p.
As for the free-particle spinors we must interchange 5¢(p,) and #*(p’) [as welf as
u*(p_) and «®(p)], but this change is automatically taken care of (apart from

a minus sign) by (4.232) when we compute [ ,[° by the trace method; this
because

(4.232)

. L,
—letm iy tm, (4.233)
Comparing Figs. 4~6 and 4-7, we see that this set of transformations simply amounts
to changing the external lines corresponding to the (incoming) positron and one of
the (outgoing) photons, photon 1, which appear in Fig. 4-6, into the external lines
corresponding to the outgoing electron and the incoming photon which appear in
Fig. 4-7. In other words, all we need to do is “bend” some of the external lines.
Furthermore, simplification completely analogous to (4.187) and (4.188) takes
place if we compute the .#-matrix element for Compton scattering in the lab
system. For this reason 3, ;- | # # |* for Compton scattering can be readily written
once we have the expression (4.197) for two-photon annihilation. Apart from the
sign change due to (4.233), the only other change we must note is a factor two
coming from

7‘;2; —> % § (4.234)

since initially there are just two fermion spin states. So

% Z Ml @ 4 © 3 + 4(51"3-5(«'*)2]. (4.235)

e [
Tamy e e
In the lab system the relative velocity is just unity (in natural units), and in com-

puting the phase space factor, we must note that

HE + o) _ o — wcosf | = Mo 4.236
a(l kl D El + ( - )

- EICOI,
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k, =) k, é=)

pl+k

Py s

Fig. 4-12. Bremsstrahlung.

which is not difficult to obtain if we note the kinematical relations

E'= A/ + o — 200" cos f + m?,
Mo (4.237)
T m + o(l — cos f)

Putting the various factors together, we get the famous Klein-Nishina formula
(3.344). If the incident photon is unpolarized, and if we do not observe the polar-
jization of the outgoing photon, we can sum over the final polarization states and
average over the incident polarization dircctions; this can be done using the
techniques we discussed in connection with Thomson scattering (Section 2-5).
The net result is
2 r r

%:%%ﬂ§+%_mﬂ. (4.238)
Note that because o’ is not equal to » (unless w < m) but is dependent on the
scattering angle via (4.237), the angular distribution is no fonger forward-back-
ward symmetric as it is in Thomson scattering. Formula (4.238) has been checked
at a variety of energies. Already in the late 1920’s W. Friedrichand M. Goldhaber
had measured the angular distribution of y-rays with E, = 0.17m (A = 0.14 A) to
show that the observed deviation from the Thomson formula is precisely what one
expects from formula (4.238). The agreement achieved here is one of the earliest
quantitative triumphs of the Dirac theory.

Bremsstrahlung and pair production. To finish this section we briefly mention two
other processes which can be treated using the electron propagator: bremsstrahlung
and pair production (in the Coulomb field of a nucleus). This time the 4, that ap-
pears in the S-matrix expansion can be split into two parts,

A= A9 + AD, (4:239)

where 4 is simply the Coulomb potential (4.56) considered in connection with
Mott scattering and AQ is the quantized transverse field mentioned in Chapter 2.
For bremsstrahlung there are two topologically inequivalent graphs shown in
Fig. 4-12, where the symbol x stands for a first-order interaction with the Conlomb
potzntial. The essential point is that the annihilation of the incident photon in
Compton scattering is now replaced by a first-order interaction with the Coulomb
potential. As in the Mott scattering problem there is no over-all momentum con-
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servation. (as far as the electron-photon system goes) since the nucleus (assumed
to be infinitely heavy) can take up any arbitrary amount of momentum. For this
reason the S-matrix element cannot be written in the form of a four-dimensional
delta function times a covariant matrix element .#. However, the S-matrix
element is just as simple; the reader is urged to work out the details (Problem
4-10a) to obtain

Sy = —i2nZe (Z)]—V)(E",L,)(%)S(E +o— E);‘ETTICITF

7 (Y | _‘i')"(p_"k)+m . pl) _:(mf_ﬁy_'(.pl+k)+m ] s
X )(p)[y'-i[w(p T 4 ] € 4 - SN N7 A u“(p).

i[(]l’ R+ mh b
(4.240)

Once we have this expression for bremsstrahlung we can readily write the matrix
element for pair production corresponding to Fig. 4-13 using substitutions analo-
gous to (4.232). The formulas for the cross sections of bremsstrahlung and pair
production were both derived in 1934 by H. A. Bethe and W. Heitler; they can
be found in Heitler’s book along with detailed comparison with experiments.i
In Problem 4-10(b) and (c) the reader is asked to work out the cross section for
bremsstrahlung when the incident electron is nonrelativistic and consequenit
the energy of the emitted photon is small compared to m.

P 3+ /P—y So NP Sy Py S-
o —th X x
] ~petk p-—k
k, el /(, e(‘)

Fig. 4-13 Pair production (in the Coulomb field of a nucleus).

We may note that in practice the Compton scattering cross section must be
multiplied by Z (the number of atomic electrons) while the pair-production cross
section varies as Z% At low energies it is also important to consider the photo-
electric effect which is due mostly to the ejection of K-shell electrons. According tp
Problem 2-4 the photoelectric cross section for a hydrogen-like atom varies in-
versely as the fifth power of the Bohr radius, hence the photoelectric cross section
due to inner shell electrons is proportional to Z*. As for the energy dependence,
the photoelectric effect diminishes rapidly as ™ for @ < m (which can also be
seen from Problem 2-4 if we note that | K, |* is proportional to ») and as l/e for
o > m: The Compton cross section takes the constant Thomson value for o < m
(but o is still large compared to the binding energy of an atom) and then drops
rather rapidly as o exceeds m; integrating (4.238) over angles, we obtain the total

tHeitler (1954), pp. 242-268.
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Fig. 4-14. Relative importance of photoelectric effect, Compton scattering, and pair
production.

Compton cross section
-3 m 2, 1
Tcomp == TThom ”g‘ -(A—)‘ (lOg 7‘;’ -+ _2_) 4 @ > m. (4241)
1t is e vident that at high energies the pair-production process is the most important
one, More quantitatively, Fig. 4-14 (taken from R. D. Evans’s Encyclopedia article)
iltustrates which of the three processes is dominant in a particular energy region
for a given value of Z.

4-5. FEYNMAN’S SPACE-TIME APPROACH TO THE ELECTRON
PROPAGATOR

In the previous two sections we showed how to compute the matrix elements for
some simple processes using the language of the second-quantized Dirac theory.,
In this section we shall demonstrate how the results we have rigorously derived
from quantum field theory can be obtained more quickly by relying on a more
intuitive method, due to R. P. Feynman, who based it directly on the particle wave
equation of Dirac. We present this alternative approach in some detail since it
provides an intuitive understanding of the essentials of the field-theoretic results
derived in the previous two sections.

Green’s function. Since Feynman’s approach is based directly on the wave equation,
we first review the way of solving an inhomogeneous differential equation in
mathematical physics, Take the trivial example

V(%) = —p(X). (4.242)

As every “child” knows, the solution to Poisson’s equation (4.242) with the
boundary condition ¢(x) — Oas|x|— oo is given by

H(x) = j G(x, X)p{x") d*x', (4.243)
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where N 1
G(x, x") = X = (4.244)

The function G(x, x') is called the Green’s function for Poisson’s equation and satis-
fies

ViG(x, X') = —89(x — x'). (4.245)
In other words, instead of solving (4.242) directly, we first solve the unit source
problem (4.245); once we obtain the solution to this simpler problem, the solution
to the more general problem (4.242) can be written immediately because of the
superposition principle.

In relativistic electron theory we are interested in solving the Dirac equation

a .
(1 4 e = et (4206

here (and throughout this section) 4/ is a c-number wave function, not the quan-
tized electron field. The right-hand side of (4.246) is very much like the source
p(x) in (4.242). In analogy with electrostatics we may argue that it is too difficult to
tackle (4.246) directly ; instead, let us first consider the simpler unit source problen:;

(fyu"?" + m>K(x’ x) = —iB“)(x - xl)» (4247)
ox,

or, writing the Dirac indices explicitly, we have
(1 dosl@/2,) -+ mBoslKin((x, X') = —i89(x — ¥)Bey.  (4.248)

The function K{(x, x') is the Green’s function for the free-particle Dirac equation
just as G(x, x') is the Green’s function for Poisson’s equation. In complete analogy
with (4.243) we expect that a solution «» to the more complex differential equation
(4.246) satisfies

P = — [ K(x, Yoy, ALx)P) dix'. (4.249)
That this is indeed the case can be proved by direct substitution:
a ' I
(%5—-% + m) [-—f K(x, xYery, A (x" Wr(x )d‘x'}
= [[1890x — x)ey, A, (¥ )Y(x) dix
= Jey, A, (4.250)

Note, however, that even if we add to (4.249) any solution to the free-wave equation
(e = 0), the differential equation (4.246) will still be satisfied. To be more explicit,
let us consider

A(X) = () — jK(x, XYe, A, (x )X dix, (4.251)

where ro(x) is a solution to the Dirac equation when e = 0. We can easily verify
that (4.251) satisfies (4.246) just as well. In a scattering problem, for instance,
ro(x) may represent an incident plane wave which would be present even if there
were no interaction.
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There is an important difference between the differential equation in electrosta-
tics (4.242) and the differential equation for the Dirac electron {4.246). The right-
hand side of (4.242) does not contain ¢; so we could write the solution (4.243)
immediately in a closed form. In contrast, in the case of (4.246) the function
itself appears on the right-hand side; as a result, (4.251) is an integral equation.
So, even if we obtain an explicit form of K(x, x'), as we shall in a moment, we cannot
write the exact solution to (4.246) in a closed form. However, if a perturbation
expansion in powers of ¢ can be justified, we can obtain an approximate solution
to (4.246) accurate to any desired power of e by the now familiar iteration method:

Y00 = o) A [ 5’ K, )=y, AN r(x')
+ f dix' f d* X" K(x, ")~ ey, A,(xNK(x', XY [— e, AN fro(x")

- fax [ dix [ @ Kix, x)[— ey, duNK (', )
X [—ey, A, (XN K", x")[— ey A" Nofro(x™) + - - - (4.252)
Our next task is to obtain an explicit integral representation of K(x, x). First,
because of translational invariance (in botl space and time) it is clear that K{x, x')
is a function of x — x only. So without loss of generality we can set x’ == 0. We
solve (4.247) using the four-dimensional Fourier-transform method just as we
solve (1.36) using the three-dimensional Fourier-transform method. Let us define
K{(p) such that

K(x, 0) = [1j27)] j K(p)etr= d'p. (4.253)
If we substitute this expression for K{(x, 0) in (4.247) with x’ = 0, we get
[1/@nY] [ Gy p + m)R(p)er=dip = —i89(x)
= —[ij@x)] f P dip.  (4.254)

So the differential equation (4.247) is now reduced to a simple algebraic equation
in momentum-space,

(iy p +mEK(p) = —i, (4.255)
or

R(p) = ~ifGiy-p + m), (4.256)
where 1/(iy+ p -+ m) is understood to be a 4 X 4 matrix such that if we multiply

with (iy p -+ m) from the right or from the left, we obtain the 4 X 4 identity matrix.
Clearly we can write (4.256) as

() = — iy p At m)  —iqepdm
Kn) = Gy-p + m)(—iy-p +m)y  i(p? +m?)’ (4.257)

since (iy- p)* = —p®. Going back to coordinate (x) space, we get, using (4.253),
60 = “(2;)‘,{ 4r (~;,Z'+ ,J,:zm)é’":. (4.258)
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or, more generally,
no_ i 4 ("i'Y‘If + m) ip-(z—x7)
K6 x) = — g J' ap e ) (4.259)
The integrand of (4.259) is already familiar from the previous section. Whe+
we integrate along the real po-axis, there are poles at p, = +E = 4+ +/{p|* + m":

.._,',7. p + m)e—iﬂo(zq-zé)
(—po + E)(po +E)

The particular form of K(x, x') depends on the particular manner in which we go
around the poles in the complex po,-plane. That this kind of ambiguity exists is to be
expected on physical grounds, since we have not yet specified the boundary condi-
tions to be used in connection with the differential equation (4.247).

K(x, x') = “@Lz? [@p e[~ ap, ( (4.260)

>1
AN FnW
-E E
1>t
(@) Kiet(x, x7) (b) Kp(x, x%)

Fig. 4-15. Prescriptions for the integration (4.260) in the complex p,-plane.

Ky and K,,,. We shall now consider two types of K(x, x’) corresponding to different
boundary conditions. First, we shall look at what is known as the retarded Green’s
function with the property

#0, t>1

—0 bt (4.261)

Kouil(x, x") {
In the complex po-plane, K, corresponds to the choice of contour indicated in Fig,
4-15(a). When ¢ > ¢', we must close the contour in the lower half-plane; henc:
we pick up the contributions due to both poles. In contrast, when t < ¢/, we receive
no contribution from either pole. Alternatively we may use the contour indicated in
Fig. 4-15(b). It is evident from Fig. 4-5 and Eq. (4.159) that K(x, x’) then coincides
with the expression <0]7T(P)P(x))I0> = —(F)Ss(x — x’), discussed ex-
tensively in the previous section. The Green’s function obtained by following the
prescription shown in Fig. 4-15(b) is denoted by Kx(x, x"). In other words

"N i o (—iy p + m)et» ===
Kr(x, x") = —‘_*—(2%)‘ J' d'p T —Te

= OITELITXNI0) = —4Sa(x — X). (4.262)
We already proved in the previous section that if we integrate in the clockwise

direction around p, = 4 E, we obtain (4.154), while if we integrate in the counter-
clockwise direction around p, = —E, we obtain (4.157). For K, with ¢ > ¢
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we must go around both E and — E in the clockwise direction. We therefore obtain
Klet(“\‘? 'x')

lim 5, (m/EV P (p)a®(p)e™ = 4 v(p)si(p)e =] for t >,
100 P8

0 for ¢ > I (4.263)
In contrast, for K, we have the old result
() 57080 ) o1P+ (-2 ,
Ko(x, x') = lim 3, L {“ ®)a"(p)e for t>1, (4.264a)
v b EV A [—0O(p)o(p)e™ =] for 1>t (4.264b)

Note again that p, in (4.259) through (4.262) is, in general, not equal to E
= A/|pf* 4 m?, whereas p, in (4.263) and (4.264) is identical with E.

The burning question is: Which of the Green's functions, K. or K, is the
appropriate one to use in connection with the perturbation expansion (4.252)?
In the Schrédinger theory we can show that the correct Green’s function is the one
that vanishes for ¢ > t; this is evident intuitively because the wave function at
t can be influenced by the presence of a potential acting at ¢ if ¢ is later than ¢,
but not if ¢ is earlier. (This point will be clearer when the reader works out Problem
4-11.) So we may be tempted to use K, in the relativistic electron theory as well.,
We <hall now demonstrate, however, that the use of K. is incompatible with
the hole-theoretic interpretation of the Dirac theory.

Let us consider a potential problem assuming the validity of first-order pertur-
bation theory. If K in the perturbation expansion (4.252) is taken to be K., we
have, with the aid of (4.263),

B8 ) + [ A Kot 3 e ADCEHX)
= Y + 3 B SUOWAEY w gy
EY S U OWAET vp)e -, (4.265)
P a=l

where

i) = e[ | Ll ET e )y, () ALY,
, (4.266)
0 = —e [dix [ dt SATE 5@ Y, () AP,

Let us assume, for definiteness, that yr(x) is the normalized wave function for a
positive-energy plane wave characterized by p and s. According to the usual inter-
pretation of wave mechanics, | ¢f2)(f) |* gives the probability for finding the electron
at 1 in a positive-energy state characterized by p’, s’ (assumed to be different from
p, 5) when the electron is known with certainty {o be in state p, s in the remote past.
In fact, from Section 4-3, we see that cjt)(o0) is precisely the first-order S-matrix
for the transition of an electron characterized by (p, s) into another state character-
ized by (p', s') (cf. Eq. 4.64). This is reasonable because a positive-energy electron
state is known to be able to make a transition into somne other positive-energy
state in the presence of an external potential, On the other hand, ¢f;)(f) is much
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more disturbing. Recalling that »®Xp)e~'* is a negative-energy wave function
because of therelation (cf. Eq. 3.384),

pD(p)e T = F AP (—p)e! P X-H-EN (4.267)

(where E is positive), we see that for a large value of f there is a finite probability
for finding the electron (initially in a positive-energy state) in a negative-energy
state. (See Problem 3-12 for a specific exarmnple of this kind.) Thus the use of K,
leads to the catastrophic result that in the presence of an external potential a posi-
tive-energy electron can make a transition into a negative energy state, in violent
contradiction to the hole theory.

Let us now use K in the perturbation expansion (4.252). To ﬁrsg order we get,
with the help of (4.264),

P = Po(x) 4 [ dx K, ) [ —ey, AL polx)
=)+ 5 3 EMOWATEY u(p') et
+3 3 cOWATET vp)er ), (4269

where

) = —e [ @ [ di SAEV e B yrol¥) AD(Y),
N (4.269)
§t) = e [ dox [ de NSAIEV €7 5@ gupl) AV,

Note that this time the limits of the ¢ integrations are different for ¢ and ¢¢™.
Everything is satisfactory as ¢ — oo. Letting +» stand again for a normalized
plane-wave solution characterized by p and s, we see that c{*}.(oo) is identical to the
S®.-matrix element for the scattering of an electron initially in (p, s) into another
electron state characterized by (p', 5%, just as in the case of (4.266). However, the
undesirable feature of (4.266) is now absent; c{-}. does go to zero as f — oo when
Ky is used. Physically this means that the positive-energy electron cannot make
a2n energy-conserving {“real” as opposed to “virtual”) transition into a negative-
energy state even in the presence of a time-dependent external potential. Thus the
catastrophic transition into a negative-energy state is now forbidden.

On the other hand, the behavior of (4.269) as ¢t — —oo i1s somewhat puzzling.
Although ¢f*} goes to zero as t — —oo, cf7}(—oo) does not, in general, vanish.
As a result, |Ji(f == —o0) is not equal to yr. This is quite strange; in fact, as we
shall show in a moment, its ultimate physical interpretation requires a new
postulate concerning the meaning of the Dirac wave function. Fortunately some of
the results obtained in Section 4-3 help us to understand the physical meaning «-f
c§73~~o0); we note that, apart from a minus sign (which is not significantf), ¢f

tHad we used d*5t[0) rather than b*d*|0) as the initial state in discussing e~ + e* -~
vacuum (Section 4-3), the S-matrix element (4.114) would have been opposite in sign.
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(—o0) is nothing more than the first-order S-matrix element (4.114) for e™ + e*
— vacuum in the presence of 4% when +r is set equal to a normalized (positive-
energy electron) plane wave and (p,s') is identified with the momentum-spin
index of the annihilated positron. This encourages us to identify
S M mIEV v*)(p')e~ """ as the wave function for an available empty negative-
energy state (with —p’ and r' = 5 — 5’) into which the incident electron is capable
of making a transition in the presence of 4{; as the time goes on, such a state
becomes rarer and rarer because of pair annihilation, and, as t — oo, c§72, in fact,
goes to zero. Alternatively we may identify | c§-3(1) I as the probability for finding
a positron in state (p/, s’) which will certainly be annihilated by the time t = oco.
To compute the S-matrix for pair annihilation, we simply go backward in time and
ask, what is the probability amplitude for finding, at f = — oo, the positron which is
doomed to be annihilated at later times. The nonvanishing of ¢§7}, for large nega-
tive values of £, which may, at first sight, seem rather puzzling, is seen to be quite
welcome if we realize that the external potential can not only scatter electrons
but also annihilate electron-positron pairs.

In order to fully appreciate the physical significance of each term in (4.268)
and (4.269) it is instructive to examine the properties of the integral operator

J d* x' Ke(x, x')ey, (4.270)

acting on a Dirac wave function whose space-time coordinate is x’. Suppose the
time ordering is “ordinary” in the sense that ¢ > ¢'. When the operator (4.270) acts
on a free-particle positive-energy wave function, we simply get the wave function
for the same momentum-spin state evaluated at a later time:

.[ d*x' K(x, XYy mfEV u(p)e'>
=3 T (m{E"VYu p Y uH p W m[EV u“’(P)E"’"’.( Adx' emtvTEipeE
P ¥ v

= /M[EV u(p)e'r=, (4.271)

where we have made use of the orthogonality property of the free-particle spinor
(3.106). On the other hand, when the integral operator (4.270) acts on a negative-
energy wave function (4.267), it obviously gives zero so long as f > ¢’ [recall
U (—p)r® () = Lu(—p)u®(—p) =0]. Similarly, when the time
ordering is “opposite,” that is, ' > 1, the negative of the integral operator (4.270)
acting on a negative-energy wave function gives the wave function for the same
negative-energy state evaluated at an earlier time; when (4.270) with ¢ > ¢ acts
on a positive-energy wave function it gives zero. To summarize:

~NIJEV u(p)e”* } _ {)\/,;/'E—V-u(,,@)e;p‘za(t — 7
~m[EV v(p)e- T —&/m[EV v9(p) e 7 FO(' — ).
“27)

In other words, the integral operator (4.270) carries positive-energy solutions
forward in time and negative-energy ones backward in time.

.[ a*x’ Kp(x, x")ys {
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Returning now to the first line of (4.268), we first note that — ey, Jr(x) 4L(x")
represents the interaction of the incident electron with the external potential at x',
As a result of this interaction, we expect both positive- and negative-energy waves
originating at x’. Looking into the future, the Green’s function K (x, x") with £ > '
carries positive-energy electron states forward in time. Looking into the past, the
Green’s function Ke(x, x') with ¢ < ¢’ carries negative-energy electron states
backward in time. But we argued earlier that the probability amplitude ¢§} -
such a negative-energy state represents the probability amplitude for the cores-
sponding positron state which is doomed to be annihilated at later times. We can
therefore visualize pair annihilation as the scattering of a positive-energy electron
into a negative-energy state which propagates backward in time (Fig. 4-16b) in
complete analogy with ordinary scattering (Fig. 4-16a). The positron which is to
be annihilated at x’ is simply an electron “scattered backward to earlier times.”
From this point of view a negative-energy electron going backward in time is
equivalent to a positron going forward in time. This equivalence which was
suggested in the previous section by examining the propagation of a virtual electron
{positron) is now seen to make sense also for a real electron (positron).

x = (X, i)

— eVl

x/=(x’, t’) X’=(x’ it")

x={(x, i)

(a) (b)

Fig. 4-16. Graphical interpretation of (4.268): (a) ordinary scattering (f > '), (b) pair
annihilation (¢ << 1').

So far we have treated electron scattering and pair annihilation in detail. Con-
sidering +Jro(x) in (4.268) to be a negative-energy free-particle wave function, we can
formulate positron scattering and pair production to first order in the extern:”
potential in an entirely analogous manner. In connection with electron scatteri::;;
and pair annihilation we have seen that, with 4J,(x) taken to be a positive-energy
wave function, the use of K, (rather than K,,,) ensures the boundary condition
that in the remote future +» has no component of the type »®e~">%. In the for-
mulation of problems of positron scattering and pair production, the correct
houndary condition which we must use is that in the remote past - has no com-
ponent of the type u®e'™=; this 1s because neither in positron scattering nor in
pair production should there be a positive-energy electron going forward in time
at 1 = —oo, With «Js taken to be a negative-energy wave function, it is easy to see
that the use of K automatically guarantees the above boundary condition.

More generally, to determine the wave.function at all times in the Feynman theory,
it is necessary to specify the positive-energy components in the remote past and the
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negative-energy components in the remote future. This is because the positive-
energy electron propagates forward in time while the negative-energy electron
propagates backward in time. In contrast, we may recall that the Schridinger
wave function can be completely determined at all times once we know the wave
function in the remote past.

Feynman’s approach to Compton scattering. The utility of Feynman’s view that the
electron paths can “zigzag” forward or backward in time can be fully appreciated
when we consider more complex problems. For this reason we now examine the
second-order term in the perturbation expansion (4.252). For definiteness consider
the case of Compton scattering. The A4,(x) now represents the equivalent tinie-
dependent potential, discussed in Chapter 2, corresponding to the emission and
absorption of a photon: (1/~/20¥)e@e ™= for emission and (1/v 2wV )l e >
for absorption. We look at (4.252) to second order with «fr taken to be the wave
function that represents the incident positive-energy plane wave characterized by
(p, s). With K'set to K we get

WW(X) = N TIEV u(p)etr= . J d'x' j @ x" K (x, X')[— ey, (1 o/ TV Jelor 7]
X Kp(x', XY [—ey,(1/~/ 20"V )ei* e ¥ = [N/ m[EV u(p)e'”*]
{k g k'}, (4.273)

o<~ a

where we have omitted a term linear in e which cannot contribute to scattering.
As (- co, we can replace the first of the two Green’s functions, K(x, x'), by
(4.264a) since ¢ is necessarily later than ¢'. Thus

YWx) =5 MIEV u(p)er® 1 5 T el i(o0)[Vm[ETV u(p)e? 7], (4.274)
[
where
c{,t,’.(do) = f dix' J-d‘x” («/—r;/f-’_l_/ ﬁ""(p')e‘“’"")[—eryu(l,lm)ef‘“’e‘”‘l]
X KI.'()CI, X”)[*‘ny,,([/ /20)11/) E'()“»,e-ud.z»](’\/r}"m‘ u(s)(p)etﬂ-z")

k <> k'
4 { } . (4.275)
Q <r

When we recall that K.(x', x”) is equal to (O] T(y«(x){(x"))[ 0D, the coefficient
cit3(eo) is seen to be completely identical to the second-order S-matrix (4.174)
for Compton scattering which we derived in the previous section, using the language
of quantum field theory. That we can derive the correct matrix element in such a
siinple manner is the main advantage of Feynman’s space-time approach.

In Feynman’s language we can read the various factors in the integral (4.275)
from the right to the left as follows. First, the incident electron characterized by
(p, 5) emits a photon (k’, a’) at x”. Subsequently the electron goes from x' to x'; if
the time ordering is “ordinary,” that is, 2 > f", then the first form of K, given by
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(4.264a) ensures that a positive-energy virtual electron goes forward in time, as
shown in Fig. 4-17(a). On the other hand, if the time ordering is opposite, that is,
" > ', then K(x, x') carries a negative-energy virtual electron originating at x”
backward in time to x’; this is shown in Fig. 4-17(b). Meanwhile, using the field-
theoretic formalism, we have already shown that {0|T(yo(x)(x'))|0> rep-
resents the propagation of a positive-energy electron from x' to x’ when the time
ordering is “ordinary” and the propagation of a positive-energy positron from x'
to x” when the time ordering is “opposite.” Comparing the two points of view and
recalling that K,(x", x"") is identical with (0] T(yr(x")r(x")){0> we see once
again that negative-energy electrons going backward in time represent positrons
going forward in time. Finally at x', the virtual electron (positive energy or negative
energy depending on whether ¢ > ¢ or t' < 1'") absorbs the incident photon
(k, a) and goes on as a positive-energy electron (p', s') propagating forward in time.
As we emphasized earlier, a great virtue of covariant perturbation theory is th-t
we can combine the terms corresponding to two different time-ordered grapi:,,
Fig. 4-17(a) and (b), into a single simple expression.

’

kK, a
i‘LL //

] Kel(x, x%) Kp(x, x%)
w 7« ;"-‘!'7 Vil P k‘ * P Z: I petPa =i ko
bt K EV
(@yt/>¢" byt >

Fig. 4-17. Examples of time-ordered graphs for Compton scattering. Note that (a) and
(b) together correspond to a single Feynman graph (Fig. 4-7a).

We have seen that the results which we rigorously derived in the previous two
sections from quantum field theory can be written rather quickly when we use
Feynman’s space-time approach. There is no doubt that the calculational steps
become shorter and simpler when done in Feynman’s way. This is perhaps not so
surprising since Feynman’s method which is based directly on the covariant wave
equation of Dirac does not conceal the relativistic invariance of the theory at each
state of the calculations, In contrast, since the customary Hamiltonian formalism,
which was used to derive the calculational methods of the previous two sections, is
based on the Schrddinger-like equation (4.24) which singles out the time coordinate
in the very beginning, we must work somewhat harder to arrive at the same covar-
fant matrix element (for example, by combining separately noncovariant pieces
in a clever way).

In this text we first demonstrated how to derive the matrix elements for somne
simple processes, using quantum field theory, and then showed how the same
matrix elements can be obtained much more quickly when we use the space-time
approach of Feynman. It is true that we can hardly overestimate the simplicity and
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the intuitive appeal of Feynman’s approach. We must, at the same time, admit,
however, that the logical structure of Feynman’s method is somewhat more in-
volved. This is because a formalism based on the single-particle wave equation is
used to describe processes such as pair creation, pair annihilation, and even vacuurn
polarization, which involve more than one particle at a given time. In fact, the
careful reader might have already noted that the physical interpretations of (4.268)
given go beyond the usual interpretation of wave mechanics in which the square of
the Fourier coefficient represents the probability for finding a single particle in the
state in question at a given time. For this reason we prefer to regard Feynman’s
graphica] method as a convenient pictorial device that enables us to keep track of
the various terms in the matrix elements which we derive rigorously from quantum
field theory. Our philosophy closely parallels that of F. J. Dyson who in his 1951
lectures at Cornell University made the following remarks:

In this course we follow the pedestrian route of logical development, starting from the
general principles of quantization applied to covariant field equations, and deriving
from these principles first the existence of particles and later the results of the Feymnan
theory. Feynman, by the use of imagination and intuition, was able to build a correct
theory and get the right answers to problems much quicker than we can. It is safer
and better for us to use the Feynman space-time pictures not as the basis for our cal-
culation but only as a help in visualizing the formulae which we derive rigorously
from field theory. In this way we have the advantages of the Feynman theory, its cor-
rectness and its simplification of calculations, without its logical disadvantages.

Historically it was S. Tomonaga and J. Schwinger who first recognized the
importance of the interaction representation for performing covariant calculations
in quantum field theory. Using this representation, they were able to isolate in an
unambiguous way the finite (observable) part of the radiative corrections to the
basic v, vertex (a topic to be discussed in Section 4-7). Subsequently, in two famous
1949 papers, “Theory of Positrons” and “Space-time Approach to Quantum
Electrodynamics,” R. P. Feynman developed a set of “rules” which are based
directly on the Dirac and Maxwell equations but not (explicitly) on quantum
field theory; using his “rules” he could obtain the correct results much more quickly
and efficiently than Tomonaga and Schwinger. Meanwhile, starting with the
S-matrix expansion of the field operators (as we have done in this book), F. J.
Dyson demonstrated that the Feynman rules are direct and rigorous consequences
of quantum field theory and that the approach of Tomonaga and Schwinger is, in
fact, mathematically equivalent to the simpler approach of Feynman.

Whether the reader prefers to derive the Feynman rules rigorously from quantum
field theory or more intuitively from the wave equations & la Feynman, there is no
doubt that the graphs and rules which Feynman taught us to use have had profound
influences on a number of areas of physics—not only quantum electrodynamics
and high-energy (elementary particle) physics but also nuclear many-body prob-
lems, superconductivity, hard-sphere Bose gases, polaron problems etc. In less
than two decades the graphical techniques of Feynman have become one of the
most indispensable and powerful tools in attacking a broad class of probiems in
theoretical physics.
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4-6. MPLLER SCATTERING AND THE PHOTON PROPAGATOR ; ONE-MESON
EXCHANGE INTYERACTIONS

Scalar meson exchange. In the previous two sections we learned how to compute
second-order processes which involve virtual electrons and positrons or, more
generally, virtual spin-} particles. In this section we shall discuss processes which
involve virtual photons or, more generally, virtual bosons. (Processes that involve
the propagation of both a virtual ferinion and a virtual boson at the same time will
be treated in the next section.) Our main discussion centers on the electron-electron
interaction brought about by the exchange of a single “covariant photon.” Let us,
however, first treat the simpler problem of the exchange of a spinless meson.

We shall consider a spin-§ particle of mass m which we call a “nucleon”; the
corresponding field, denoted by /»(x), is assumed to satisfy the Dirac equation and
to be quantized according to the rules of Jordan and Wigner. In addition, we shall
consider a spin-zero neutral particle of mass g which we call a “meson.” The
field associated with the meson, denoted by ¢(x), is assumed to satisfy the Klein-
Gordon equation and to be subject to the usual quantization rules (cf. Problem
2-3). The “nucleon” and the “meson™ interact via Yukawa coupling:

H iy = Gfrr. (4.276)
We do not claim that our “nucleon” and “meson” bear any similarity to the nucleca
and the meson observed in nature; as we emphasized in Section 3-10, the obseryial
low-mass mesons are pseudoscalar mesons which do not admit a coupling of ti.z
type (4.276) because of parity conservation in strong interactions.

Let us consider the elastic scattering of two (identical) nucleons to order G?
in the amplitude. Initially we have two nucleons characterized by (p,, s;) and
(P2, $2); the two final nucleons are characterized by (py, s1) and (p}, 5;). Since
there is no meson in the initia] state or in the final state, the initial and the final
state are the vacuum state so far as the meson operators are concerned. The
second-order matrix element (“form 17) reads

SH = (—iGy j dix, L’(h d'x,{N1{, Ny [‘pu(-\'x)ﬂ’ﬂ(‘\’i)'g;‘v(xz%["s(x?)f N, Ny

K (Das (15540 | G(x:)b(x2) [ 0D, 4.277)

where
| Ny, Nppy == bJb1[0), | Ny, N3y = bifbit|0) (4.278)
with the obvious abbreviation b} = bU'(p,), etc. Although the ordering of
bit and byt is somewhat arbitrary, with the choice (4.278) we get §® = | when

state 1 and state 2 coincide with state 1’ and state 2’ respectively. In (4.277),
is written as Yr,lrg(1)ae So that our method here can be immediately generalized
to the v,(or the ,) coupling case. This time, since there are two nucleons in the
initial state, both ++(x,) and +r(x,) must be used to annihilate the incident nucleons;
similarly both +r(x;) and Jr(x,) must be used to create the outgoing nucleons.
The terms containing 4*) and "> make no contributions since there are no
antinucleons to be annihifated or created. Hence we can replace the product of
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the fermion operators in (4.277) by
Pelx)Praxi) Pra(xa)bs(a) = BTGP P Cea) P (). (4.279)

Note that if we are computing the S-matrix to order G2, there are no virtual nucle-
ons; every one of the fermion operators in (4.277) is needed to annihilate and
create the real nucleons in the initial and the final states. As for the meson opera-
tors, we can obviously replace {0{d(x,)P(x}[0) by {0]d™(x,)dpt ) (x,)| 0D,
where (') is the annihilation part (the creation part) of the meson field:

. | .
(+) — —_ olkm
¢ EkJ 20V x ’

(4.280)

~ik.x

- 1
) — t
¢ %;%ﬂfﬂke

with o = /|k[* 4+ p’. Physically {0|$(x,)$¢(x,)[0> means that a virtual
meson is created at x; and subsequently (note ¢, > t,) annihilated at x;, as is clear
from our experience with the fermion case in Section 4-4. We shall say more about
this vacuum expectation value later.

Coming back to the fermion operators, we now move 4<*) to the right and
p¢=) to the left so that the product of the annihilation operators may immediately
annihilate the nucleons in the initial state: ‘

11}&""{ﬁ)1}’2”(&)\}%"(&)\#&”(&)
= — PP PE CePE(6) 4 PO (), P} (xe).
(4.281)

It is not difficult to convince oneself that the last term of (4.281), which is just
P )P (x,) times a e-number function of x, and x,, does not contribute to the
scattering problem in which we are interested; it just gives rise to the amplitude for
a process in which nucleon | and nucleon 2 proceed in space-time independently
of each other even though one of them suffers a self-energy interaction. Our next
task is to evaluate f§"(x))4yf'(x;) acting on |N, Ny from the left and
(X ) (x;) acting on (N}, N3| from the right. Let by, and by, stand for
typical annihilation operators contained in the fields 4"(x,} and +"(x;) re-
spectively. So far as the creation and annihilation operators are concerned, a
typical term arising from af:§(x,)f “(x2) | Ny, Nop looks like

b(x)b(z; b}b” 0> = Ib(l)b(z)’ b} bf” 0>
= [”bmb'z*{bfy b(ﬁ)} + bm[b;: bm}b!HO>
= [*{bﬂ)f b}}&(g, + {b(n’ b”&m”‘»
= (—8uydie, + Sy Suy) | 0>, (4.282)

where we have used formula (3.414). Similarly we can compute the Hermitian

tThe diagram corresponding to this is an example of what is known as a disconnected
graph.
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conjugate of —fr{(x)Y$ ) (xe) acting on (N}, N3] from the right as follows:
[y b, B B O] = [(Bry Sry — Bz 8iey) | DY, (4.2877

where b,y and by, stand for typical annihilation operators contained in [Jpé(x))]t
and [\J7(x,)]' respectively. The physical meaning of (4.282) can be seen as follows.
The operator 4~*)(x.) can be used to annihilate either nucleon 2 or nucleon 1;
if 4r*3(x;) annihilates nucleon 2, then «»*’(x,) must necessarily annihilate nucleon
1, and vice versa.

_ Ol

T Xy

(Oipi)et10)

@ ()

Fig. 4-18. Examples of time-ordered graphs in nucleon-nucleon scattering (¢, > t,).

Let us focus on-the case where 4(*'(x,) and «**(x,) annihilate nucleon 2 and
nucleon 1 respectively; this corresponds to the second term of the last line of (4.282).
Looking at (4.283) we see that there are still two possibilities: (a) ¥)(x.) creates
nucleon 2’, and +{7)(x,) creates nucleon U, or (b) 4{"’(x,) creates nucleon 1’, and
t=)(x) creates nucleon 2. These two possibilities can be visualized by drawic.s
time-ordered graphs as in Fig. 4-18, where we have recalled that
01 (x,)p(x,)| 0> gives the propagation of a virtual meson from x, to x;.
It is very important to note that (4.283) tells us that we associate a minus sign with
Fig. 4-18(b). From our experience with the scattering of two identical particles in
nonrelativistic wave mechanics we recognize that this is precisely the minus sign
associated with an antisymmetrized final state as demanded by the Pauli exclusion
principle. Our formalism based on the second-quantized Dirac theory automatically
gives the full force of Fermi-Dirac statistics, We also note that no other factors such
as »/ 2, etc., are needed ; the only other thing we must keep in mind is that in obtain-
ing the total cross section we integrate over only half of the solid angles, just as in
the case of two-photon annihilation (cf. Eq. 4.201). We must still consider the
case where §*'(x;) annihilates nucleon 1, and §(x,) annihilates nucleon 2
[cf. the first term of (4.282)]. However, since we are integrating over both x, and x,,
we may as well make the interchanges x, < x,, @B > 8 so that J{*)(x,) annihi-
lates nucleon 2, and +4'(x;) annihilates nucleon 1, just as before. We must, of
course, keep in mind that ¢, is now earfier than t, (“form 2”). Noting that the
produet of the first term of (4.282) with (1} «— (2) and (4.283) with (1) <= (2} is
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equai to the product of the second term of (4.282) and (4.283), we see that the
S-matrix (4.277) becomes

51~ < [ [ VN

% [ule—lp, "'u‘e’”' I|)(uze—[p;.2|u2 elp,".f,) . (L‘l‘:e»ip‘,.xxu] einr‘:‘)(ﬂ’le—fp".z’uzetp,.;:,)]
X Oy p T (xa) [ 056 — 1) + (O] H(x0) P (x){ 036(r, — 1)}
(4.284)
From (4.284) we observc that the problem is now reduced to that of evaluating
the vacuum expectation value of a time-ordered product which we newly define as
follows:

O p(x)yb(x)0> for 1>7,
O}Pp(xYep(x)|0> for ¢ >t
Unlike (4.152), the T-product of two boson field operators is defined without any
minus sign even when the time ordering is “opposite” (¢’ > #); in the S-matrix
occurring in practical problems the various field operators not used in annihilating
or creating real particles always arrange themselves in such a way that we have the
combination (4.153) for ferinions and the combination (4.285) (or its analogs)
for bosons. Clearly (4.285) is equal to

O1hx)P(x)]0) = 0] ¢‘”(X)</>")( v')l 0>
= l)m-}_, Z. 57===exp itk-x — k' x"]<0] a, a}.| 0>

¥ von

1 d k
= @y

for t :» ¢'. Similarly for t > ¢, (4.285) reduces to
01 px)p(x)[0) = (0] (x)p (X))
_ @l”). | %‘ exp [ik-(x ~ X) — i(—w)(t — 1], (4.287)

Again, just as in the fermion case [cf. (4.154) through (4.162)], we get, for both
t>tand?t’ >t

O () p(xN[0) = { (4.285)

o~ eXp [ik-(x — x)y — ia(t — 1] (4.286)

OITG N0 = — b: [ % k-_;—i;__—— (4.288)
with
k* = |k[* — | kol, (4.289)

where k, is a variable, not, in general, equal to @ = /|k[* + p* Having studied the
fermion case in detail, we can easily understand the physical meaning of (4.288)
(known as the meson propagator). When 7 is later than ¢’ a virtual meson created
at x’ propagates from x’ to x and then gets annihilated at x; when ¢’ is later than
t, a virtual meson propagates from x to x’. Thus the combination of the vacuum
expectation values indicated by (4.285) automatically keeps track of the correct
“causal sequence” of a virtual process in which a meson is emitted by one of the
nucleons and is subsequently absorbed by the other nucleon, a point emphasized
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by E. C. G. Stueckelberg prior to the advent of Feynman’s theory. We again
mention that the notion of ¢ being later or earlier than ¢ is not a Lorentz invariar.,
concept when x and x’ are spacelike and that the meson propagator does not vanisi:
outside the light cone [(x — x)* > 0]; yet the combination (4.285) is Lorentz
invariant as is evident from its explicit Fourier integral form (4.288). In the litera-
ture one often defines A p(x — x') so that

l o " . e!k-(z—z‘)

7B = ) = — Ja K (4.290)
The previously defined S, 1s related to A, via the expression

[Sp(x — xVp = ("/@% _ m)aBA,.(x —x) 4.291)

with m replacing p in the expression for Ag.

(b)

Fig. 4-19. Feynman graphs for nucleon-nucleon scattering: (a) direct scattering,
(b) exchange scattering.

Substituting (4.288) in (4.284) and integrating over x, and x,, we easily obtain the
explicit form of the covariant . -matrix defined, as usual, by

Sp=8; — i@r)*8"(p, 4 p, — pi — Pé)\/(ﬁ[?)(ﬁ?)(l‘%)(%)‘”ﬂ
(4.292)

To order G* we get from (4.284)

o o (3P (’7{“1)(&5“2) . (’]5“1)('};“2) :l

= 10 o )~ G o 4299
just as we obtained (4.166) from (4.163) in the problem of two-photon annthilation.
The various factors in (4.293) can be read immediately from the Feynman graphs
Fig. 4-19 where, in contrast to the time-ordered graphs Fig. 4-18, the virtual
meson is emitted either at x, or at x; (and subsequently absorbed at x; or at x,),
depending on whether £, > ¢, or #, > f,. Again the “rule” for writing —i/# is
remarkably simple. Just as we associate (—ivy-q + m)/li(g* + m* — ie)] with each
virtual spin~§ fermion of four-momentum g, we associate 1 /[i(g® + p* — ie)] with
each virtual spinless meson of four-momentum g. Recall that in computing the
energy-momentum of the virtual particle we assume energy-momentum conserva-
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tion at cach vertex. (One may argue that the four-momentum of the virtual meson
in Fig. 4-19(a) is py — p{ (= pt — p») or pi — p, depending on whether the meson
is em’tted by nucleon 1 or nucleon 2; but in the boson case this is of no importance
since the meson propagator is a function of ¢ only.) Because of the scalar coupling
(4.276), we have (—iG) at each vertex in place of the (—ey,) appropriate for the
electromagnetic interaction. In addition, we multiply the result by 4! for Fig.
4-19(a) (“direct” fermion-fermion scattering) and —1 for Fig. 4-19(b) (“exchange”
fermion-fermion scattering).

Before we discuss the more complicated problem of photon exchange, we shall
briefly outline two alternative methods for deriving the .#/-matrix element (4.293).
First, we show how we may have guessed it from semiclassical considerations with
a nonquantized meson field. According to Yukawa’s idea, the presence of nucleon
| generates a (“classical™) meson field which we denote by ¢‘'’. When the interaction
Lagrangian is given by the negative of (4.276), the field ¢‘* satisfies the inhomo-
geneous Klein-Gordon equation

D¢(l)(x) —_— P2¢”,(x) = Gsll)(x), (4<294)

where s‘(x) is the scalar invariant constructed out of the initial and final wave
functions for nucleon i, viz.

5D = N (MJEVYM]E, V)it u, P50z, (4.295)

We solve the differential equation (4.294) assurning that the space-time dependence
of ¢’ is also given by ' ~?¥-= We then get

—— G m \( m\. N
80 = Gy () (Ep) e 629

Since we are interested in the interaction between nucleon 1 and nucleon 2, we
compute the effect of nucleon 1 on nucleon 2. The Harmultonian for the interaction
of nucleon 2 with the field ¢'*’ (generated by nucleon 1) to lowest-order is

Hio= G [ $(0)s () dx

= Gf"s(')(x)\/( 7 )&v )= @4297)

But from the S-matrix expansion (4.36) we see that (—i) times the time integral of
H,,. is to be identified with the (S — 1) matrix element to lowest order. Therefore
we get, to order G,

SH = —(~Ne? J(F ) )(E’? )( mV)

X J‘d‘ (u u, )()I:zh'z)
(pi —p1)* -

Qry 34 (p + pa — pi — p2)

* ) ) () ()i, aaom)

Vii(p, — p1)*

;exp[i(py + pa — pi — pi)-x]

I
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in complete agreement with the first term of (4.293) which represents “direct
scattering.” We can obtain the second term of (4.293) by taking into account the
antisymmetrization rule for the final-state two-fermion wave function.

There is yet a third method for obtaining (4.293) which goes as follows. As in the
first method, we use this time a formalism in which the meson field is quantized, in
the sense that we talk about the emission and absorption of a virtual meson; how-
ever, the S-matrix is computed according to the rules of the old-fashioned second-
order perturbation theory based on energy-difference denominators. The scattering
process is visualized as taking place in two steps. First, the initial state | N,, N,>
makes a transition into either of the following two types of intermediate states:
(2) an intermediate state made up of a virtual meson, nucleon I, and nucleon 2’
and (b) an intermediate state made up of a virtual meson, nucleon 1’, and nucleon 2.
The intermediate state of either type then makes a transition into the final state
| N1, N3, The existence of two types of intermediate states, of course, arises from
the fact that there are two time-ordered graphs corresponding to the single graph
in Fig. 4-19(a); type (a) intermediate states arise when nucleon 2 first emits a
virtual meson which is subsequently absorbed by nucleon 1, as represented by the
time-ordered graph Fig. 4-18(a), whereas type (b) intermediate states arise when
the virtual meson is emitted by nucleon 1 and subsequently absorbed by nucleon 2.
According to the rules of Chapter 2 the emission and absorption of a meson is
equivalent to an interaction of the nucleon with the time-dependent (scalar) poten-
tials A/ 120V e"%* and o/12wV e'*=. When nucleon 2 emits a meson of mome-
tum k, energy o, to become nucleon 2 (without any accompanying change in ni--
cleon 1), we associate with this process a time-independent matrix element

HE™ = G Es VB, VY1 o V) j | dxijuy v pihos

= G/ (M[EWVYMIE,VY(1 20 V) iu, V 8y, pirks (4.299)
where ® satisfies the energy-momentum relation
o= VKT,

Similarly, when nucleon 1 absorbs the virtual meson to become nucleon 1’, we
associate with this process

HE == G/ E VY E, VY1300 VYE, 4,V Bpy st pt. (4.300)

In addition, the rules of the old-fashioned perturbation theory tell us that we must
divide the product of the perturbation matrix elements by the “energy denomi-
nator,” which is

(Ex -+ Ez) - (Ei + Ez’)— @

for a virtual process involving a type (a) intermediate state. In this way we obtain
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the effective Hamiltonian matrix element between the two nucleons in the form

( Ill(,’:h” Hz(%m!s) \ I.{_Z(Iahs) Hl(’elmiﬁ) )
W NETE)—EFEy—0 (E+E)—EFTE)—w

VBN NG Lo s
- W) EZ V) 'ETV ’EZ_T/ 2&) Pr+Pa, Pi4p3L M MM

1 1
Xh»ﬂ—w+a—m~J

- \/(ETT’) (73”777) (E”T?T/)(E?T/)(Z”)’S‘”(Px + P2 — Pl — PG iU, ity
X.[zw(Ez -[Eé — ®) + 2w(E, M[E{ — m)]’ (4-301)

where we have let ¥ — oo. The S® matrix element differs from the above expres-
sion simply by a factor (—2=i) times 8(E, + E, — E} — Ej). We now observe
that the bracket in the last line of (4.301) can be reduced to a remarkably simple
form. Taking advantage of over-all energy conservation, we can replace E, — E;
by —(E, — E}). Hence

1 + 1 :_‘(_L)[co—-(ﬂ—~E§)+m+(E.—E{):l
20(E, — E} — @) 2w(E, — E} — o) 20 ' — (E, — £})?

i
- kP4t (E - EY
1

= 3
(P, — P+ 12 (4302)

Apart from a factor i this is precisely the propagator for a spin-zero meson in
momentum space. We thus see that (4.301) times —2xi 8(E, + E, — E{ — E}) is
equal to the direct-scattering term of the S‘¥-matrix element computed earlier
using the covariant method (cf. Eqs. 4.292 and 4.293). Note once again that by
combining two noncovariant expressions we have succeeded in obtaining a single,
more concise, covarjant expression.

The above calculation illustrates the basic differences between the (prewar) old-
fashioned method based on energy denominators such as E, — £} — o and the
(postwar) covariant method based on relativistically invariant denominators such as
(p, — P + p* In the old-fashioned method momentum is conserved at each
vertex, as indicated by the Kronecker deltas in (4.299) and (4.300). However, the
intermediate state is not assumed to be an energy-conserving one; indeed, ‘t
is precisely the energy difference between the initial and the intermediate state
that appears as the energy denominator. On the other hand, in the covariant
method, where energy and momentum are treated on the same footing, we get
automatically both energy conservation and momentum conservation at each
vertex because of the appearance of a four-dimensional integral of the type
{d*x expi(ps — pi — k)-x]. The exchanged virtual meson, however, is not visualized
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(in the sense of a Feynman diagram) as satisfying the energy-momentum relation
o = ~/|kP + u?; instead, we have, in general,

Kt 4t = (K[ = kol 4 p? 5 0. (4.303)
Indeed, it is precisely the difference between k* = (p, — p})* and —p* that appears
as the denominator of the covariant meson propagator in momentum space. From
this example we can appreciate the real advantage of covariant perturbation theory
i which we insist that the space and the time integrations be performed simul-
taneously.

Matrix eleruent for Meller scattering. We are now prepared to make an attack on
our main problem—the scattering of two relativistic electrons, commonly known as
Mgller scattering after C. Mgller, who first treated this problem in 1931, First,
recall that the basic Lagrangian density of quantum electrodynamics is

I F} .
= _"‘I‘Fquuv - ‘I'(Vpﬁ‘; + m)'\{r =+ ’e%n"l""‘w (4.304)

Using the techniques of Appendix A applied to the Dirac electron case, we can
deduce from this Lagrangian density the total Hamiltonian as follows:

H=H,+ H,, (4.305)
where

H, = _%_J'GE(J.)IZ +BLPYdx 4 J'{p(y.v + m)yrdx, (4.306)

and

Hy = — ngQ}m],.A(,L) x4+ %jd:xl J'da (‘I")’ﬂ;")x. t({p’Yﬂ;’)x.

47z | X, — X, |
(4.307)

By (Yry)x,  We mean Yn(X,, )y, y(X,, 1); the superscript (_L) stands for “trans-
verse.” In this method only the transverse part of A, is treated dynamically, and
the basic interaction (4.307) is seen to consist of the interaction of the transverse
electromagnetic field with j = jeyry«r and the instantaneous Coulomb interaction
between charge densities. We quantize only the transverse part of 4, according
to the method of Chapter 2 so that

2
AL(x) = TlV ) :7__'2@@5“1 eee™® + eMat, e 7). (4.308)

When the Dirac field is also quantized, both v+ and <y, are to be understood
as operators properly antisymmetrized so that {0 |yry,yr|0> vanishes (cf. Eq.
4.59). The S-matrix expansion of Section 4-2 can now be carried out with H,
taken to be (4.307).

Because the interaction Hamiltonian consists of two terms, the problem of
the interaction between two electrons is a little more involved than that of the
nucleon-nucleon interaction brought about via the exchange of a scalar meson.
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Fortunately the first term of (4.307) is seen to be completely analogous to the space
integral of the scalar coupling density (4.276). Therefore, so far as the exchange of
transverse photons is concerned, everything we have done with the nucleon-nucleon
interaction via one-meson exchange can be carried out just as well for the Mgller
interaction provided that we replace the identity matrix by v, and the coupling
constant G by —ie. Since the steps analogous to (4.277) through (4.284) are
essentially the same, we can immediately write the analog of (4.284)

S35 — (—eYen/(mfE VY(mJELVY(m]E, V(] E; V) j dix, f d*x,

X [(E;e—ip;wnﬁhul e”’"’”)(ﬁ;e“”"”ry,ug ew:-zz)
- (I}ge_m;‘z,ﬁﬂ u, e(m-z.)(n{e-(p{-zr,\/!uz elm-z:)] <0 l T(Aﬁi’(x,)Aﬁl’(xz)){ 0>
(4.309)

where the T" product of transverse electromagnetic fields is defined as in (4.285).
Let us now evaluate the vacuum expectation value of the T-product. First, if 1 > ¢
we get -

(O T(A) A5D(xY)] 03 = <0 | A1) AF(x')] 0>
= 5D B DT g e 0 e |0)

___!_ _l_ (@) @) plhe(z—~2*)

=y % g 20)6( &§0e . (4.310)
Comparing this with (4.286), we note that the only new feature is the polarization
sum Fi., el {®. This summation can be readily performed by recalling that
€V e? and k/| k| form an orthonormal set of unit vectors. Suppose we define

€ = Kj|k|. (4311)
Clearly ¢ with a = 1,2, 3 can be regarded as an element of the orthogonal
matrix that transforms three unit vectors along the usual x-, y-, and z-axes into the
new set €, €®, and €’ = k/|k|; hence we expect to obtain the orthogonality
condition}
3 .
2 e =3, (4.312)

oy

or, equivalently,

o

3 ePef = 8, — kikyf| k| (4.313)
]
The remaining steps in the evaluation of the.vacuum expectation value are com-
pletely analogous to (4.286) through (4.288). We get

elk-tz-z7)

QA4 D] 0 = 5l [ k(8y— {ié’l‘g)l(k,_ o (@3M)

ISee, for example, Goldstein (1951), pp. 97-98
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Inserting (4.314) into (4.309) and integrating over d‘x, and d‘x,, we obtain (to
arder e?) that part of the covariant .#-matrix which is due to the exchange of
transverse photons as follows:

—_ )2
it 77 = oy oy ) — oy ) Gy Q)
_ (‘*e)2 ~r ~r Y ~7 - ’
iy ) - (v 1) — (v -4 ud @y -Q'us)), (4.315)
(g — ie)
where
g=p—p=pi—p» §=p —pi=p—psy (4.316)
and § and §’ are unit vectors along q and q respectively. This is as far as we shall
go with the exchange of transverse photons for the time being.

Let us now look at the second term of (4.307), which represents the instantaneous
Coulomb interaction. If we are computing the electron-electron interaction to
order €* in the amplitude, we need to consider this term only to first order. Using
the rule for writing S¢*°, we get

S}f.;oul) — __f_gf J' dt J' d’xl J'daxz<€§, €§|(‘I"Yﬂl’)x.,:(%ﬂ#)x,,:| €1, €2>

47z | Xy — X, |

— __1'_3_2 J' d*x, J' d4x, 8(ty — ,,)@;, A Wxx)'yn}'(x-)%xz)w[/(xz)l €y, €z>

dn | X — Xaf
(4.317)

for the Coulomb contribution. The manner in which the fermion fields operate on
the initial and final states is the same as before except that this time we need not
worry about whether ¢, is earlier or later than ¢, since the whole interaction is instan-
taneous. The factor § just cancels with a factor 2 arising from the fact that «»(x,) can
annihilate electron 1 as well as electron 2 (cf. Eq. 4.282 and 4.283). Hence (4.317)
hecomes

51 = 1o N () oon Jermle=ty

X [(ﬁ(e*”’""’ry‘u,e"’“") X (ﬁ;e‘“”""ry‘u@“"“’)
— (e Py e ) (] e P Ty 1y P, (4-318)
Let us look just at the direct term since, apart from a minus sign, the exchange term
is obtained from the direct term by interchanging the final-state labels p| <—> pj,
s1 <> 5;. For the space-time dependence, it is convenient to rewrite the product
of the plane waves as follows:
exp(—ipi+x1 + iPyexy — IPp-Xq + [Pyr Xa)
= exp [—i(pi — p2)-(xa — x)exp[i(p, + po — pi — pi)-x)). (4319)
Since the d*x, integration is over all space-time, instead of integrating over d*x.,
we can integrate over d'x,, where x; = x, — x;. The t;-integration just kills the
8-function, whereas the d*x,-integration gives the three-dimensional Fourier trans-
form of the Coulomb potential, 1f|p; — p, [*. The d'x,-integration gives (27)*
times the four-dimensional 8-function that appears in the definition of the .-
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matrix element. Thus, we obtain

— LG == ¢ [(”1",’4 1) ({4 Us) (‘75"/4’41)(1—11')'4”2)]

L ilp— ilpi—pf
— @y @y i) (s )@y, ”2)] .
oS o] e

We should emphasize at this stage that neither ¢ nor Y™V, taken
separately, is covariant. We shall now show, however, that when we sum the two,
we end up with a compact expression which is not only covariant but also much
simpler. To see this explicitly, we first rewrite the direct-scattering term of (4.320)
as follows:

(—e)’ (“l’)’l”l)(“ 2y Us) = (— &) (@rya 1)) (@Fryaus) [MIZ —|gof’ — if] 1

~ el lqf i(g* — ie)
—_ (_e)z[(ﬁ:"{a ll"x)(‘—‘;_’ﬂiz_) %Xﬁg% ”l)(a’;.’)h “2)} .
i(q* — ie) laf*  i(g* — ie)
(4.321)
Meanwhile, because of the properties of the free-particle spinor (3.105), we have
dy-qu, = —iigfiy-(py — plu, =0 (4.322)
or
iqoiyyy thy, = — iy qu. (4.323)
Similarly, remembering (4.316), we get
iqo sy ty = — Uy qUa. (4.324)
We therefore find
(fQo)z(l:'('YA u Y (Tyrya ty) = (1Y - quy ) (ily7y - qu,), (4.325)

and (4.321) now becomes

(- e)ﬂ(":’)ﬂ” )("2’)’4“2) = (— )2(”!%“!)(“2’74“2) + (—e)* o (By-qu (Y -Gus)
i(g° — ie) g —iey
(4.326)

This leads to a remarkable result; the second term of (4.326) cancels exactly the

second term in the first bracket of (4.315). A similar cancellation also takes place
in the exchange-scattering amplitude. Hence

—i g = —i( G S AGD)
2 (l_’{'Yuul)(ﬁz"Yu”z) (L/z’Y,‘U;)(HJ‘Yp“» ]

= (—e)*| e . 4.327

(= L[(m —py —1e] il(p— pa)* — i€ ( )

The final result (4.327) is simple and covariant; so is the basic Lagrangian (4.304)

of guantum electrodynamics with which we started. This suggests that a somewhat

awkward formalism has been used to derive the simple matrix element (4.327).

Indeed we could actually have guessed (4.327) much more quickly from semi-

classical.considerations analogous to (4.294) through (4.298), that is, by arguing
that the presence of electron 1 induces a (“classical”) four-vector potential A{’
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satisfying (in the Lorentz gauge)
[JAP = —ie/(m{ETVY(M[E,V Yit{ry, uy g7t ~ 2= (4.328)

which interacts with efectron 2. It was precisely this kind of reasoning that fed C.
Mgtler, in 1931, to write the matrix element for electron-electron interaction.
The quantum-electrodynamical derivation given here is essentially that of a 1932
paper of H. Bethe and E. Fermi except that we have used the perturbation-theo-
retic formalism based on covariant denominators rather than that based on energy-
difference denominators.

Covariant photon propagator. It is also possible to derive (4.327) more elegantly by
constructing a manifestly covariant quantum theory of the Maxwell field. The
result (4.327), when compared to (4.293), strongly suggests that this can be accom-
plished if we quantize not just the transverse parts of A, but also its longitudinal
and fourth components. Instead of starting with the formalism of Appendix A in
which only the transverse parts of A, are treated as dynamical fields, let us suppose
that we can take all four components of A, to be four independent Hermitian Klein-
Gordon fields of zero mass subject to the usual rules of field quantization. We
expand A, as follows:

Av=(NT)Z 2‘] (/A 20)(axqel® e*% -+ af e* e"2).  (4.329)
k a=l

Note that the « indices now run from 1 to 4. The polarization vectors are so chosen
that
€MD) = LW = (i1 () with A% | k A0 | 4@
e = eM* = (k| k|, 0); e = —e4* = (0,0,0,1) (4.330)

Note the orthogonality relation
4
el =38, (4.331)
a=i

The creation and annihilation operators are assumed to satisfy the following:
[ak_a) altﬁu’] = skk'8n5‘9 [ak.m ak‘.l‘] = [a{&‘.a’ a)t‘,lx'] = 0) (4332)

just as in the transverse case. We may call af, ;and a},, the creation operators for a
longitudinal and a timelike photon respectively. In this formalism we forget about
the instantaneous Coulomb interaction; the electron-electron interaction is
visualized as taking place via the exchange of four types of photons—two transverse,
one longitudinal, and one timelike. To compute the 4#-matrix element for Mgller
scattering all we need to do is evaluate {0|7(A.(x)A4,(x))[0). This can be
easily accomplished because of (4.331) and (4.332); we obtaint

, _ dlk elk‘(z‘:’)
tIn the literature one often defines D,(x — x) by

1 _ i dtk etk (z-z Y i
3 Dp(x — x) = (27[)¢J- (k? — iE) = L‘_‘}: ?AF(-" - x').
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which is called the covariant photon propagator. Using this, we can immediately
write the covariant matrix element (4.327). Thus, to obtain the covariant result, it
is simpler to use a formalism in which ali four components of A4, are quantized.

There are, however, two important features which we overlooked in the previous
varagraph. First, in treating all four components of A, as kinematically independ-
ent, we have completely disregarded the Lorentz condition; actually this turns out
io bc not too serious because the source of the electromagnetic field is conserved.
Second, we have assumed that 4,(x) is 2 Hermitian field operator, whereas we know
from the correspondence with classical electrodynamics that the expectation
value of 4,(x) must be purely imaginary. To overcome these difficulties a rather
claborate formalism has been developed by K. Bleuler and S. Gupta to justify
what we have done in the preceding paragraph. The proposal of Bleuler and Gupta
is, among other things, to modify the definition of a scalar product in Hilbert space
by introducing the notion of indefinite metric (negative probabilities); as a result,
{A,> becomes imaginary despite the hermiticity of the field operator 4,. We
shall not discuss this elaborate method in any further detail since we have already
lcarned how to arrive at the correct covariant matrix element (4.327) by using
the altcrnative noncovariant method. A good discussion of the Bleuler-Gupta
formalism can be found in many books.{

Transverse Covariant

photons
(tWo types)

photons
(four types)

2
(instantancous)

@ ®) (©)

Fig. 4-20. Exchange of “covariant photons.”

in any case it is convenient to visualize the covariant matrix element (4.327)
as representing the exchange of four kinds of “covariant photons.” Looking
back at the Coulomb contribution (4.326), we can say that the so-called instantane-
ous Coulomb interaction is actually equivalent to an interaction due to the emission
and subsequent absorption of a time-like photon and a longitudinal photon, con-
sidered rogether. Taking into accourt the possibility that the four types of “covari-
ant photons” can be exchanged between two electrons, we can completely forget
about the existence of the instantaneous Coulomb interaction. This is indicated
pictorially in Fig. 4-20. From now on by a photon we will mean a covariant
phoion.

1t can be shown that this equivalence of the instantaneous Coulomb interaction
and the exchange of a timelike and a longitudinal photon (taken together) holds

I3ee, for exarmple, Mandi (1959}, pp. 57-71; Kilién (1958), pp. 181-204.
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not just for this particular problem of electron-electron interaction treated to
order ¢* in the amplitude but also for any problem in quantum electrodynamics
so long as the source of the electromagnetic field satisfies the continuity equation.
Thus we can add to our previous list of “rules” for writing —i.# the following
prescription:

In a process which involves the propagation of a covariant photon, just insert

Sulli(g® — ie)] (4.334)

in the same way as we insert 1/[i(g* + pu* — ie)] for a spinless meson and

(—iy-q + m)l[i(g* + m® — i¢)] for a spin-}% fermion.

We have argued that a virtual photon can be visualized as having four states of
polarization. On the other hand, we know that a rea/ photon, or a free photon,
has only two states of polarization. At first sight this may appear disturbing; after
all the so-called real photon should be the limit of a virtual photon where |q|
approaches g,. As a matter of fact most real photons of physical interest are,
strictly speaking, virtual in the sense that they are emitted .at some place and
absorbed at some other place. To analyze this feature for the particular problem of
electron-electron interaction, we simply note that as |q| approaches |q,}, the first
term of (4.321), which represents the exchange of a timelike photon, tends to cancel
the second term of (4.321), which, because of (4.325), represents the exchange of
a longitudinal photon; this cancellation becomes complete when the photon be-
comes real, that is, when |q] = |qo]. If one wishes, one may say that the photon
always has four states of polarization regardless of whether it is virtual or real,
but that whenever it s real, the timelike photon and the longitudinal photon always
give rise to contributions which are equal in magnitude but opposite in sign.

Cross section for Meiler scattering. Let us now compute the cross section for Mgller
scattering. The connection between the differential cross section and the .#-matrix
element can readily be obtained as in the case of two-photon annihilation. Quite
generally, for any elastic fermion-fermion scattering we have in the CM system

dg 11 @mmy)
(m)c,. F ey E, Al (4.335)

which is a special case of (4.182). If the initial electron beam is unpolarized, and if
we are not interested in observing the final spin states, we must sum over the
initial and final spin states and divide the result by four. Our task is to compute
a, b, and cin
ae' be* cet
T M = G Gy T R G
(4.336)

For the coefficient a we have

1
a = s rTEEX (ul'YI'Yv'Ylulul')’p”l)(”I'YJ'Yv'Ybuzuz')’y"2)

H N n 5

= TrIA YA @)y,] Te A PIm A By, (@337
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where we have used the abbreviation
AW (p,) = (=i py -+ m)2m, (4.338)

etc. The coeflicient b ean be obtained from (4.337) by the substitution pj <> p;.
Finally for the coefficient ¢ we must evaluate the long trace

2 y g1 - - - ’
€= 71' :/:/ :/:/ :/:/ ?—/ (lllp/uul)(ll;'Yu”2)(”2"/1?";)(”1%'"3)

= SR L () ooy 1) o) o)

N8

= LTI @)y AT PR A EIMAT BINL (4339)

The evaluation of (4.337) is facilitated if we use (4.80) and its generalization
Tr [(y-a)(y-0)(v-)(y-d)] = 4[(a-b)(c-d) — (a-c)(b-d)} + (a-d)(b-c)},
(4.340)
which can be readily proved. The evaluation of (4.339) may look more formidable,
but actually it is not so bad if we use
Yuly- @y = —2v-q,
Py @)y~ b)yp = 2[(y-a)(y-b) + (y-b)(v-a)) = 4a-b,
Vulr-a) (v b)Yy )y = —2(y-c)y-b)(v-a), (4.341)
where we are to sum over the g-indices .These formulas are not difficult to prove

using the basic anticommutation relation for the gamma matrices; for instance,
the proof of the second formula of (4.341) goes as follows:

'Yn('yuav)('Yle)’Yu = ["_('YVGV)'YA: + 2(1,.]'}'1[);')’,‘
= —(y-a)(—m b1y + 26y, + 2y b)(v+a)
= 2(y-a)(y-b) + (y-)(y-a))
= d4q-b, (4.342)

where we have used w,y, == 4 (u-indices summed). We shall not evaluate these
traces in detail since in Problem 4-13 the reader is asked to work out similar
expressions for electron-proton scattering. The net result is that we can express
a, b, and ¢ in terms of three Lorentz-invariant scalar products

Pi P2 = p1°Ds,

Pi BL= e pi, (4.343)

Py = papi
Actually among the three scalar products only two are independent since the three
quantities,

s = —(p+ po)* = ~(p| + pi)? = 2m* — 2p,-p,,
= —(p1~ piY = —(pi — po)y = 2m" + 2p,- i,
u = —(p, ~pi) = —(p| —~ po)' =2m* + 2p,-p;, (4.344)



258 COVARIANT PERTURBATION THEORY 4-6

turn out to satisfy one relation}
§ A4t + u=4m? (4.345)
To prove (4.345) we firstverify it in the cM-system, where £ = E, = £} = E, = E},
P=P=—pu P =p=—phlpl=1P}:
(g1 + pY = —Elw = —QE) = —4(|p* + ),
(pr—pP =1p— 9 =2[pl(l —cosb),
(pr—p=1p+ P =2[pP( +cosb). (4.346)
Since s, t, and u are invariant scalars, the relation (4.345) which has been verified
in the cM-system is valid in any coordinate system.

Even if we do not evaluate the traces (4.337) and (4.339), we can immediately
write the nonrelativistic limit of the differential cross section for Mgller scattering,
because iy, == 0 and fiy,u, = 1 for 5, = 51 and 0 for s; 3¢ s{ in the nonrelati-
yistic limit (p == p’ = 0). Using (4.327), (4.335), and (4.346), we readily get the
gpin-average cross section

da N I 1 1 1
(«T(z)m = i@?[sin‘ @+ cos @) T st @) cost (0[2)]’ (4.347)

where 8 is the velocity of one of the electrons in units of ¢ (not the relative velocity
of the two incoming or outgoing electrons). Clearly the first term of (4.347) is just
the Rutherford term; the second term is necessary because the whole expression
must be symmetric under § — = — @ for the elastic scattering of two identical
particles. The third term, which is due to the interference of direct scattering and
exchange scattering, clearly shows the effect of the Pauli principle, which tends
to reduce the cross section at # =~ = /2. We may mention that the exact expres-
sion for the scattering of two nonrelativistic electrons differs from the above
perturbation-theoretic result in that the third term of (4.347) is multiplied by cos
{(/2B) log [tan® (§/2)]}. The extreme relativistic limit of the Mplier scattering
cross se tion is also relatively simple to obtain. In evaluating the indicated traces in
(4.337) and (4.339), A‘*~(p,), etc. can be replaced by —iv- p,{2m, etc.; we then get
dé\ r ra(m\* 1+ cos*(6/2) , 1+ sin' (6/2) 2 .
(m)cn - "8“("5") [ sin® (92) o5t @) T s @) cost (0/2)]
(4.348)

Effective potential; the Breit interaction, In nonrelativistic wave mechanics (as well
as in classical mechanics) we introduce the notion of a potential to be used in
conjunction with the Schrodinger equation. Incontrast, in relativistic field theory we
visualize the interactions as arising from the exchange of quanta. We may naturally
ask how the two concepts are related. It is not difficult to establish the desired
connection for slowly moving particles if we are concerned just with lowest-order

1The variables s, ¢, and 4 are sometimes called the Mandelstam variables after S. Man-
delstam, who studied the analytic properties of meson-nucleon scattering amplitudes
as functions of —(p, + px)?, —(Pr — D), and —(py — pr)*.
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processes. According to the Born approximation in the Schrodinger theory the
differential cross section for the elastic scattering of particle 1 (mass m,) and particle
2 (mass m,) is given in natural units by}

_dj_: e (Mrea —ipx N
(dﬂ)(m = |52 [ewavegen=aix|s (4.349)
where n,, stands for the reduced mass,

e My
Mg = T2 (4.350)
and pand p’ are the initial and finial momenta of one of the particles (say, particle 2)
in'the cM-system. This formula can be easily generalized to cases where the particles
have spins and the potential ¥ depends on momentum (—iV) and spin. Coming
back to (4.335), we see that for slowly moving fermions the covariant matrix
element 7 ;, is related to the differential cross section as follows:

doy aml(1 M_) [
(dﬂ)c.\l (475)('77: + my M 5i (4351
Comparing (4.349) and (4.351) we obtain
M= [ vemsdx, (4.352)
with
q=p—p (4.353)

where we have chosen the phase of (4.352) in such a way that a repulsive force
{positive potential) corresponds to a positive ., in conformity with the definition
of the covariant matrix element (4.292). See also (4.38) and (4.39). Fourier-trans-
forming (4.352) we get

1
Q@)

V= o [ M neraig, (4.354)
This formula enables us to construct an effective three-dimensional potential
{to be used in connection with the Schrddinger equation) once we know the
nonrelativistic limit of the covariant matrix element. The essential point is that the
so-called potential is nothing more than the three-dimensional Fourier transform
of the lowest-order .4 -matrix element.§ In the case of scattering of two identical
fermions the #-matrix element that appears in (4.354) is just that part of the
covariant matrix element which corresponds to direct scattering since the use of
antisymmetric wave functions in nonrelativistic wave mechanics automatically
takes care of the contributions due to exchange scattering.

tSee, for example, Dicke and Wittke (1960), pp. 263-295; Merzbacher (1961), pp. 226~
227.

§in higher orders, however, a morc careful consideration becomes necessary since the
iteration of lower-order potentials also gives higher-order matrix elements.
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Let us see how the rule expressed in (4.354) works in the case of Mgller interac-
tion. In the cM-system the direct term of (4.327) is reduced to

(dlroct) . 32(17;’74 u,) (ftyry, ) 32('3;7“1)(%7“2),
A= lqP + lq[” (#4359
At very low energies iljy 4, can be replaced by 8,5, & Yu, by zero; similarly for
fiyy .4y Hence the insertion of (4.355) into (4.354) immediately gives the repulsive
Coulomb potential e*/(4xr), as expected from our earlier considerations. To see
the physical meaning of the second term of (4.355), which begins to be important
when 8 is not too small compared to unity, we first recall (cf. Eq. 3.215) that

- U !

Zyu, = Xnm[__l(l’lz'; P) + gt Xz(rl;; - pl)]xln). (4.356)
Note that this vector is “transverse” in the sense that it has no component in the
direction p; — pi. Calling the first and second terms of (4.356) respectively “current”
and “dipole,” we see that the second term of (4.355) gives rise to a current-current
interaction, a dipole-dipole interaction, and 2 current-dipole interaction, As an
example, we shall consider the dipole-dipole interaction in detail. Remembering
q = p; — P, = —p| -+ P, we can readily take the Fournier transform of the dipole-
dipole matrix as follows:

(@ X @)-(a X Q)elax
J @myTaT 44

— (m) (@M X V)-(a® x V)(4m)

_ _ea'” eq!?! ]
i [2m % v(m)]. (4.357)

We recognize that [(ea'®’/2m) X V(1/4rr)] is precisely the vector potential gener-
ated by the magnetic moment of electron 2; hence (4.357) is just the interaction
energy between the magnetic moments of the two electrons expected from classical
considerations.} As for the current-dipole interaction, which goes like
[e!" x (p; — pOl-(p: -+ P2), we can use the identity

(27r)3

[l tauix x (—iv)errax

=—ig-(p x p) [ Verxaix (4.358)

(valid for any spherically symmetric ¥) to prove that it gives rise to a spin-orbit
force (cf. Problem 4-14). The spin-orbit potentia] that arises in this manner should
not be confused with the spin-orbit potential in the Thomas sense, discussed in
Section 3-3. The Thomas interaction is actually buried in the first term of (4.355)

tSee our earlier discussion on the hyperfine structure of the hydrogen atom given in
Section 3-8 (especially Eq. 3.327).
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as we may readily verify using

’ reylt) ’
dleyaay) 2o gt ] - BB 1O X (@ XP:)] 1)
(i) = x [ + Gy + @my? X, (4.359)
As a result, the spin-orbit interaction between two electrons is t/iree times as strong
as the Thomas interaction:
- 3 1d/eé o g
pu-s ,ﬂ_*_ﬁ_ﬁ(_) ( .

2m* r dr\dxr L 2 (4.360)
Prior to Mgller’s work, G. Breit worked out all these correction terms to the
Coulomb potential using essentially classical arguments and applied them to the
He atom; hence they are collectively known as the Breit interaction between two
electrons.

/
P4, 54

(a) (b)
Fig. 4-21. Bhabha scattering: (a) direct diagram, (b) annihilation diagram.

Bhabha scattering; positronium. Having studied the Mgller amplitude in detail,
we can readily obtain the amplitude for electron-positron scattering, or Bhabha
scattering (so called after H. J. Bhabha who treated this problem in 1935). To
order ¢* the products of the electron-positron operators that give nonvanishing
contributions are

1}5: )(xl)\lf;(f)(xl)Jsﬁ)(xz)‘l'"(s*)(xe),
N x) A0 )P e ) (xe) ::i‘:": AP o) PE (X ) (),
{ﬁ* ’(M)«L‘L”(X:)\F%"(xz) AP (x2),

T DTEI) o TP DT P,
(4.361)

We can see that the first two terms give rise to the fermion lines in Fig. 4-21(a).
(Note again that for the second term we interchange x, ¢ x, and redefine the
Dirac indices so that the second term looks similar to the first one.) The third and
fourth terms are somewhat novel. Take, for instance, {7 (x.)y47(x,) in the third
term; this pair of operators can create an electron-positron pair at x,. Similarly
WA (xR (x) can annihilate an electron-positron pair at x,. Thus the third and
the Tourth terms give rise to the fermion lines in Fig. 4-21(b), known as the amihi-
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lation diagram. The manner in which the covariant photon propagator joints the
products of the Dirac spinors is the same as in the Mgller case for both Fig. 4-21(a)
and (b). The only treacherous point is the sign of each diagram. To begin let us
arrange the first term so that the annihilation (creation) operators stand on the
right (left). Apart from an uninteresting term that does not contribute to the scat-
tering process, the first term is just

50 P Ce) P )PE T (x0)- (4.362)
This is to be sandwiched between the initial state b~*(p_)d"*"*(p,)| 0> and the
final state 52 (p2)d*“*(p’.)]0). But

T A ()b p)d ()| 0)
=/ (ME VYJE_V)ousexp(ip_~xa + ip,-x){0p,

€O (B b e ) ()

= — S (M[E, VY(m[E_VYopityexp(—ip. - x,—ip,+x,) {0},  (4.363)
where u3, i), etc. stand for u§*(p_), 2 (pl), etc.; we therefore associate a nuinus
sign with Fig. 4-2{(a). Since the ordering of the electron and positron operators
in the third term of (4.361) differs from that of the first term by an odd number
of permutations, we must associate a plus sign with the annihifation diagram,
Fig. 4-21(b). As a result the .#-matrix element for Bhiabha scattering is written
as follows:

i, = (— ’-'[__ . (5"7147’)(,’77#"). . (a,'ﬁxv)(ﬁl.')’u “)‘ ] 4.364
M= CO =i, = gy =@ T, by )
Comparing Fig. 4-21 with the analogous Feynman diagram for Mgiler scattering

[or comparing (4.364) with (4.327)], we see that Bhabha scattering and Mgller
scattering are related by the simple set of substitutions

> =py  PL— =Dy, (4.365)
pr—>p., pi—>pl

(apart from an overall minus sign). From this point of view the annihifation
diagram of Bhabha scattering is related to the exchange diagram of Mgller scat-
tering. Indeed, in the hole-theoretic description the annihilation mechanism of
Fig. 4-21(b) corresponds to a process in which the incident electron undergoes
exchange scattering with one of the negative-energy electrons in the Dirac sea;
hence we expect a relative minus sign between the direct and the annihilation
diagrams. We again see that such sign factors are automatically taken care of if
we use the second-quantized Dirac theory.

Using (4.354), we can derive the potential corresponding to each of the two
terms in (4.364). In the nonrelativistic limit the first term. obviously gives a Cou-
fomb potential since &yv =8, , Fyw=8,,, and Fyv=1#yu=0 for
p. = p_ = p,, = p. = 0. The sign of the Coulomb potential corresponds to an
attraction-since the covariant .#-matrix element is negative. This, of course, is
just what we expect from efementary considerations; e” and e* are known to attract
each other. The potential corresponding to the second term is more interesting.
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The reader may show in Problem 4-15 that this annihilation term gives rise to a
repulsive short-ranged [5¢¥(x) type] potential that affects just the *S-state.

At this point we shall briefly comment on how the perturbation-theoretic matrix
elements between initial and final plane-wave states can be used in bound-state
problems. Obviously we cannot directly apply perturbation theory to compute
bound-state energies. However, we can first obtain approximate bound-state
energies by solving exactly the Schrédinger (or the Dirac) equation with a potential
that is refatively simple to handle (for example, the Coulomb potential); we then
use the usual perturbation-theoretic method to estimate the effect of the difference
between the true (total) interaction and the potential interaction already consid-
ered.l Let-us see how this method works in the case of a positronium. We first
obtain approximate encrgy levels of the positronium using the Schrédinger (or the
single-particie Dirac) theory with the usual Coulomb potential. Having obtained
the Coulomb wave functions and energy levels we can estimate the effects of the
dipole-dipole interaction, the annihilation interaction, etc., not previously con-
sidered in solving the Schrodinger equation with the —e?/(4xr) potential. Using
this method we readily obtain the hyperfine splitting of the ground state of posi-
tronium as follows (Problem 4-15):§

E(n = 1,°8) — E(n = 1,'S) = (3 + Ha*Ry., (4.366)

which is numerically equal to 8.2 X 10™*eV. In this formula, Ry, represents
{a?/2ym as usual; the % is due to the dipole-dipole interaction contained in Fig.
4-21(a), whereas the 4 arises from the repulsion (in the *S state only) caused by the
aunihilation force represented by Fig. 4-21(b). We may mention parentheticaily that
higher-order corrections due to the anomalous magnetic moment, the annihilation
force involving two virtual photons, etc., slightly modify this formula so that the
final result is

Y Y e 2 2,1 ﬁ( 16)}
En=1,8)—En=1'S)=«a Ry.,{3 5 log2+—§— s
(4.367)
as shown by R. Karplus and A. Klein. Numerically formula (4.367) gives 2.0337
x 10°* Mc for the microwave frequency corresponding to the *S-'S energy
difference. This theoretical value is in an exceedingly good agreement with the
cxperimental .value, {2.0338 + 0.0004) x 10° Mc, obtained by M. Deutsch and
collaborators. In any case, even setting aside the small corrections of order &*Ry.,,
it i1s abundantly clear that we must take into account the annihilation force of

+An alternative, more formal, procedure that leads to the same results makes use of
what is known as the bound jnteraction representation. See, for example, Jauch and
Rohrlich (1955) pp. 306-321.

§Although the hyperfine splitting of the hydrogen atom is smaller than the fine structure
splitting by a factor of about (m,/ny), (see Eq. 3.328), the hyperfine splitting and fine-
structure splittings are .of the same order for positronium. For this reason the hyperfine
splitting of positronium is often referred to simply as a fine-structure splitting.



264 COVARIANT PERTURBATION THEORY 4.6

Fig. 4-21(b) (which has no analog in the hydrogen atom) if we are to obtain the
correct splitting between the two hyperfine states of positronium. The necessity
of the annihilation force has also been established experimentally in Bhabha scat-
tering at p™® ~ 3m.

One-pion exchange potential. The relation (4.354) can also be applied to meson
theory to derive so-called one-meson exchange potentials. In the case of scalar
coupling the first term of the Fourier transform of the covariant matrix element
(4.293) immediately leads to the familiar Yukawa potential

eﬂr

) = Y0
4 47 r

, (4.368)
obtained in Section 1-3 from classical considerations. Note that the sign of the
force between two nucleons due to the exchange of a scalar meson is attractive,
11 contrast to the Coulomb case.

It is known empirically that the lightest meson that can be exchanged between
two nucleons is a pseudoscalar = meson. If we use the pseudoscalar coupling

Hy = iGYysird (4.369)
in place of the scalar coupling, we obtain for the direct scattering part of the co-
variant matrix element the following:

— (aiw) G? (ux’YquEo'ﬁ Llr.
ade il(p, — pY + ,U'Z] (4.370)

Comparing this with the analogous expression in the Mgller case, we see that,
apart from the finite mass of the exchanged boson, the only change necessary is
—ery, — Grys. In the noarelativistic limit we just have

(s>
(1), 5t 0 —I X (1
r = (gt — (g PPl — a0t sy
e | 0)(0(2’ "’X"‘) o

(4.371)
and
— s3>+ 0(2)"‘ tag)y
Uplyshty = X0 5= X (4.372)
S0 (4.370) leads to
R 20 (1) ),
s 25 _Ge-q)(c™-q), (4.373)

Cmy(al +p)
where m and p are respectively the masses of the nucleon and the meson.t This

1in place of the pseudoscalar coupling we may use a pseudovector coupling

_iF 2
‘;flnt = /1‘ "1;')’5'7“1#91\‘,,4).

So far as the one-meson exchange interaction is concerned, the result is identical to (4.373),
provided we make the replacement (G%/47x) -+ (F*/4x)(2m{p)2.
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gives rise to the potential

¢ 1
4z (2my*
It is not difficult to show by direct differentiation that for r % 0, (4.374) can also
be written as

s G 2{ \ [ 1 R }e""
sy o B (1), 2y S T I T -,
v 4”( ) (@0 4 | i o + 3]5.2 L, (4.375)

pos — oM.V (g V)E (4.374)

2m (pr)
where §,, is the well-known tensor operator}
Sy =Bl -x)(e?-x)}r*] — o'V gD, (4.376)

The potential (4.375) is appropriate for describing the exchange of a neutral
pscudoscalar meson, for example, the p-p (or n-n) interaction due to #° exchange.
In discussing the p-n case, however, we must take into account the fact that the
neutron (proton) can emit a z~(x*) meson to become a proton (neutron), and that
the proton (neutron) can absorb a #~(x*) meson to become a neutron (proton).
It turns out that the principle of charge independence in nuclear physics requires
that the coupling constant for n <> p 4 =~, for instance, be related to that for
p < p -+ =° by a simple numerical factor. As discussed in almost any textbook
of high-energy nuclear physics, the pion-nucleon interaction consistent with charge
independence may be taken to be

e = ’.G[ﬁqf’ch ‘l’-‘n')’s \]’n -+ ﬁqu. %"/s% + ‘?53(‘1;’»'}’5 “!’n - 1},.“)(5\(1‘,.)],
(4.377)

where ¢, ¢a, and ¢l are the field operators respectively for #°, ==, and =+ (for
example, ¢, annihilates =~ and creates = *).§ If we compute the one-pion-exchange
potential using (4.377), we obtain the potential (4.375) multiplied by the isospin
factor (first derived by N. Kemmer in 1938):

1 forT=1,
—3 forT=0,

where T stands for the total isospin of the two-nucleon system; T'=1 for 'S,
3P, D, ete., and T = 0 (not accessible to p-p, n-n) for 3S, 2, 3D, etc.

As we shall see in a moment, the interaction constant G that appears in (4.377) is
rather large; therefore the use of perturbation-theoretic arguments is, 1n general,
not very fruitful in meson theory. The one-pion exchange poteatial which we have
derived, however, turns out to be of some use when we discuss the collision of two
nucleons with large impact parameters or, equivalently, when we consider the
higher / partial-wave amplitudes of the nucleon-nucleon scattering matrix. The

PO { (4.378)

{From the transformation properties of S, under various symmetry operations we infer
that this operator can change the relative orbital-angular monientum of the two-nucleon
system without changing the total angular momentum, parity, and the symmetry of the
spin-wave function; hence it connects, for instance, the 35 state with the *D, state. See,
for example, Blatt and Weisskopf (1952), pp. 96-108; Preston (1952), pp. 77-83.

§5ee, for example, Nishijima (19643, pp. 75-89; Sakurai (1964), pp. 197-222,
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reason is that the exchange of many pions is unimportant at distances considerably
larger than 1/p == 1.4 X 107"* em. Crudely speaking, this is a direct consequence
of the uncertainty principle which requires that the energy-conservation violating
emission and reabsorption of an object with mass M can take place with an ap-
preciable probability only for a time interval comparable to or shorter than 1/M,
giving rise to a potential whose range is of the order 1/M. (A more quantitative
argument shows that the two-pion exchange and the three-pion exchange potential
indeed fall off as ¢~*7{r and e~*'/r at large distances.) In other words, we expect
that the tail end of the nucleon-nucleon potential is correctly given by the one-pion
exchange potential, a point emphasized by M. Taketani and others. Meanwhile
because of the centrifugal barrier, the higher -waves are sensitive only to the tail
end of the nucleon-nucleon potential. Therefore from the higher / phase shifts of the
nucleon-nucleon scattering amplitude we can estimate the pion-nucleon coupling
constant G, as has been done by M. J. Moravesik and coworkers. The coupling
constant determined in this way turns out to be

Gjan =~ 14, (4.379)

which agrees rather well with the value determined in entirely different ways, for
example, from the dispersion relations for pion-nucleon scattering and low-energy
photoproduction of charged and neutral pions.

Another feature of the one-pion exchange interaction worth taking seriously
is its tensor force. It turns out that the exchanges of two pions and other heavy
mesons do not contribute much to the tensor force; hence one-pion exchange is the
main contributor to the tensor force known to exist between two nucleons. In the
case of 3S(T = 0), the sign of the tensor force predicted by the one-pion exchange
potential is attractive since 7¢'’-7!* = —3. The sign obtained in this way correctly
accounts for the sign of the quadrupole moment of the deuteron (which is “cigar-
like” rather than “tangerine-like”). For this reason,”among the various nieson
theories proposed in the 1930’s, the theory based on pseudoscalar particles of
isospin unity (that is, with electric charges 0, +¢) was preferred by J. Schwinger
and others long before the discovery of the pion.

Vector meson exchange. In this section we discussed in detail the propagator
rules for a spin-zero meson and a photon. In nature there also exist spin-one (vector)
mesons with nonvanishing rest masses (p, @, ¢, K*); it is therefore not entirely
academic to obtain the propagator rule for a spin-one meson. The analog of (4.334)
for a finite-rest-mass, spin-one meson turns out to be

8y 4 (0,9.017) .

s (4.380)
The derivation of this rule from quantum field theory is somewhat involved. We
can, however, make (4.380) plausible by looking at the wave equation for a spin-one
particie coupled to a source ji, (cf. Problem 1-4):

¢y — aiv (Qfé-) — W bu= Jy (4.381)

00Xy
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Taking the divergence of both sides, we get

20by

o -
T = g (4.382)

—p
The wave equation (4.381) therefore becomes

(16 — 1y = Ju + 5% (&)

ox,
i 18 2
- ]!l 'u"z ax" axvjv
(s, 1 _2 \;
= (Sw 9%, 8x,,>1”' (4.383)

We may now regard the last line of (4.383) as a “new source™ and proceed as in
{4.294) through (4.298). In this way we obtain the spin-one meson propagator(4.380)
in momentum space. If the vector meson is coupled to a conserved source, we can,
of course, forget about the g,4,/p” term in (4.380) since (9/2x,)j, vanishes.

1t is evident that if the source of the vector meson is proportional to iy,
then the potcntial due to the exchange of a vector meson is similar to the photon
exchange potential discussed in connection with the Mgller interaction except
for the occurrence of ¢ #'fr in place of 1/r; in particular it contains a repulsive
central potential and an associated spin-orbit potential of the same sign as the
Thomas potential. Proton-proton scattering experiments performed by 0. Cham-
berlain, E. Segré, T. Ypsilantis, and others in 1956 revealed the presence of a
short-ranged repulsion and a spin-orbit force which are somewhat difficult to
explain using a meson theory based on the exchange of uncorrelated pseudoscalar
pions. It was then conjectured by G. Breit and J. J. Sakurai that a unified explanation
of the short-ranged repulsion and the spin-orbit force would be possible if there
existed vector mesons of masses several times the pion mass. (The posssible existence
of such vector mesons was also conjectured by ¥. Nambu and by W. R. Frazer
and J. Fulco to explain the electromagnetic structure of the nucleon.) Subsequent
experiments by B. C. Maglié, W. D. Walker, and others have confirmed that there
do indeed exist heavy vector mesons, known as »° and p*°, that can be exchanged
between two nucleons.

4-7. MASS AND CHARGE RENORMALIZATION; RADIATIVE CORRECTIONS

The last section of this book will be devoted to higher-order processes in quantum
electrodynamics. We tacitly assume that the Feynman rules which we have derived
from field theory for certain second-order processes can be generalized to more
complicated cases. The field-theoretic proof of the Feynman rules for the most
genera] ath order S-matrix is not entirely trivial. Just as therc are two (2!) ways
of writing S*?’ [as indicated by (4.48)], there are n! alternative ways of writing S,
In any given problem we can cleverly manipulate the time orderings of the various
ficld operators in the S-matrix element so that the end result can be expressed
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simply in terms of the electron and/or the photon propagators and the wave
functions of annihilated and created particles. To achieve this in a systematic way
it is convenient to use a2 formalism (based on chronological and normal products)
developed by F. J. Dyson and G. C. Wick (discussed in almost any standard text
on quantum field theory).1

Electron self-energy. Before we discuss high-order processes such as radiative
corrections to the external potential problem, it is advantageous to look at the
seif-energy of the relativistic electron using the rules of covariant perturbation
theory. The relevant matrix element (to order €°) is represented by Fig. 4-22 in
which the internal wavy line represents the propagation of a covariant photon.
This single diagram represents in old-fashioned language both the instantaneous
interaction of the electron with the Coulomb field created by the electron itself
and the self-interaction due to the emission and reabsorption of a virtual transverse
photon. (We recall that for a noarelativistic electron a seif-energy effect of the latter
type was already considered in Section 2-8) Note also that when #, > t,, Fig.
4-22 represents a virtual process in which there is an electron-positron pair in the
intermediate state. (Pair creation at x, is followed by pair annihilation at x,.)

p/, 3/

Xy X,
p—k

s Fig. 4-22
P Electron self-energy.

Using the Feynman rules we can write the second-order matrix element for an
electron in state (p, s) to make a transition to state (p, 5) in the absence of any
external field as follows:

Sp= —i2m) 8(p — p W MIEVYm[E VYA (p) 3 (p)u (@), (4.384)
where ¥, (p) is a4 X 4 matrix given by

—iy-(p— k) 4+ m
— X (p) = (—e) J(zx)u(kﬂ S T e (4389)

Note that there is one nontrivial integration to be performed in four-dimensional
momentum space. This integration is expected since the virtual photon can have
an arbitrary four-momentum even if we assume energy-momentum conservation
at the two vertices.

tA particularly lucid discussion of the Dyson-Wick formalism can be found in Mandl
(1959), pp. 87-104. Akhietzer and Berestetskii (1965), pp. 309-316, discuss in detail the
reduction of the most general third-order S-matrix element in quantum electrodynamics.
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It can be seen, on invariance grounds, that 3 (p) can be expressed as a linear
combination of the identity matrix and the 4 X 4 matrix -p. It is more con-
venient, however, to consider an expansion of 3} (p) about the point —iy- p = mof
the form

S(p)=A -+ (iy-p+mB F (iy-p + mP 37 (p), (4.386)

where 4, B, and ¥,/ (p) do not contain gamma matrices. Clearly, when 3, (p) is
sandwiched between free-particle spinors as in (4.384), only the A term contributes.
In order to understand the physical meaning of A let us consider a new “fictitious
interaction”

A i = S, (4.387)

Note that this can also be regarded as an additive contribution to the mass term of
the free-field Dirac Hamiltonian. The first-order S-matrix element induced by this
fictitious interaction is just

Sy = —in)'8Y(p — pWM[EVI[EVYoma (p)u (p).  (4.388)
If we replace 2(p) by A4 in (4.384) and then compare it with (4.388), we readily

see that 4 can be understood as a change in the electron mass due to the interaction
mechanism represented by Fig. 4-22 according to the relation

4 = 3m. (4.389)

So far as the free electron is concerned, a theory in which we start with n1 = ny,.
(the mass the electron would have if e were zero) and take into account the self-
energy diagram Fig. 4-22, is equivalent to a theory in which we start with m
=2 My, + 8 and omit the diagram in Fig. 4-22. When the electron is not free,
however, the self-energy diagram has a further effect, as we shall see later. There-
fore, in more general cases, it is better to start with

M= M et O, (4.390)

take into account the self-energy diagram, and subtract the effect due to the ficti-
tipus interaction (4.387). To put it another way, when we use the observed mass,
Myane + Om, in the free-field equation, the full interaction density is given by the
usual interaction density minus Sm+jr so that we must consider both Figs. 4-23(a)

— i~ &m)

(@ {b)

Fig. 4-23. Diagrams to be considered when we use the @bserved mass in the free-field
equation.
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and (b), where the latter represents the rnegative of the first-order effect of the inter-
action density (4.387). Comparing this with what we did in Section 2-8, we see that
this subtraction procedure (first formulated by Z. Koba and S. Tomonaga in 1947)
is a covanant generalization of H. A. Kramer’s idea of mass renormalization.

As we shall show in Appendix E, the constants 4 and B in (4.386) are both infinite
although 3}/(p) can be shown to be finite. These infinities arise from the fact that
the energy-momentum of virtual photons, represented in Fig. 4-22, can take an
arbitrarily high value. These divergence difficulties are, in fact, one of the most
unsatisfactory features of present-day theoretical physics. We are forced to argue
that at short distances the emission and absorption of virtual photons of very high
four-momenta are not correctly accounted for by the usual propagator rule. On the
other hand, we do know that the propagator rule-works well when the magnitude
of k? is small. Therefore, to obtain a finite result for 3, we may proceed by artificially
modifying the Fourier transform of the covariant photon propagator according
to the prescription

Bllv — Suv
i(k* — ie) 1(k* — ie)

C(k3), (4.391)

where the function Ck)* (known as the cut-off function) satisfies
Ctky =1 for || A

4.392
Ck®)~0 for |k*[>> A% ( )

In (4.392) the (positive and real) constant A is assumed to be much greater than
the electron mass (and, as we shall discuss later, probably larger than the muon
mass by at least an order of magnitude). There are, of course, many functions
which we can use to represent C(k*); a particularly simple one (which is actually
used in Appendix E to compute A) is

Ckty = (4.393)

A!
Inserting the modified photon propagator (4.391) into (4.385), we can express the
(formally divergent) constant A in terms of . This calculation is done in Appendix
E. The result is

- 3%'2 1og(%)- (4.394)
That the self-energy of the free Dirac electron is positive and logarithmically
dependent on the cut-off with coefficient 3am/27 was first demonstrated by V.
F. Weisskopf in 1939.

It is instructive to contrast this result with that for the self-energy effects of a
nonrelativistic electron. In the nonrelativistic (Schrddinger) theory the Coulomb
part of the electron self-energy is just the expectation value of

(/21 f(4n|x — X" ])]
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as x’ approaches x:

Egp =S [ gl )[ ma"’(x - x)] () dox

& Fneo[ [ [ G5

— & (L
2Q2xy ) fpl
.«
=& [dipl (4.395)

This diverges' linearly with |p|. We saw in Section 2-8 that the self-energy of a
nonrelativistic electron due to the emission and absorption of transverse photons
also diverges linearly with the virtual photon momentum (cf. Eq. 2.248). A qualita-
tive argument as to why the electron self-energy is much less divergent in the
relativistic case goes as follows: In the Dirac electron theory we must take into
account the creation of a virtual electron-positron pair in the vicinity of the
¢lectron; because of the Pauli exelusion principle, the original electron gets
effectively repelled by the virtual electron. This gives rise to a spread-out charge
distribution for the physical electron, hence a smaller self-energy.i Note that
the characteristic distance at which this pair effect takes place is of the order of
1/m, which is 137 times larger than the classical radius of the electron, a distance
in the vicinity of which the classical theory (and also the nonrelativistic Schrédinger
theory) of the electron runs into difficulty. For this reason it is completely un-
realistic to discuss the electron self-energy within the framework of classical elec-
irodynamics.

Suppose we ask what value of A we must have in order that the self-energy
(4.394) represents a substantial part of the observed electron mass. Clearly we get

A ~ me¥3 2 10190y, (4.396)

which corresponds to a distance of 107" em. This value for the cut-off A is ridicu-
{vusly high; in this connection we may mention that the mass of the entire universe
is estimated to be about 10%°m. There will certainly be a lot of “new physics” before
the energy-momentum of a virtual photon reaches such a high value. Thus the
idea of attributing most of the observed electron mass to the interaction mecha-
nism represented by Fig. 4-22 is a very dubious proposition. In what follows
we assume that even though 4 = &m is formally divergent, it is still “small” in the
sense that it is of the order of 3 times the electron mass. Note in this connec-
tion that even if weset A = 10 BeV, A1s only 0.015 m.

To understand the physical meaning of the coefficient B in the expansion (4.386)
it is profitable to consider a diagram in which the self-energy interaction of Fig.

11t is amusing to remark in this connection that the electromagnetic self-energy of a
charged Klein-Gordon particle can be shown to diverge guadratically with A.
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Se(L—i2(PISk(p)

@ (®) ©
Fig. 4-24. Modification of the electron propagator.
4-22 now appears as part of a more complicated diagram. To this end let us first

look at an internal electron line represented by Fig. 4-24(a). To simplify the nota-
tion we definc

—iyept+m }

SO =Ty v F ) it
where the —je prescription is implicit. The question which we now ask ourselves
is how S,(p) changes in the presence of a self-energy interaction. Clearly, for every
internal electron line of the kind shown in Fig. 4-24(a) we can consider a higher-or-
der diagram represented by Fig. 4-24(c). This means that the clectron propagator
(in momentum space) is modified as follows:

SePy—>Si(p) + Se(PN—IL(PIS(p), (4.398)
where the m that appears in Sy(p) is understood to be the bare mass. Before we

evaluate this, we note that for any operators X and Y (which need not commute),
we have the useful identity

_ I S
1 _ 1 YX+ Y5 ¥ , (4.399)

as can be verified by muitiplying by X -+ Y from the right. Let us insert in (4.398)
the expression for ¥ (p) given by (4.386), ignoring the finite 77 (p) term.} We see
that the modification (4.398) amounts to the substitution

P bt iy ] _ B
iiy-p + m) iy p 4-m)y * iiy-p +m) Wy-p+my  iliy-p+m
(L= B) o
T TR y 4.400
t[t"Yp—§~(m+A)]Jr @) (4.400)
where we have taken advantage of (4.399). As stated earlier, both 4 and B are
dependent on a cut-off parameter and become nfinite as the cut-off is made to go
to infinity. Nevertheless the modified propagator [the last line of (4.400)] is strikingly

{1t can be shown that the 37 (p) term gives a momentum-transfer-dependent structure
to the electron propagator when p? is very far from —m?; because of its finiteness, ¥,/(p)
is not relevant for the purpose of circumventing the divergence difficulties of quantum
electrodynamics.
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~9+p

q q q

Fig. 4-25. Modification of the photon propagator.

similar in form to the original (bare particle) propagator. First, we see that the new
mass of the modified propagator is m -+ A, in agreement with our earlier interpreta-
tion of the coefficient 4. Second, apart from the above-mentioned change in the
mass, the modified propagator and the original propagator differ by an overall
multiplicative constant | — B. If we call the modified propagator in momentum
space Si(p) and ignore the change in the electron mass, we have

Si(p) = (1 — BYS4(p) (4.401)

in the vicinity of —ivy-p = m. We shall comment on the physical implications of
the constant B when we discuss vertex corrections. At this stage we simply remark
that the factor I — B can be shown to be regarded as the probability of finding
a bare electron in a physical (“dressed”™) electron state. The constant 1 — B is
known as the wave-function renormalization constant for the electron (to order

).

Photon self-energy; vacuum polarization. We are now in a position to discuss the
rodification of the covariant photon propagator in a similar fashion, The photon
propagator is modified because the covariant photon can virtually disintegrate
into an electron-positron pair for a certain fraction of the time, as indicated in Fig.
4-25.§ The last diagram of Fig. 4-25 with an electron “closed loop” is known as
a “photon self-energy diagram” in analogy with Fig. 4-22. Calling

Di(q) = —ilg*, (4.402)

(where the —ie prescription is again implicit), we can write the modification
represented by Fig. 4-25 as follows:

a;w Dl-(q) > an D}(q) + 8;&1 DI’(q)[—”-Ilﬂ(q)}aﬂv DP(Q)
= {8, + D@L (D} D), (4.403)

+Quite generally, the proportionality constant between Si(p) (in the vicinity of —fv -p=m)
and Se(p) is denoted by Z, so that Si(p) = Z,Sx(p) at —iv-p ~ m. To order & we have
Zy=1—8B.

2
§This modification should not be confused with the modification (4.391) which is an
artificial device 16 make the electron self-cnergy finite,
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which can be recognized as the analog of (4.398) for the photon. We must now
compute the quantity II,, which is known as the polarization tensor. We first
write the result and then explain where it comes from:

» P —iy-(—g-+p) +m —iy-p fm
ITLubg) = —(—¢€) (27,)4 r{ (—q + p)f + m* — ie] *“{(p* + it — xe)n""}
(4.404)

The appearance of the two efectron propagators is easy to understand. As in the
electron self-energy case, there is one nontrivial momentum space integration to be
performed since the virtual energy-momenta of the internal lines are not completely
fixed even though we assume energy-momentum conservation at each of the two
vertices. The only features of (4.404) that are not completely obvious from the set
of rules given earlier are the appearance of the minus sign and the trace symbol.
To understand these new features we may go back to the S-matrix expansion to
order e®. As far as the electron operators are concerned, both the initial and the
final state are the vacuum state. So we must consider, for 7, > 1,,

(V)as(9hys <O L)Y ) P Gy Prf(x2) [ 0
= (ot (o)s <O [ PE XV Cea) L e )Pt () 1 0
= (7 Jea(¥e)vs CO | YrE 00 )P 02) |0) (O | FE e )grd () | O
= =0 T(Ps(x)Palx)) 1 0) (Vidaa <OFT(ralx) P (X2)) | 0D (w)ys- (4.405)

From this we can understand why we must associate a minus sign with the closed
loop;} the appearance of the trace in (4.404) is also obvious from the manner in
which the Dirac indices appear in the last fine of (4.405).

It isimportant to remark that, unlike 3, (p), I1,,(q) is not a 4 X 4 matrix. The
general structure of IT,,(¢) can be inferred from the requirement of Lorentz covari-
ance. There is only one four-vector available, namely the four-momentum of the
covariant photon g. So we can write IT,,(¢) as the sum of an invariant scalar function
of ¢* times 8,, and another invariant scalar function times g,4,. Forg = 0, however,
the polarization tensor IT,, can be proportional to 8, only; so it is more illuminat-
ing to write it as

IL.(g) = D8, + 3uq*IIV(g%) + guq. I (g?), (4.406)
where D is a constant [not to be confused with D{g)] defined by§
I1,,(0) = D3, (4.407)

Let us now look at the modification of the covariant photon propagator when
all four-components of g are small; as a concrete example, we may consider the
elastic scattering of two very slow electrons due to one-photon exchange. Keeping

$This can be seen to be a general rule applicable to any closed fermion loop.
§1t is obvious that the relation ¢ = 0 necessarily implies g* = 0; the converse, however,
is not true.
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only the Jeading term D§,, of (4.406), we see that (4.403) now becomes (cf. Eq.
4.399)

Ow O . ]
i i
8y 2
= D)—}—O(a) (4.408)

But this is nothing more than the propagator for a neutral-vector meson of mass
~/D coupled to a conserved source (cf. Eq. 4.380). In the static limit it gives
rise to a potential between two electrons that falls off like a repulsive Yukawa
potential exp(— ~/Dr)fr. In reality, however, we know that the observed photon
mass is zero and that the interaction between two slow electrons goes like 1/r at
large distances; therefore, if the theory is correct, it must give D == 0. Yet, accord-
ing to (4.404) and (4.406), D is given by

- t_g dp o [(—iy-p + myy(—iy-p + m)fyu]
b= (27[)“T [ (p* +m* —ie)?

| d'p (2P 4 4m?)
e @2) (p* +nt ~—le) (4.409)

where we have used
4
> IL,,0) = D 3, 8,, = 4D (4.410)
r=1 p=l

and (4.341). It is not difficult to convince oneself that almost any “honest” calcula-
tion gives D 5« 0. In fact, using the techniques of Appendix E with a convergence
factor [A?/(p* + A%)%, one can readily show that D is a positive, real constant
that depends quadratically on A. In other words a straightforward calculation
based on (4.409) gives the following result: If the bare mass of the photon is zero,
the square of the physical photon mass goes like the square of the cut-off,

There have been numerous sophisticated papers written to explain why this
quadratically divergent constant D must be discarded. For instance, W. Pauli
and F. Villars noted that if we subtract from the integrand of (4.404) a similar
expression with m replaced by a very large mass and then integrate with a suitable
convergence factor, we get a much more reasonable result (even though such a
procedure has no meaning in terms of physically realizable particles). Others
prefer to start with a theory of a neutral vector beson of a finite bare mass pan
such that the observed mass becomes exactly zero after the boson mass is renor-
malized, that is, 8u* = —ul,, (even though this sounds like a very artificial
explanation for the simple observed fact, pliysica == 0).] We shall not present
these arguments in detail since they essentially say that the formalism must be set
up in such a way that the observed photon mass is strictly zero. Instead, we ask:
If the quadratically divergent constant D has been removed, does I1,,(¢) contain
any interesting physics?

1This methed is discussed in some detait in Jauch and Rohrlich (1955), pp. 191-192.
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Before we discuss the IT"> and II'*’ that appear in(4.406), we wish to remark that
there is one property of I1,, which we have not yet fully exploited. Suppose we
consider the influence of an externally applied potential on an electron as in
Section 4-3. In addition to Fig. 4-2(a), which is of order e times the parameter
that characterizes the strength of the external potential (for example, Ze in the
Coulomb potential case), there is an additional higher order contribution, repre-
sented by Fig. 4-26, known as a “vacuum polarization diagram,” where X stands
for a first-order interaction with the external potential. This diagram gives an
amplitude ~ 137 times smaller than that of Fig. 4-2(a). The corresponding
S-matrix element is proportional to

kP - .
-’i-q~i~ (@) A7), (4.411)

where A(q) is the four-dimensional Fourier transform of the external potential.
The appearance of II,, can be understood by noting that the virtual electron-
positron pair in Fig. 4-26 gives rise’ to an integral identical with the polarization
tensor considered in connection with the modification of the photon propagator
(Fig. 4-25). Comparing (4.411) with the direct scattering term of the Mpller am-
plitude, we can visualize Fig. 4-26 as the interaction between e* 1,4 and the
charge-current of the electron via one-photon exchange exactly in the same way
as we visualize Fig. 4-20(c) to represent the interaction of the charge-current of
electron | with that of electron 2 via one-photon exchange. From this point of view
eI, A% is nothing more than the Fourier transform of the charge-current
induced in the vacuum due to the presence of the external potential. Note that IT,,
characterizes the proportionality between the
educed current and the external potential; that
1s why I1,, is called the polarization tensor. Since
this induced current 1s expected to satisfy the
continuity equatiofl, we must have

2. (g) A (q) = 0 (4.412)

in momentum space. This relation must hold for
any external potential so that we have the
important result

9.0Tulg) = 0. (4.413)

From the requirement that the induced current be unchanged under gauge trans-
formations on the external potential, we can also infer that

IT,.(q)q, = 0. (4.414)

But, since I, is symmetric in x and » (cf. Eq. 4.406), we do not learn anything
new from (4.414). Applying the requircment (4.413) to 1I,, as given by (4.406),
we obtain

Fig. 4-26. Vacuum polarization.

@[D + q*11"(q%) + ¢*11**’(g")] = O, (4.415)
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from which follows}
I = (= D/jg%) — 11, (4.416)
In other words,
T(9) = (8.9°—9.9.)11(g"), @47
where we have defined I1(g°) to be —II’(g%).
In order to actually calculate II(g?) it is convenient to set u = » in (4.417) aud
sum over the g indices

4 4
5 Lule) = (473, 3w — ¢°) 110" = 3¢°11GG"). (4.418)
Now, if D (which is equal to 3} -, 11,,.(0)/4) were zero, we could as well write
] [
El .(q) = El (IL.(g) — I, (0)). (4.419)

Even though almost any “honest” calculation gives D = 0, the way we compule
IT(g*) must be consistent with assigning a null value to the integral that appears in
(4.409); otherwise the observed photon mass would not vanish. This means that,
when we actually compute TI(g*), we must use the expression

(g") = (/%" 3, [T,u(@) — TLu(0)] (4.420)

[with IT,.(q) given by (4.404)] rather than (4.418) because that part of IT,,(¢g) which
leads to a nonvanishing photon mass must be discarded. Both 3, I1,.(g) and
5. I1,,(0) are quadratically divergent; however, the diflerence that appears in
(4.420) turns out to be only logarithmically divergent. Using (4.404), (4.420),
and the techniques of Appendix E, we can evaluate [1(¢?) in a straightforward man-
ner. We shall not present this calculation in detail because we lfater present an
alternative (somewhat simpler) method for calculating IX(¢?). The result is

(g*) = C + ¢’ (g%), (4.421)
where
c=2Ziog (%z) (4.422)
and
¢ 1(gY) = —22 [ dz 21 — 2) log [1+ 92_2“-,:-”] (4.423)
T Ja m

Note that the constant C is logarithmically divergent with the cut-off A, wherens
117(g?) is completely finite. When ¢* is small, (4.423) gives

V(g = _L‘,‘_g [—]% _ 4_1_0([]_2.) + - ] (4.424)

wm m*

$Many textbooks state that D must vanish as a result of the requirement (4.413) or (4.414).
This argument, however, is not completely satisfactory since on the basis of Lorenr
invariance and charge conservation (or gauge invariance) afone, we cannot prove thai
11¢* has no pole at ¢* = 0.
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Historically speaking, the fact that D and C are respectively quadratically and
logarithinically divergent was already recognized in 1934 by P. A. M. Dirac, W,
Heisenberg, and R. E. Peierls. The structure of II/(g?) was also discussed in the
1930’s by R. Serber, M. E. Rose, and W. Pauli. We have rederived these old results
using the language of covariant perturbation theory.

Vg

Fig. 4-27. Change in the Mgller scattering amplitude.

We are now in a position to examine the physical meaning of C and I1/. Let us
recall that we have been discussing the modification of the photon propagator due
to an electron closed loop. The effect of this modification on the Mgdller scattering
amplitude 1s represented by Fig. 4-27. Clearly this change amounts to

2f = - P 2

£ (u.ry,,_u.i :])a(u"w“““ul)‘ — e’(ﬁ;fy,,u,)iqiz[s,.,, - “’L“IIII-(;(zq‘ ‘)](&?Yullz)
, — Cud® — ¢.a)IC + q’H’(q’)]}
q

- I -
= &' (fyy, ;) e [8,. (ty,1s)

= el — C)(-'ﬁiel‘-'l%li,@r—“—*) 16 TI (g7) Gty 100) (g ), (4.425)

where in the Jast step we have taken advantage of the fact that the ¢,q, term does
not contribute because of (4.322). Let us treat the case where ¢? is small. Evidently
only the first term of the last line of (4.425) 1s important. It can be seen that the
constant C is completely analogous to the constant B discussed in connection with
tise electron self-energy diagram. The modified photon propagator at small ¢*
differs from the original propagator by a factor (I — C); calling the modified
photon propagator in momentum space 8,,D3(q), we have

Di(g) = (I — C)D£(g) (4.426)

in the vicinity of g* = 0. This is quite analogous to (4.401). The constant 1 — C
is known as the “wave-function renormalization constant” for the photon (to
order «).f

Instead of regarding | — C as a correction factor to be applied to the photon
propagator, we can alternatively regard it as a correction factor to be applied to the

1In the literature the proportionality factor between D}(g) (in the vicinity of ¢* = 0) and
Dy(q) is quite generally denoted by Z, so that Di(q) = Z;D,(g) atg® = 0. To order & we
have Z; = 1 — C.
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coupling constant. From (4.425) we notice that at very small momentum transfers
the modified Mgller amplitude is the same as the lowest-order Mgller amplitude
except that the electric charge is decreased (note C > 0) as follows:

& — (] — C). (4.427)

The charge of the electron which we physically measure may be deduced from the
strength of the interaction between two electrons at smali momentum transfers.
This means that the observable physical charge eq, is to be identified with /T — C
times the bare charge ey, (the electric charge which we would measure if the
closed-loop effect were absent);

Eony = W b - Cebam' (4428)

Thus, as far as small ¢* effects are concerned, the modification represented by
Fig. 4-27 simply decreases the effective coupling constant. What is observed to
be 1/137.04 is not e3,./4n but rather (] — C) times that quantity. Just as in the
case of the electron self-energy nobody knows what ey, is since nobody knows how
quantum electrodynamics must be modified at small distances. If we employ the
usual cut-off procedure, we see that even with a cut-off of order 10 BeV, the de-
crease in the value of ¢*/4n can be computed from (4.422) to be only ~ 3%.

The basic idea which we have discussed in the preceeding paragraph is known as
charge renormalization. The observable physical charge denoted by ey, in
(4.428) is often called the renormalized charge just as the observed mass given by
Mpare + 8m is called the renormalized mass. Historically speaking, at the first
Solvay Conference convened after the empirical discovery of the positron, P. A.
M. Dirac presented an argument to show that the observed electronic charge
must be smaller than the bare charge by an amount ~1/137 times the bare charge
because of the creation and annihilation of virtual electron-positron pairs.

At this stage one may argue that the electronic charge can be measured not only
by the interaction strength between two electrons but also by the response of the
electron to an externally applied field. 1t is easy to see that in this case, just as before,
the appropriate correction factor to be applied to the bare electric charge is +/T— C.
To see this for the particular case of the Coulomb potential we notice that the S
matrix element for Mott scattering (4.65) must be modified because of the vacuum
polarization graph as follows (cf. Fig. 4-26):

_Zetdyu
{qf
., Z&dyu | (—e) (@) (—iC — ig* 1) (9?8 — quq.) ( Ze
St 7 (%)
_ _Zeé( — Q' s (g _ Ze'yu , 4.429
=-—qr - "¢V )( T) (4:429)

where we have used ¢! =|qf' and omitted the factor —2ni8(£ — E')
A (m{EVY(m[E'V) which is common to every term in (4.429). We see from (4.429)
that dboth (—Ze) and e get multiplied by +/1 — C, which, of course, is equivalent
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to saying that we multiply the electron charge by ~/1 — C and the external Cou-
lomb potential by /T — C. It is amusing to note that this decrease in the effec-
tive charge of the nucleus is in agreement with the qualitative discussion of the
vacuum polarization, given in Section 3-9, according to which the virtual electron-
positron cloud tends to neutralize the positive electric charge of the nucleus.

To understand the physical meaning of II” let us turn our attention to the second
term of the last line of (4.429), which, according to (4.424), is just —Ze’a/(15xm?)
when |q[* is not too large. Since the effective interaction potential between the
nucleus and the electron (assumed to be nonrelativistic) is just the threc-dimensional
Fourier transform of (4.429), we see that the Coulomb interaction has been modi-
fied as follows:

Zelz)nm — Zel?nm(l - C) . Zetzmmahnm

3)
4r drxr 157m° 8 (x)
Z g % Z : 3 4obhs
== 422 - —~———~,§;’,,‘,“,;' 3AX) + O(ins Z €lss)- (4.430)

When the electron is scattered with a very small momentum transfer, the form of the
potential “experienced” by the electron is just that of the usual 1/r potential, since
scattering with a small momentum transfer is sensitive only to the outer region of
the potential; only the magnitude of the charge is decreased by a universal factor,
a change taken care of in any case by charge renormalization (cf. Eq. 4.428). On
the other hand, according to the intuitive treatment of vacuum polarization given
in Section 3-9, when the momentum transfer becomes somewhat larger, or,
equivalently, when the impact parameter becomes smaller, the electron is expected
to start penetrating the polarization cloud with a resulting increase in the effective
interaction strength. The & function term in (4.430) is seen to represent precisely
this effect. Note that the sign of this § function interaction corresponds to an
attraction (as it should from the simple argument of Section 3-9). We may mention
that this term gives rise to an energy difference between the 2s and the 2p} states
of the hydrogen atom since the expectation value of the § function potential is
zero for [ # 0 states and finite for I = 0 states. Qualitatively we get

8a?

ALy = T Toan®

2!‘,’( W = —3e==5 R¥eBu, (4.431)

157tm
as first shown by E. A, Uehling in 1935. The energy shift (4.431) contributes —27
Mc to the total Lamb shift of 41058 Mc. To the extent that the experimental
and the theoretical value of the Lamb shift agree to an accuracy of a few tenths
of 1 Mc, we see that the vacuum polarization effect is a real physical phenomenon
which must be taken seriously. We wish to emphasize that the formally divergent
constant C is not directly observable (because it is absorbed in the definition of the
observed electric charge), whereas we do get finite numbers for physically observ-
able phenomena such as the Uehling effect.

We should, of course, consider also the vacuum polarization effects due to vir-
tual w*p” pairs, x*x” pairs, pp pairs, etc., but these are much less important
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because I1/(g?%) at small ¢* is inversely proportional to the mass squared of the
charged particle; for example, the vacuum polarization effect due to u*u~ pairs is
(205)* times less important than that due to e*e” pairs. This means, in particular,
that the Uehling effect in a muonic atom (an atom in which one of the orbital elec-
trons is replaced by a negative muon) is due mainly to virtual e*e™ pairs, not u*p~
pairs. We might mention that measurements of the X-ray energies emitted by
high Z muonic atoms (performed by V. Fitch, J. Rainwater, and others) indeed
confirm the existence of the vacuum polarization term. The vacuum polarization
effect also plays a significant role in the electromagnetic corrections to low-energy
proton-proton scattering.

Let us naw go back to expression (4.423). Following the m® -— m® — {e prescrip-
tion, we can readily show that 11(¢?) possesses an imaginary part given by

Im [1(g?) = ¢* Im I1/(g*)
- (za/yr)f: dz (1 — 2ynblz(] — z) + (m*/g?)]
= (af3)[1 — @m* g1 + Bm[gh0(—q* — 4m®).  (4.432)

Tn other words, the polarization tensor becomes complex when g? < —4m?®.
The reader who has worked out Problem 4-5 will note that, apart from 2|a/2 fw?,
(4.432) is identical to the probability that the external three-vector potential
A = (0,0, a cos wt), w > 2m, creates an efectron-positron pair per unit volume,
per unit time, where »? corresponds to —g?*. This similarity is not accidental. To
understand this point we go back to the unitarity equation (4.45c) of Section 4-2.
Let the initial and the fina] state be the vacuum state in the presence of the external
potential A == (0, 0, @ cos w7). The unitarity relation (4.45¢) now becomes

S+ S = —% 1SR, (4.433)

where 1 stands for the vacuum state. S§ is then the amplitude for the vacuum to
remain the vacuum with two electromagnetic vertices. But, apart from certain
kinematical factors which the reader may work out in Problem 4-16, S? is
essentially —iTI(g®) evaluated at ¢* = —&?, since the only way to have two elec-
tromagnetic interactions and still end up with the vacuum state is to have an elec-
tron-positron pair in the intermediate state. This means that the left-hand side of
(4.433) is essentially the negative of the imaginary part of II(g?). We now argue that
the S§? that appears on the right-hand side of (4.433) must represent the amplitude
for the external potential to create an electron-positron pair and that state n can
only stand for an electron-positron pair state; this is because there are no states
other than e*e~ states which are connected to the vacuum state via the first-order
S matrix. The elements SfP and S are graphically represented in Fig. 4-28.
Thus the unitarity equation (4.433) essentially says that the imaginary part of II{g?)
is proportional to the probability for pair creation; this is precisely the relation
which we inferred by comparing (4.432) to Problem 4-5.

We argued earlier that the polarization tensor Il,, is essentially a proportionality
constant that relates the induced cutrent to the external field. From this point of
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Fig. 4-28. The S-matrix elements in (4.433).

view TI(g*) can be regarded as the dielectric constant of the vacuum. That this
dielectric constant becomes complex for ¢* < —4m? is to be expected on physical
grounds, since the Maxwell field loses-energy because of the creation of real pairs.

We are now in a position to discuss an important relation between the real and
imaginary parts of II(g?). Let us first recall that €?I1,(9)4¥(q) is the Fourier
transform of the induced charge-current due to an externally applied potential
whose Fourier transform is A(g). In other words, I..(q)A(q) characterizes the
response of the vacuum to the applied field. Since this response must be causally
related to the applied field, an argument completely analogous to the one used to
derive the Kramers-Kronig (dispersion) relation for the scattering of light may
now be repeated (cf. Egs. 2.203 through 2.209). In particular, considering a three-
vestor potential which takes the form of a 8(¢) function pulse, we see that the
“causality principle”} requires that

IH(:]’) Jrm-ere ' =0 for <O, (4.434)

This in turn implies that we can write a dispersion relation for TI(g?) with respect
to the variable @ = &/ —g*:

y. l = dC’JI ’
Re H(g%) gru-ur = — Pr j—»(c?':‘w—) InIKG®) gras  (4.435)
We can rewrite this using the variable w?:
1o (=, 1
Re TT(g") ress = = Pr | do (w, Loy + )Im T1(g") grn—un
1, [~ do? ,
=Lpf m,,(“l ZJ Im TI(g") by . (4.436)

Since the imaginary part of I vanishes for @' < 4m?®, we have the final resuit
ReTl(g) =—Pr [ —‘l‘—ni—i)ds. (4.437)

We remark once again that Im [I (—s) is essentially the probability for pair creation
in the vacuum by the external potential of Problem 4-5 with »? = 5. The function

#The connection between the vanishing of the Fourier transform of I1(4*) and the causality
principle can be discussed in a more rigorous manner when one uses the Heisenberg
representation of the electron field operator. See Killén (1958), pp. 279-285.
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11{g?%) that appears on the left-hand side of (4.437), however, is supposed to char-
acterize more complicated phenomena such as charge renormalization and the
Uehling effect. In order to calculate these (less elementary) vacuum polarization
effects, it is sufficient to solve Problem 4-5, which is one of the most elementary
problems in relativistic quantum mechanics. We can then use the dispersion relation
(4.437) to evaluate Re TI(¢?). This powerful method based on unitarity and causality
has been advocated particularly by G. Killén, and by R. N. Euwema and J. A.
Wheeler.

To see how this dispersion theoretic approach works in detail, we compute the
coefficient C responsible for charge renormalization. In this case we can set g% = 0
inl (4.437) to obtain a sum rule for the renormalization constant as follows:

C=TO) =~ Pr | ast™ M9, (4.438)

According to (4.432), which the reader is urged to prove in Problem 4-16 from
the unitary relation (4.432) and Problem 4-5, we have

fim Im [(—s) = lim [—s Im TF(—s)] = a/3. (4.439)

Substituting this asymptotic value in (4.438), we immediately see that C is a loga-
rithmically divergent constant that depends on $,.g, the square of a cut-off energy,
as follows:

=2 Sy i
C = T log ( p ) 4- a finite constant, (4.440)

Since a finite constant is of no physical significance when it appears together with
a divergent expression, we see that (4.440) is in exact agreement with (4.422), which
was obtained by evaluating a much more complicated integral. Note-also that
this approach offers a direct (and rigorous) explanation of the sign of the charge
renormalization. The constant C must be positive because the probability for pair
creation is positive definite; as a result the correction factor /1 — C to be applied
to the bare charge (or to the electromagnetic potential) is less than unity. Instead
of (4.437) it is also instructive to write a once-subtracted dispersion relation for
1I(g*) by applying the now-familiar analyticity argument to II(¢*)/w rather than
to [1(g?) itself. This time the dispersion integral is completely convergent, and we
can readily obtain the finite part of I[1(¢*), denoted earlier by ¢*II”, responsible for
the Uehlimg effect, ete. This 15 teft as an exercise (Problem 4-16).

Before we leave the subject of vacuum polarization, it will be worth while to
make some remarks on the effect of a free radiation field on the vacuum. When
A represents a classical free radiation field satisfying the D’Alembertian equa-
tion (with no source term) and the Lorentz condition, there is no induced current
e?11,, A% because

@8, — 4. 4.)A" = 0. (4.441)

Thus for free photons or for traveling electromagnetic waves in empty space,
there is no vacuum polarization effect that depends linearly on'the electromagnetic
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field. This agrees with our common-sense idea of the vacuum. When nonhnear
effects are considered, however, this is no longer true. Two photon beams can
scatter each other because of the polarization of the vacuum brought about by a
“square diagram,” as represented in Fig. 4-29, a possibility first discussed by H.
Euler.{ The cross section for this process, known as the scattering of light by light,
can be computed to be about 4 X 107*' cm® at w ~ m, which is too small to be
observed experimentally. When two of the photon interaction vertices in Fig. 4-29
are replaced by interactions with the Coulomb potential of a nucleus, we get a
diagram for a process known as Delbriick scattering (after M. Delbriick who first
argued that such a process is to be expected on theoretical grounds). This is shown
in Fig. 4-30. Delbriick scattering, whose angular distribution is characterized by a
very sharp forward peak, has been observed experimentally by R. R. Wilson.

Fig. 4-29. Scattering of light by light. Fig. 4-30. Delbriick scattering.

Radiative corrections. We argued earlier that the multiplicative factor I — C can
be regarded either as the correction factor to be applied to the covariant photon
propagator or as the correction factor to be applied to a = £*/4x. Since the cor-
rection factor 1 — B for the electron propagator is quite analogous to 1 — C,
we might ask whether this factor also contributes to the renormalization of the
electric charge. To answer this question, for instance, for the particular case of an
external potential problem, it is necessary to consider systematically all possible
diagrams that contribute corrections to the first-order scattering amplitude of
Fig. 4-2(a). There are altogether six such diagrams, as shown in Fig. 4-3I, to
order ¢* times the strength of the original first-order amplitude of Section 4-2.
They are collectively known as radiative corrections to electron scattering by an
external field. The first one, Fig. 4-31(a), is the vacuum polarization diagram
already discussed. Figure 4-31(b) is referred to as “vertex correction”; it will be
discussed in detail in a moment. Figures 4-31(c) and (d) are the self-energy cor-
rections to the initial and final electron lines. Figures 4-31(e) and (f) are necessary
whenever we use the observed (already renormalized) mass for the electron (recall
the arguments given in connection with Fig. 4-23); clearly (e), or (f), cancels with
that part of (c), or (d), which goes as the coefficient A4.

1In addition to Fig. 4-29 there are five other diagrams which can be obtained by per-
muting the orders of the photon interactions. Each diagram turns out to be separately
divergent logarithmically, but the sum can be shown to be finite.
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Fig. 4-31, Radiative corrections to the scattering by an external field.

We shall now look at Fig. 4-31(c) more carefully. Apart from the mass correc-
tion, which is taken care of by the counter graph (e), (c) is seen to give rise to a
modification of the free-particle spinor for the incident electron as follows (cf.
Eq. 4.386):

W) > Q) + gl (=) (p + B + (i p + ) (p) | @)
(4.442)
We can safely drop the last 3,/ term since #‘*’(p) satisfies the free-particle spinor
equation (3.105). We may next be tempted to cancel (iy+ p + m) with 1/(iy-p + m)
to obtain 1 — B as the correction factor to be applied to the incident spinor.
However, this procedure cannot be justified when we realize that (iy-p -+ m)
acting on u*'(p) is zero, which means that the correction factor is indeterminate.
A careful] treatment (due to F. J. Dyson who used an argument based on the adia-~
batic switchings of the interaction in the remote past and the remote future) reveals
that the right correction factor due to Fig. 4-31(c) is not 1 — B but 1 — (B/2).
We can see this in a nonrigorous way as follows. Recall first that when the electron
appears in an internal line, as in the case of S,{p), we get I — B as the correction
factor (cf. Eq. 4.401). Now the electron propagator [whose Fourier transform is
S.(p)] is bilinear in the electron spinor; in contrast, in an external electron fine the
electron spinor appears finearly. Hence the appropriate correction factor due to
the self-energy interaction mechanism of Fig. 4-31(c) may be inferred to be just
NT=F =1 — B+ 0(a?) (4.443)

A similar argument holds for Fig. 4-31(d).1

As in the case of the photon propagator, we can regard these multiplicative
factors as corrections to be applied to the electric charge. We then get

e—>[1 — B — } B + 0(a®))e =~ (I — Be, (4.444)
due to Fig. 4-31(c) and (d).

We must now turn our attention to the vertex correction represented by Fig.

4-31(b}. Using the Feynman rules, we see that this diagram modifies the , vertex

1The whole problem of wave-function renormalization can be most unambiguously han-
dled using what is known as the “reduction technigue,” which is beyond the scope of
the present book. See, for instance, Chapter 13 of Gastorowicz {1966).
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that represents the first-order interaction of the electron with the external potential
as follows:
’_e')’u"—)"'e["/u + Au(p': p)L (4445)

where A, (p’, p) is a 4 X 4 matrix given by

Doy (—ey [k 1 —iy (P’ — k) +m
APy P) = (—#) _'-(2—7[)7 = ,-e)":’"{f[(p'rz_ ky 4+ m? — ie]}v“

—iy(p—k)+m }
x {l.[(p L b (4.446)
When A,(p’, p) is sandwiched between the free-particle spinors &’ (from the left)
and u (from the right), it is possible to write it as

Bu(P's P liygom~m izepm-m = Loy, + AP, P), (4.447)
where L and AJ(p', p) are uniquely defined by
lim @A (p', p)u = Lit'y,x, (4.448a)
n-p
A;{(P’; p) = [A,‘(P’x p) — Au(p, P)] I'rn'-—vulrvv-—m- (4-448b)

We might wonder why lim,.., A(p, p) taken between the free-particle spinors
depends just on «, and not on p,; the reason is that we can always re-express any
dependence on p, by taking advantage of the analog of the Gordon decomposition
(3.203) for the free-particle spinors:

'+ p), i u=2mil yu + i(p — p),i'o,,u. (4.449)

As we explained in connection with the vacuum polarization, the electric charge
ti:at we physically observe may be determined from the scattering of an electron
with a very small momentum transfer (p” — p). Therefore the correction factor to
be applied to the electric charge due to Fig. 4-31(b) is just 1 + L.}

To summarize the various correction factors to be applied to the electric charge,

we have o
e—>/1—C(l — B)(l + L)e, (4.450)

where /1 — C comes from the vacuum polanzation graph, Fig. 4-31(a), as dis-
cussed earlier, I — B from 4-31(c) and (d), and 1 + L from 4-31(b); these factors
are due respectively to the photon field renormalization, the electron wave function
renormalization, and the vertex correction. In quantum electrodynamics, however,
something rather nnexpected and remarkable takes place: the coefficients B and
L become equal. To prove this important equality we first rewrite (4.385) and
(4.446) as

3 (2) = ie [ 5 Dy Su(o — ke @.as1)

1Quite generally the ratio of the electric charge corrected by the vertex correction to the
bare charge is known as 1/Z,. To order ¢ we have L = (1/Z,) — 1.
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and
AP P) = & [ DKy S, — KpaSi(p — oy, 4.452
[AV) Cny KA p Y I p e (4.452)
But quite generally we have
S0 p, = Sr(p)y,.Se(p), (4.453)
which can be proved by first differentiating both sides of
Se(p) S¥'(p) =1 (4.459)
with respect to p,,
852 S5(p) + S () iliog- p + m) = 0 (4.455
" T M ’ 49

and then multiplying by S-(p) from the right. Note that (4.453) essentially says thul
the insertion of the y, vertex in an internal electron line without any energy-mo.
mentum transfer is equivalent to the differentiation of the electron propagator witl
respect to p,. Using this important identity, we can rewrite lim,..,A,(p", p) as
follows:

Lou == }7;—12 AP P liypremmtrp=-m
— e[ 2K Dy, 25e (2 = B)
¢ (27:)4 Di'(k)'}’u a(p k) ¥y

e“f(‘%‘ Dp(k)ryua—s-i%‘flf——)v,. (4.456)

Meanwhile, from the definition of B given by (4.386) and the expression (4.451)
for 3,(p), we get

@ (B) By s (p) = a“"(p)(—iaz /apu)u‘v(p)

= ﬁ""(P)Lw"‘”(P), (4.457)
from which follows the equality

B=L. (4.458)
This then implies that
(1—BY1+L)=1+4&a*) (4.459)
The modification (4.450) now reads
e—>A/T—Ce, (4.460)

to order «, which means that the charge renormalization is due to the vacuum
polarization only. This is an extremely gratifying result; it shows that the net cor-
rection factor to be applied to the electric charge is independent of the type of
charged Dirac particles. Without such a relation there would be no guarantee
that the renormalized charge of the electron is the same as that of the muon since
B and L are explicitly dependent on the fermion mass (as well as on the cut-off A).
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The relation (4.460), which is a consequence of the equality (4.458), tells us that if
the bare charges of the electron and the muon are equal, then their renormalized
charges must also be equal since the same coefficient C appears in both the electron
and the muon case. As shown by J. C. Ward, the statement that the charge
renormalization is due only to the photon field renormalization can be generalized
to all orders in perturbation theory. For this reason, the equality in (4.458) or its
higher-order analog is in known the literature as the Ward identity.}

Presumably a cancellation mechanism of the kind (4.459) is also at work for the
case of the electric charge of the proton which possesses mesonic interactions.
Here the major part of the nucleon wave-function renormalization arises from the
fact that the proton can emit or absorb virtual pions (and other heavy mesons as
well). In this case one maust prove that a diagram such as Fig. 4-32(a) does not
alter the charge of the proton when considered together with Fig. 4-32(b), etc.
We may mention that the experimentally observed proton charge is equal in magni-
tude to the electron charge to an accuracy of one part in 10?2,

Proton

~. +

~7T
\
Neutron $ X
/
4

//

Proton

@ (®)

¥ig. 4-32. Radiative corrections due to mesonic interactions.

Coming back to the “pure electrodynamics” of the electron and the muon,
we must still investigate what kind of physics is contained in Af(p, p) defined
by (4.448b). A straightforward calculation using the techniques of Appeadix
E shows that AJ converges at high values of | k?|; however, the integral diverges
logarithmically at Jow values of |kJ* as | k|? — 0. This is an example of what is
known as the “infrared catastrophe.” A possible way to dispose of this difficulty in
a covariant manner (due to R. P. Feynman) is to temporarily assign a very small
but finite mass to the photon; this can be accomplished by modifying the photon
propagator that appears in (4.446) according to the prescription

1 1
i(k?* — ie) - 1T+ ALy, — ie)’

(4.461)
where A, 1S the “mass” of the photon. With this device virtual photons of very

fow energies (w0 << M) do not get emitted or absorbed. We shall comment on the
physical meaning of this artificial procedure in a Jater part of this section. The

ilﬁ terms of Z,, Z,, and Z, the Ward identity reads Z, = Z, s0 that e, = v/ Z; epuro-
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net result is that, for small values of ¢ = p’ — p, A/(p’, p) can be written as follows:

0 = [ 2 o~ ] () o 0

In Appendix E we shall discuss how to derive this formula and show in detail that
the coefficient of ¢,0,, is indeed (a/2x)(1/2m). The important point to be noted at
this stage is that once the constant L is cancelled by the constant B, the observable
effects are completely independent of the divergence of A, at high values of | k*|.

To summarize, when ¢ is small, apart from the charge renormalization, the
tota] radiative corrections due to Fig. 4-31 (a) through (f) modify the first-order
S-matrix (4.64) as follows:

e /() (i) |
— e () ()7 e [ i (e~ 3 = 5)
a 1 -

f(

whereg = p’ — p and

A9(g) = [ dxem 0 -m= 40(x), (4.464)
Note that the factor —# that multiplies —(a/3z)(g*/m?) arises from the vacuum
polarization graph (cf. Eqs. 4.424 and 4.429).

We shall first comment on the physical significance of the last term of (4.463).
Suppose we consider an interaction Hamiltonian density (cf. Eq. 3.211)

Hm= 5% [ FgFont]

249
2"’:; e ot (4.465)

We can readily compute the first-order S-matrix element for the scattering of an
electron due to the interaction (4.465). The result is

iex ](EV)( )ﬁ ot i) J dix A0 *
=~ (é",—,)(—,;'iy) W 0 g, AL(q), (4.466)

which is identical to the last term of (4.463) with « set equal to (@/2x). Meanwhile
we have already shown in Section 3-5 that the interaction (4.465) together with
the usual jedry,r 4 interaction results in a total magnetic moment of the electron
given by (1 4+ k)(e/2m) (see Eq. 3.212). This means that, as a result of the vertex
correction Fig. 4-31(b), the ¢lectron appears to have a total magnetic moment
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given byl

f = ( I 4 EC:F) ({—n-) (4.467)

as first shown by J. Schwinger in 1948 prior to the precise confirming measurement
of the electron magnetic moment by P. Kusch. Subsequently the fourth-order
(@) corrections to the electron magnetic moment were computed by C. Sommer-
field and A. Petermann. The theoretical value for the magnetic moment to this
order is

s = [1 + 55— 0.328 (2 )}2;
= 1.0011596 (7%1) (4.468)

This value 1s in excellent agreement with the Jatest experimental value
[1 + (af22) — (0.327 -£ 0.005)@¢/x)*)(e/2m) obtained by H. R. Crane and co-
workers.

We shall now comment on Feynman’s method for treating the infrared problein
based on the fictitious photon mass A, introduced in (4.461). As an illustrative
example, we shall show how the dependence on A, disappears for the particular
problem of small-angle Mott scattering at nonrelativistic energies provided that
we ask “physically sensible questions.” When we compute the elastic scattering
cross section to order (Za)’a using the S-matrix (4.463) with 49(q) given by
(4.66), we clearly get

do _ (dzr ‘°’[ _ 2 ( ) . ]
7 = dT).) I po | q[tlog b + terms independent of An|»  (4.469)
where (do/dQ2)® is the (uncorrected) Mott cross section calculated to lowest order
as in Section 4-3. Now, according to Problem 4-10, the bremsstrahiung cross
section per unit energy for the emission of a very soft photon by a nonrelativistic
electron can be written as

d*o do \® 2ajq|*
IO de = (45)" 2t (4.470)

As a consequence of the 1/w behavior, the bremsstrahiung cross section integrated
over the photon energy diverges logarithmically at low values of w; this divergence
would be absent if the photon had a finite mass. The cross section for the emis-
sion of a finite mass photon whose energy is between o = A, 2nd @ = ®, can be
shown to be

J-:h (a zid:'l:{w)ﬂnlm mass photon do = (ggl)(u) :’i: 1,7{2[3 [1 og (‘3{3) - "“] (4.471)

where w, is assumed to be some photon energy at which the low-energy approxina-

}We emphasize that (4.465) with « = a/2Zx is not to be regarded as a “fundamental
interaction.” What we have shown is that the fundamental ievry2rA, interaction gives
rise to a higher-order effect which simulates a first-order effect of (4.465).
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tion we have been making is still valid.} We now make the crucial observation that
in any Mott scattering experiment there is always the possibility of the emission of
photons which are 100 soft to be detected. In reality it is the energy resolution of
the experimental apparatus that decides whether a particularevent with theemission
of a very soft photon should be counted as a scattering event or thrown away as a
bremsstruhlung event; the worse the energy resolution, the more the events which
are counted as “scattering events.” In other words, what we physically measure in
any realistic experiment is the probability for elastic scattering plus the probability
for “slhightly inelastic” scattering with the emission of a photon with energy
less than AE where AE is the minimum photon energy detectable by the
experimental arrangement in question. Thus the observable scattering cross
section is actually the sum of (4.469) and (4.471) with «, set to AE. But this sum is
seen to be completely independent of the fictitious photon mass Amy, so that Ay,
can now be made to go to zero.§ Thus if we ask the “right” question, the so-called
infrared catastrophe is not a catastrophe at all. (In contrast, the divergences which
we have encountered in computing the electron self-energy and the charge renormal-
ization constant are real “catastrophes”; to solve these problems we would have to
drastically modify the present form of quantum field theory.)

We have shown how ‘the elimination of the infrared divergence comes about
only for the particular problem of low-energy Mott scattering to order (Za)’ in
the cross section. In a good-resolution experiment the emission of many very soft
photons can become important, which means that higher-order effects cannot be
ignored. In fact, the whole perturbation argument breaks down when a log (1)
becomes comparable to unity, which occurs at A, =~ e ™ m =~ 10-°* m. Fortu-
nately the elimination of the infrared catastrophe can be achieved to all orders in
perturbation theory, as shown by F. Bloch and A. Nordsieck back in 1937.{|

To summarize, once we renormalize the mass and the charge, the radiative
corrections to electron scattering by an external Coulomb field are completely free
of divergences of any kind. This important point was first demonstrated in 1948
by D. Itd, Z. Koba, and S. Tomonaga and by J. Schwinger.

1Note that the factor that multiplies log A,un IS expected from (4.470); when we integrate

(4.470) with respect to @ from w,, to some energy w, (greater than w,,,), we obtain

exactly the same factor that multiplies log .. The additive constant log 2 — § in

(4.471) arises because

a) a finite mass photon can be Jongitudinally polarized (spin perpendicuiar to the prop-
agation direction) and

b) the relation | k| = o no longer holds.

Since these points are rather technical, we shall not discuss 1hem in detail. The reader

who is interested in the derivation of (4.471) may consult Jauch and Rohrlich (1951),

pp. 336-338.

§One might legitimately ask whether the X, — 0 limit is a smooth one since we know

that the number of the photon spin states must decrease discontinuously from 3 to 2.

Fortunately, in any problem involving fictitious finite-miass photons, the probability for

the emission of a longitudinally polarized photon turns out to be A%u/(JK[P + Ain)

timmes the probability for the emission of transversely polarized photons, a point demon-

strated by F. Coester and J. M. Jauch,

|| For the Bloch-Nordsieck method consult Akhietzer and Berestetzkii (1965) pp. 413-422.
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Lamb shift. As a final application of (4.463) we shall show how this expression
may be used to obtain a finite answer to the historic problem of the Lamb shift.
As usual, it is convenient to first construct an effective potential that corresponds
to the S matrix element (4.463), where 4,(¢) is now the Fourier transform of the
Coulomb potential (cf. Eq. 4.66). As is familiar from our earlier discussion on the
vacuum polarization, the g®-dependent term of (4.463) just gives rise to a 8(x)
function potential. To find the effective potential corresponding to the anomalous
moment term we may use the results of Problem 3-6 in which the reader is asked
to work out the lowest-order matrix element of the (xe/2m) r (30 Fi )4 interac-
tion between free-particle states. Taking the Fouricr transform of the matrix
element obtained there and taking advantage of (4.358), we get for the effective
potential corresponding to the anomalous moment interaction

Note that the first term (the analog of the Foldy term in the electron-neutron
interaction) affects just s-states while the second “spin-orbit” term affects all but
s-states. To summarize, apart from the leading term - e*/(d=r), the effective poten-
tial due to (4.463) is

pen :;if}_(log 31 __) 8O + - X (oL). (4.473)

If the photon mass were finite, we could immediately inake use of the effective
potential (4.473) to compute the Lamb shift. Unfortunately, as it stands, the
expression diverges as \,., — 0; this divergence, of course, stems from the fact
that the original integral (4.446) is divergent at low values of | k*|. At this stage it is
fruitfu] to recall that Bethe’s nonrelativistic treatment of the Lamb shift, discussed
in Section 2-8, is completely free of divergence difficulties of this kind even though
it is in difficulty at high values of the virtual-photon energy. According to (2.253),
(2.255), and (2.259) Bethe's expression for the energy shift of an atomic level A4
corresponds to the effective potential

e = 3% l0g (-—Eﬁ'——’—— 89(), (4.474)
where E; is the energy of an atomic level that can be reached from state 4 by an
electric-dipole transition. it is now clear how we must proceed to obtain a com-
pletely finite expression for the Lamb shift. We use Bethe’s formula (4.474) te esti-
mate the contributions from very soft virtual photons; the nonrelativistic approxi-
mation used by Bethe should be a very good one if the photon wavelength is of the
crder of or larger than the atomic radius, that is, for E, << am. For the contribu-
tizn from virtual photons of energies higher than am we should use formula (4.473),
which is divergence-free as far as the high-energy contributions are concerned.
However, it is not so straightforward to *“join” the two expressions since the low-
energy cut-off that appears in (4.473) is expressed in terms of the mass of a covariant
photon with four polarization states whereas the cut-off that appears in Bethe’s
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calculation is the maximum energy of a zero-mass virtual photon with only two
(transverse) polarization states.i A careful] treatment (first done correctly by J. B,
French) shows that the right correspondence between Feynman’s A, and Bethe’s
Elmx) ig

log Ais —> log 2E0 — £, (4.475)

Since the derivation of this result is somewhat technical, we do not wish to perform
it in this book; we shall simply mention that the difference between log A, and
log E¢™® is precisely the additive constant that appears in the bremsstrahlung
cross section for a finite-mass photon (4.471).§ Using this result and the effective
interactions (4.473) and (4.474), the atomic level shift is seen to be completely
independent of E{™™ or A,; for a hydrogen-like atom characterized by n and /
we get

_dat m_ U 1.3 .
L At R R § A0
at I 1 2 43 j =I+ %
+mﬁ{(-[_1)“75‘\”"“ d*x for ey (4.476)
where we have replaced o-L in (4.473) by its eigenvalue. For s-states of the hydro-
gen atom the energy shift (4.476) reduces to
_ 8 ] m 1m 1,3
AE. =35 LRy [logz et B R ] (4.477)

since the last term of (4.476), due to the “spin-orbit” interaction, is zero. For
! = 0O states of the hydrogen atom we can use

1 _ 1
J";.T"‘["nt fdix = Wm (4.478)
to obtain
1 .
ey for j=14 4,
AE., @1 Ry I+HU+D (4.479)

=ﬂn3 N [— ! :‘ for J::I~x

10+ =
Finally we get for the energy difference between the 2s% and the 2p4 levels of the
hydrogen atom

. a? m 11 1 3 i ]
5 1) 1y = & L. =2 o1,
L(ZSI} E(ZPI) 3z Ry. {ng El - En-z.luo>nv+ 24 5 + 8 + 8
(4.480)

1To show that the joining of Feynman's result to Bethe's result is indeed nontrivial,
we thay mention that this treacherous point caused a considerable amount of confusion
(even among theoretical physicists of Nobel prize caliber) in the first attempts to obtain
a finite result for the Lamb shift.
§The reader who is interested in the detailed derivation of {(4.475) may consult Feynman
{1961a), pp. 152-157; Bjorken and Drell (1964), pp. 173-176; Akhietzer and Berestetzkii
(1965), pp. 423429,
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which corresponds to 1051 Mc. Various small corrections to formula (4.480)
have been estimated; they include the use of the Dirac wave function in place of
the Schridinger wave function, the finite mass of the proton, and the fourth order
corrections (terms of order «'Ry.). The rtheoretical value then becomes
(1057.70 + 0.15) Mc, to be compared with the experimental value (1057.77
4+ 0.10) Mc.f

Historically formula (4.480) was first derived in 1949 independently by N. M.
Kroll and W. E. Lamb, by 1. B. French and V. F. Weisskopf, and by H. Fukuda,
Y. Miyamoto, and S. Tomonaga, who all used the old-fashioned perturbation
method based on energy difference denominators. The derivation which we have
sketched is that of Feynman, which is considerably sifnpler and shorter. What is
more important,. the separation of formally infinite (but not directly observable)
quantities from finite observable guantities is much less ambiguous when we
calculate the various terms in Feynman’s way, which makes relativistic covariance
arparent at each stage of the derivation.

CGutlook. In this section we have shown how, despite the divergence difficulties
inherent in the present form of the theory, we can extract finite numbers that can
be compared to experimentally measured quantities for certain simple higher-
order processes. One may naturally ask whether this procedure based on the re-
normalization of the mass and charge can be applied to other processes in guantum
electrodynamics and to amplitudes involving even higher powers of . The answer
given by F.J. Dyson, A. Salam, and others is affirmative; once the mass and charge
are redefined there are no further infinities for any purely quantum-electrody-
namical processes to all finite orders in perturbation theory. In fact we have an
unambiguous and workable set of prescriptions that enables us to calculate any
purely quantum-electrodynamical effect to an arbitrary degree of accuracy in terms
of just two parameters, the observed electron (or muon) mass and the observed
charge.§ .

On the other hand, the very existence of divergences inherent in the theory
makes us suspect that quantum electrodynamics must be modified at short dis-
tances or, equivalently, at high energies. We may recall that, in order to obtain
finite values for the mass and the charge of the electron, we had to introduce cut-
offs. We now wish to demonstrate that such a cut-off procedure is basically unsatis-
factory. Take, for instance, the prescription for modifying the photon propagator,

?f"“*?ﬁ(ﬂji—\{t‘k—)’ (4.48YH
tMore recent measurements of the Lamb shift by R. T. Robiscoe give (1058.05 4- 0.10)
M. This value is somewhat different from the current theoretical estimate (1057.50 4-
0.11) Mc. At this writing it is not known whether this small discrepancy can be taken as
evidence for breakdown of quantum electrodynamics.
§The reader who is interested in seeing how the renormalization program can be carried
out in more general cases to all orders in perturbation theory may consult Chapter 19
of Bjorken and Drell (1965).
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which was used earlier to obtain a finite value for the electron self-energy. Writing
it as

Sl A \_ 8. By

(e~ - (4.482)
we see that except for a minus sign the second part of (4.482) is the propagator for
a neutral-vector boson of mass A. But because of the minus sign the hypothetical
vector boson is coupled with —(e*f4x) in place of (e*/4x); this means that the
coupling constant is purely imaginary. An interaction density that gives rise to
(4.482) must therefore contain a term which is not Hermitian. Now we have seen
in Section 4-2 that a non-Hermitian interaction results in a nonunitary S-matrix
element. In other words, the modification (4.482) violates probability conservation,

Up to now, despite many heroic attempts, nobody has succeeded in satisfac-

tority modifying the theory without abandoning some of the cherished principles of
twentieth-century physics—Lorentz invariance, the probabilistic interpretation of
state vectors, the local nature of the interaction between j,(x) and A,(x) (that is,
the field operators interact at the same space-time point), etc. It appears likely that
to overcome the divergence difficulties in quantum field theory we really need new
physical principles. P. A. M. Dirac views the present situation as follows:

1t would seem that we have followed as far as possible the path of logical development
of the ideas of quantum mechanics as they are at present understood. The difficulties,
being of a profound character, can be removed only by some drastic change in the
foundations of the theory, probably a change as drastic as the passage from Bohr’s
orbit theory to the present quantum mechanics.

Just as the modification of classical physics was stimulated by a series of historic
experiments that demonstrated the quantum nature of light and the wave nature of
the electron, it is not inconceivable that some future experiments in quantum
electrodynamics may throw light on the guestion of how the present theory must
be modified. We may recall in this connection that in calculating finite (cut-off
independent) quantities in guantum electrodynamics we have tacitly assumed that
the cut-off A (which characterizes in a phenomenological way a possible modifi-
cation of quantum electrodynamics at distances of order 1/A) can be made to go to
infinity; otherwise the calculated values of the Lamb shift, the anomalous moment
of the electron, etc., would be dependent on A (cf. Problem 4-17). To turn the
argument around, if the quantities we calculate disagreed with observation, we
might gain some hints as to how the theory must be modified. The fact that the
results of observations made so far agree extremely well with the theoretically
predicted values (calculated under the assumption A — oo) can be used toset a
lower limit on A or, more generally, limits on the validity of the present quantum
electrodynamics at short distances. For instance, from the fact that the observed
anomalous part of the muon magnetic moment (measured by a CERN group)
agrees with the theoretically predicted value to an accuracy of 0.47, we may
conclude (using Problem 4-17) that the cut-off A must be greater than 1 BeV
(or 1/A <2 X 107* cm).



296

COVARIANT PERTURBATION THEORY

Quantum electrodynamics is not a finished subject. It is true that, thanks to the
success of the renormalization procedure, quantum electrodynamics has comne to
enjoy a “status of peaceful coexistence with its divergences” (as S. D. Drell puts
it); yet we are still very far from constructing a complete and finite theory. The
advance in quantum electrodynamics made in the period 1947-1950 is likely to be
viewed by future historians of physics as the last successful attempt to extract
physically sensible results from the relativistic quantum theory whose inherent
difficulties at a fundamantal level were already recognized in the early 1930’s.

PROBLEMS

4-1.

4-2,

4-3.

4-4.

(a) Derive (4.38) and (4.39). Note how the “ie” arises as we attempt to give a
meaning to the integral

L
J' "ty eME— B

How would (4.39) be modified if H{* had a harmonic time dependence e*!!?
(b) Show that the unitarity relation (4.54) implies for a decaying state |i) the
analog of the optical theorem

l o= e
-r;'—,_ 2Im7Ty.

(c) In Section 2-8 it was shown that the imaginary part of the energy shift of
an atomic level computed to second order is related via (2.237) to the mean lifetime
computed using first-order perturbation theory. Discuss this connection using
the relation derived in (b).

Suppose the Coulomb potential transformed relativistically like a scalar field
(rather than like the fourth-component of a vector field) so that the.interaction
of the electron with the Coulomb potential would read

H = ey $, O = —Ze|(dur),

Show that both the shape and the energy dependence of the differential cross
section would be completely different from those given by {4.85) at high energies
even though the two diffecential cross sections are identical at nonrelativistic
energies.

It is intuitively obvious that the amplitude for the scattering of a positron by a
Coulomb field computed to first order is equal in magnitude but opposite in siga
to the electron scattering amplitude for the same momentum-spin states. Prove
this statement rigorously. Show also that the interference terms between the first-
order and the second-order amplitude are opposite in sign for electron and positron
scattering. (Note: In reality the electron scattering cross section and the positron
scattering cross section differ significantly for scattering from high Z nuclei, for
example, by as much as a factor of 6 for Z = 80, § = 90°, E/fm = 2.)

(a) Prove (4.76).

(b) Show that the spin-projection operator (4.101) can be used without any modi-
fication for processes involving positrons.



4-5.

4-8.

4-9.

4-10.
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Prove that the probability per unit volume per unit time that the external potential
457 [A = (0, 0, a cos wt), Ay = 0] creates an electron-positron pair in the vacuum

is given by
R N2

What is the angular distribution of electron-positron pairs?

. The w-mneson (whose rest energy is 783 MeV) is an electrically neutral J = |-

particle that decays via strong interactions into =* + =~ -+ z° most of the time.
Since a virtual process

» —> pair of strongly interacting particles —> vy

is allowed, the w-meson is expected to decay into e* + e~ some of the time. This

decay interaction may be represented phenomenologically by

Ky = igpuPrYuip
where ¢, is the neutral vector field corresponding to the o meson. Experiments
have indicated that
T(o—>e* 4 €7)To = 1074,
where I"w¢ is known to be about 10 MeV. Estimate g2/4x. Express your final answer
in the form
£%4r = (dimensionless number) X (35
(Note: In the rest system of the @ meson the fourth-component of the polarization
vector vanishes, cf. Problem 1-4.)

. Repeat Problem 2-5 by considering the interaction density

Ke - !
Hyny = G ) (Ya0uwPs) (7 va) + Hc

and compare the results. Do not make any nonrelativistic approximation. [Hint:
Simplify the 4 -matrix as much as you can before you square it and take the trace.]
Discuss the results of correlated polarization measurements on the two-photon
state (4.214a) when (a) both observers have detection devices sensitive to the cir-
cular polarization, (b) observer 4 and observer B have detection devices sensitive
to the linear and the circular polarization, respectively.

(a) Compute the differential cross section for the scattering of a «#* meson by an
unpolarized proton in the cM-system to lowest nonvanishing order using the in-
teraction density (4.377).

{b) The coupiing constant G is estimated from nuclear forces to be G?/4r ~ 4.
Show that if this value is used, the computed do/d{} at very low kinetic energies
(< 20 MeV) is in serious disagreement with observation:

(da/dﬂ)obaurvnd =~ (01 - 02) mb/s(er

independent of @ after Coulomb corrections are made. (Note: This shows that
the use of perturbation theory is unjustified, and/or that the pseudoscalar coupling
theory is wrong.)

(a) Derive the S-matrix element for bremsstrahlung (4.240). Simplify it as much
as you can.
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(b) Show that the bremsstrahiung cross section for the emission of a very soft
photon of momentum k, polarization vector €, by a nonrelativistic electron
is given by
dic _ a (dcr) @ (o 2

IOk d Oy de = ban? \ @0y | € (@ — DI
where (do/dQ)yoe stands for (4.85). Sum over the photon polarizations and in-
tegrate over the photon direction to obtain

d*e _2a|p —pi“(ﬁz)
dQpdo  3x om® \dQ/vew’

[Hint: The polarization sum is facilitated if you take advantage of (4.313).]
(a) Show that in the nonrelativistic Schrédinger theory the Green function satis-
fying

(,—% +5m V’) Glx, ¥y = 189 (x — x)
is given by
Gx, x') = (Z%rTjd’p exp [ip-(x — x') — i(|p|*2m)(t — )]

do exp [io{t — "))

ifil‘a‘p“ex lip-x —x) [ 42 ’
(2")5 plp J__,Z?l' [m._(pifjlm)]

i

"How must we perform the integration along the real w-axis if G(x, x’) is to vanish

for v > 17

(b) Using the Green’s function with the above boundary condition, compute
the transition amplitude for the elastic scattering of a Schrédinger particle by
a time-dependent potential

Y'(x, 1) = V(x) cos wt

to lowest nonvanishing order. Show that the transition amplitude we obtain in
this way is identical to the one obtained using the conventional second-order time-
dependent perturbation theory.

(a) In Section 3-9 the amplitude for Thomson scattering was computed using
the hole theory and the old-fashioned perturbation method. Setting p = (0, im),
k =k’ = 0 in (4.275) and using the explicit forms of Ky(x, x’) given by (4.264),
demonstrate the equivalence of the old-fashioned method to the calculational
method of Section 4-5 for this particular process.

(b) When O. Klein and ¥X. Nishina derived formula (3.344) in 1929, the hole-
theoretic interpretation of the Dirac theory had not yet been formulated. They
therefore assumed that the negative-energy states are completely empty and a
positive-energy electron can make a virtual transition into a negative-energy state.
Why were they able to obtain the correct formula?

(¢) Using the example of Compton scattering, convince yourself that the minus
sign in (4.264b) can be visualized as arising from the Pauli exclusion principle.

. It is evident that if the proton behaved as if it were just a heayy muon, the .-

matrix element for electron-proton scattering would be given by

o2 (idhry utt,) (G y U,
-‘”f{ = _L( p')'& q)z( "'YE n),



4-14.

4-15.

4-16.

4-17.
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with ¢ = p" — pW == pl) — p*  Actually the strong interactions modify the
v,-vertex of the proton current in such a way that aly,u, must be replaced by

H(’[ryu Ir|(qg) + (x/Zm,,)a..,. 9y Fg(t]:)')]l«l,,,

where « is the anomalous proton magnetic moment in units of ¢/(2m,) and Fi(g%)
and £,(¢4°) (which can be shown to be real for g* 2> 0) are the Dirac and the Pauli
form factors of the proton normalized so that F,(0) = F,(0) = 1. Derive the famous
Rosenbluth formula for electron-proton scattering in the laboratory system (the
proton initially at rest):

(ﬂ) . a’cos®(6/2) 1
dQ/e — AETSIn' (672) {1 + [2E sin? (6/2)]m,]}

< {IE@ + g | 21F@ + eRtad et (F) + el Fat )

with
r . AEsin®(6]2)

& T T @EImysin? (]I
where the incident laboratory energy of the electron denoted by £ is assumed to
be much greater then m,. [Hins: Simplify the +-matrix clement as much as you
can before you square it and take the trace.]
(a) Prove (4.358).
(b) Show that the spin-orbit potential between two electrons is given by (4.360).
(a) Show that the annihilation diagram of Fig. 4-21(b) has no effect on the singlet
state of an e*e” System with p, = p_ = 0, first, using the explicit forms of the
free-particle (at-rest) wave functions, next, using only symmetry arguments.
(b) Construct an effective potential that corresponds to Fig. 4-21(b). Show that
this “annihilation potential” affects only the 3S state.
(c) Show that the energy difference (hyperfine splitting) between the 3§ and 'S
states of positronium with » = 1 is given by (4.366).
(a) Express in terms of 11 (¢%) the S-matrix element (up to second order in e) for
the vacuum to remain the vacuum in the presence of the external potential con-
sidered in Problem 4-5. Using this result and Problem 4-5, show that the unitary
equation (4.433) indeed gives (4.432).
(b) Applying the usual analyticity argument to H(g%)/w with ¢ = —w? write
a once-subtracted dispersion relation for II(¢%. Evaluate the dispersion integral
to obtain expressions for I17(g?) valid for g2 = 0 (cf. Eq. 4.424), and for ¢% > m*.
Apply the techniques of Appendix E to evaluate the anomalous magnetic moment
of the muon with a finite A. Discuss how the predicted (Schwinger) value of the
magnetic moment would be altered if A were 500 MeV, 1 GeV, or 10 GeV.






APPENDIX A

ELECTRODYNAMICS IN THE
RADIATION (COULOMB) GAUGE

The purpose of this appendix is to derive the basic Hamiltonian of electrodynamics
subject to the requiremént that the three-vector potential A satisfies the trans-
versality condition. We shall first show that it is always possible to consider a gauge
transformation of the type (1.82) such that in the new gauge the transversality
condition

V-Ax, 1) =0 (A-1)
is satisfied. To see this explicitly we just set

A (x, 1) = A9 (x, 1) + Vx(x, 1),

AP (x, 1) = APV, 1) + (1/e)[dx(x, 1)Ia1), (A-2)
where
a*x' 7 Aol —
(. I)M‘th IV AT ). (A-3)
We then have
V. A o _(A(nld) -+ VX) = 0, (A‘4)

which shows that the transversality condition is satisfied for the new vector poten-
tial. On the other hand, from (1.75), which holds quite generally, we get

1 9°4, ( 1 94, > o _
woRth(var L) =0 (A-5)
for the zeroth compouent of 4, When the three-vector potential satisfies the trans-
versality condition, it is seen that 4, is determined by Poisson’s equation

Vidy(X, 1) = —p(x, 1), (A-6)
which does not contain any time derivative. The solution to this differential equa-
tion satisfying the boundary condition A, — O at infinity is

Ao(x, 1) = g IM_. (A7)

Ix —x'|

Vidy —

We wish to emphasize that 4, in (A-7) is an instantaneous Coulomb potential in
the sense that the value of 4, at ¢ is determined by the charge distribution at the
same instant of time; in particular, it should not be confused with the retarded

Coulomb potential
A )= e d*x ’F——__r(x , A-8
(X ) J' X — frapadx 5; ( )
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which we obtain by solving the D’Alembertian equation for 4.3 To summarize
what we have done so far:
a) we can always choose the vector potential so that the transversality condition
(A-1) is satisfied;

b) if A satisfies the transversality condition, then A, is given by (A-~7).
The gauge in which A4 satisfies (A-1) and 4, is given by (A-7) is called the radiation
(or Coulomb) gauge.

The total Hamiltonian for the charged particles and the electromagnetic field is
given by the space integral of

-;f' = !%)mn ‘l” -;/fmn!mr + -y[)lnt' (A"g)
For the Hamiltonian density of the electromagnetic field we have, from (1.73),

2 — a-‘?um . Qﬁg Y
Hoam = 8(0A4,.[2x,) ox, Lo

~ S (BF+ [E[) — (E-V.4,

— SUBE+1EP) = pdo -+ V-(4E), (A-10)

where the last term of the last line is of no significance since it vanishes when we
evaluate j’.}f),.,,d’x. As for the interaction part of the Hamiltonian density, we
write it ag

Ao = —judufc, (A-11)
where j, is the charge-current (four-vector) density. Combining (A~10) and (A-11),
we get

How + Hi = [ (o + )%

= —12— f (B + {EP)dx — _[[(j‘A)/t‘]d’;r. (A-12)

At first sight this appears to be a very strange result because the pA4, term has com-
pletely disappeared. We shall come back to this “puzzle” in a moment.

Our next task is to show that the Hamiltonian (A-12) can be written in a some-
what different form when we work in the radiation gauge. First, we recall that,
quite generally, the efectric field E is derivable from
194
c ot
We claim that in the radiation gauge the irrotational and the solenoidal part of
E defined by

E= —VA, — (A-13)

E=E;+E,,
ut (A-14)
V X E;=0, V-E =0.

tNote that the D’ Alembertian equation for 4, follows from (A-5) when the vector poten-
tial satisfies the Lorentz condition, not the transversality condition. For the derivation
of (A-8) see, for example, Panofsky and Phillips (1958), pp. 212-214.
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are uniquely given by

1 AL

Ey=—Vd, E =~L12_", (A-15)

where the superscript (L) is to remind us of the transversality condition (A-]).
This can be proved by noting: (a) V X (V 4,) vanishes, (b) the divergence of 9AL /3¢
vanishes because of the transversality condition (A-1), and (c) the decomposition
of Einto Ej; and E, is unique.

Meanwhilc we can show that the space integral of | E|* is actually given by

J]E]zd“x = .[IELF{I’X + ijod%c (A-16)
in the radiation gauge. To prove this we first note that
[1Epa*x = [HELP — 2(VA0)-Ey + | Eyfld’
= [IBPa’x + 2 [ 4u(V-Ep@x + [ 1B 1>
= [QELP +|E|)d*x. (A-17)
Furthermore,
J' |E, Pd*x = f (VAN (VA)d*x
= [ V-4V 1)ax — [ 4V Aodx
= procl’x. (A-18)

Combining (A-17) and (A-18), we see that the space integral of |E|? is indeed
given by (A—16). Coming back to the expression for the Hamiltonian given by
(A-12), we note that the pA4,-term which, we thought, had disappeared is actually
buried in the space integral of | E [*:

Hou + =4 [ (B -+ BP)Px + [ (3pdo — T A®)Px (A<I9)

Note, however, that the p4q-term now appears with a factor §.
We are finally in a position to eliminate 4, altogether (or equivalently E;)
from the Hamiltonian. Using (A-7), we can write the p4o-term of (A-19) as
1 I 1 1 s ap(%, 1) (xiyf). e
5 | padx Tjdxjde_L#4nlx—x’| (A-20)
Hence

Hum + Hlnl = '%‘ J‘ (‘B lz + [EJ. Ii)d3x

Fa e oS e
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or, in terms of AY, j, and p only,

Han -+ Hu = [ (17 x AD +

]2
Gl

A fawge o L (g (g et
= [1Avas o [dix [ T (A2

In this form the electrostatic potential A, {or the irrotational part of E) has been
completely eliminated in favor of the instantaneous Coulomb interaction. This
ruzans that we can forget about the dynamical degrees of freedom associated with
A, or E; . In quantizing the Maxwell field it is sufficient to quantize just the trans-
verse vector potential AL provided we work in the radiation gauge. This procedure
was first advocated by E. Ferini in 1932,

From (A-21) and (A-22) we sce that the only term in the interaction Hamiltonian
which involves the electromagnetic potential explicitly is the space integral of
— (1/c)j- ALY, In nonrelativistic quantum mechanics this is given just by the
difference

As for the Coulomb part, we can use the familiar form
p= Z‘,‘, e (x — x®) (A-24)
to obtain
3@ [ xRS = 3 o+ 1 3
(A-25)

The last term which represents the interaction of a charged particle with the
Coulomb field due to the same charged particle is infinite; hence it is usually
dropped. However, in discussing the self-energy of the Dirac electron, it is neces-
sary to include the relativistic analog of this term, as shown in Section 4-7.
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GAMMA MATRICES

I. Our notation (also used by Pauli, Killén, Rose, Mand], Akhietzer and Beres-
tetzkii, etc.) is given below:

{vw )} = 208,,,
where oy ¥ = 1)2: 41 'Y;\l:'VB;

1
Vs = VYV = ﬂeuvlv'Vu'Vv'}'A‘Vd;

{'YS) 'Y#} = 07
where p=1,---4, vt = s, P=1;
a-b=a-b+ab,=2ab—ab, a, = (a,a,) = (a, ia,);
br 0 ’“fﬂ"k)
= —ifay = ’ kti,2,3,
7 iBa (l’o’k 0

or (] 0
“"_-B"<0 —1)’
o (0 1)

Vs = I o ’

Oy == T =iy (p#=v),

or fo, O X .
Ty = —rpsly = By = (ijk cyclic),
0 o

or (0 o, . -
Opq == 04 = —rys0(y = Qg = (i/k cyclic),
Ok 0

} e (o, 0
lﬁﬁ,ﬁ‘)k == »

0 —~o

. o (0 1
Iysys = l<~1 0)'

For free-particie wave functions

(mge + =0 G p + me)up) = 0.
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II. Notation used by Messiah, Bjorken and Drell, Schweber, etc.:
{'Y"> ’YV} =2g", V= 0: 1, 2: 3;

8w = 8%, 8o =1, 8w = —1, Buw == if g 5% 03
Ot = g0, a——
a-b =a"b, = ab, — a-h, a* == (ag, a),

ay, = gua’ = (4o, Ma);

oy 8) (Y,
= = y = S, = .
v 0 —I Tl 0
For free-particle wave functions,
(—ivtsls + 5 =0, - p — me(p) =0,

III. Useful relations (our notation ohly):
(y-a)(y-b) = 2a-b — (y-bXy-a),
(v-aXy-b) = (a-a}a-b) = a-b + iZ-(a x b),
vlly-aXy-8) - (v Di'ye = (= 1) - (—y-bX~wv-a),
if a = (a, ia,) with a and a, real, etc.;
YVuYu = 4
V(v Dy, = —2y-a
Yuly - aXoy 0¥y, = 2(y-aXy-b) + 2(y-b)y-a)}u-indices summed;
= 4a-b
Yauly- @y by €y, = — 2y Xy bXy-a)
Tr(vay, - v) =0,

odd number

Tr(’Y."’Yy. . .) = 0,

less than 4y (for 4y nonvanishing only if all four are different)
Tr(Tw) =0,
where
T == s O 195 ¥
Tr{(y-a)Xy-b)] = 4a-b,
Tr{(y-aXey-0Xey- Xy )] = 4[(a-bXc-d) — (a-cXb-d) + (a-dXb-c)].

1V. Free-particle wave functions in the Dirac-Pauli representation:

a) For E =+/[pic® + mic* >0,
A = ,/'_g.“,; utt 2 (p) exp [i(p-x/h) — (iE/R)),
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where 1
(1) — E +‘mcz 0
ut(p) S ,

picf(E + mc?)
(P1 + iP(E + mc?)

0
gy — JEETE ! _
u'(p) 2me* 1 (py — ip)c/(E + mc?)
—picf/(E 4+ mc?)

b) For E = —~/TpFe £ nict <0,

PO = R ) exp i) + (Bl

where

P3¢/ E| + mc*)

INE & Bl V51 ip. E c?
u"’(p) — !blz;‘c;nf (P + ip )L]‘II(‘ l +m )J ,
0

= (21— P/ E| + mc?)

1| psc/(| E| 4+ mc*
u(p) = /IEIZ;CMC sl( ) )

1

¢) For “positron spinors”
v (P) = —u(—p), v (p) = u®(—p).
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PAULI'S FUNDAMENTAL
THEOREM

Before we prove Pauli’s fundamental theorem that guarantees the representation
independence of the gamma matrices, we shall summarize the properties of the
gamma matrices obtained in the main text. In Section 3-5 we showed that we can
construct sixteen 4 X 4 matrices denoted by I'y with 4 = 1,. .., 16. They are
PA = ly Yuy OTpoy i’Ys’}"w and “ss (C'_l)
each of which satisfies
%=1 (C-2)
Using the anticommutation relation between v, and v, alone (that is, without
recourse to any particular representation), we can show by direct inspection the
following two additional properties:
a) Define a constant 7, by
Dl = p00%. (C-3)
Then
pan=+1, =1, 4+ or —i (C4)
b) Matrices I', and I'; either commute or anticommute (that is, I',I", = +-I,I" ).
Moreover, for every I', (= 1), there exists at Jeast one I', with the property
Tl = — T, (C-5)
As examples of property (b), we may mention that (C-~5) can be checked for
Ty == iyyy; and oy, as follows:
s (iysys)ys = —iysys, Va01aYe = 0. (C"é)
As we already mentioned in the main text (see footnote on p. 106), using
property (b) we can readily prove the following which we call property (c).

¢) Any4 X 4 matnx X can be expanded in a unique linear combination
13
X=3 x4 (C-7)
A=1

To prove Pauli’s fundamental theorem we must first demonstrate what is known
as Schur’s lemma which is stated as follows:
Suppose that there is a 4 X 4 matrix with the property

[X,y]=0 forevery o, (u=1234); (C-8)

then X is a multiple of the identity matrix.
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The proof of this lemma goes as follows. Using property (c) we can expand X
X=xT,+ §Axcl-‘cx (C—9)
c:

where I, (5= 1) is any one of the 15 I'y matrices in (C-1) (excluding the identity
matrix). If X commutes with every «,, then it must necessarily commute with
TywithB=1,...,16:

X = XDy ToXTy=X. (C-10)
Because of property (b), for the particular I', appearing in (C-9) we can find (at
least one) I'; such that (C-5) is satisfied. With such I'y we get
X =TT,
= x, .00 + L‘gAch‘bpcr‘s

= —x,0 +c§‘(il)xcr‘cy (C—-“)

where we have used (C-9), (C-10), and properties (b) and (c). Comparing
(C-11) with (C-9) and recalling property (c), we conclude that
Xg=—x4=10. (C-12)

Now T', is arbitrary except that it cannot be the identity matrix. The relation
(C-12) then means that, when we expand X as in (C-7) all the expansion coefficients
are zero except for the coefficient of the identity matrix. It therefore follows that
X is a multiple of the identity matrix. (Of course, X can be identically zero.)

We are now in a position to prove Pauli’s fundamental theorem which can be
stated as follows:

Given a set of 4 X 4 matrices {vy,} and another set of 4 X 4 matrices {y,} with
u=1,...,4such that

o v} = 28,, (C-13)
and

{'Y:u ’Yl} = 28::"’ (C—l 4)
there exists a nonsingular 4 X 4 matrix S with the property

v = Sy, 8. (C-15)

Moreover, S is unique up to a multiplicative constant.
To prove this we first define I'} in the same way we defined T, for example, if
1y = inygyy = inyyyys, then I = iylyl. = iy, ote. It is evident that

L5 = nasle (C-16)
with the same 7, as in (C-3). We consider S of the form
S=% TUT, (C-17)

where F is some (arbitrary) 4 X 4 matrix. Multiplying both sides of (C-17) by
' from the left and ', from the right, we get

TSTs = X TyLFT. Iy, (C-18)
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Because of (C-2), which also holds for the primed gammas,

L% = DTy = (L) = 9 le! = gl (C-19)
We can therefore rewrite (C-18) as follows:
STy, = 2‘, naleFnale = ):, TLFT,. (C-20)

But, because of (C-17), we get
STy = S. (C-21)
Wote that this is true for any I',,.

We claim that F can be chosen so that S #= 0. To prove this, suppose S were
zero for every F. Choose F so that

Fog = BaaBps (C-22)
forexample, fora’ =1, 8 = 2;
0 1 0 O
0 0 0O
£= c-23
000 0 (€-23)
0 0 0 O

Clearly the assumption S = 0, together with the choice (C-22), enables us to re-
write (C~17) as
5 (0 e = 0 €29

for the 8¢ element of the matrix S. Since S is identically zero for every F by assump-
tion, (C-24) must hold for all &’ and €, which leads to the matrix equation

5 (Ceal's = 0. (C-25)

This clearly contradicts the linear independence of the Imatrices. So there must

exist F for which § = 0.
Our next task is to prove that S is nonsingular. We construct

S' = ZTFT, (C-26)
o

where F' is some 4 X 4 matrix. Repeating steps analogous to (C-18) through
(C-21}, we get

T,5T, =S (C-27)
Moreover, F’ can be so chosen that S’ is not zero. Consider
S'S = TS T,ST, = IS'ST,. (C-28)
This is true for every I',. Hence )
[$'S, g, =0. (C-29)

By Schur’s lemma S”S s a multiple of the identity matrix
S'S=c, (C-30)
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where ¢ is a constant, Thus
ST = S§'/c. (C-31)

Since §” is not zero, we have shown that ! indeed exists. Coming back to (C-21),
we can multiply both sides of (C-21) by $! from the right:
TST.S 1 =1, (C-32)
or
STpS™ ' =T% (C-33)
which is of the form (C-15). We have thus exhibited the existence of S with the
property (C-15).
To prove the uniqueness of S, let us assume that there exist S, and §, both
satisfying (C-33). We then have
SiyuSi!t = Sy.St! (C-34)
or
S8 = .58, (C-35)
Because of Schur’s lemma, $;'S, is seen to be a multiple of the identity matrix.

Thus
S, = a$S,,

where a is a multiplicative constant. This concludes the proof of Pauli’s fundamen-
tal theorem.
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FORMULAS AND RULES IN COVARIANT
PERTURBATION THEORY

1. Definition of the 4 -matrix:
Sy = 8y — (2a) 3PV — PENTI(n,[VYM p4,
ext
where
my[E; for fermion
a 1/2E; for boson.

IL. Relation of . to transition probabilities and cross sections (“covariant
Golden Rule”):

a} Decay 1 = 2 -+ 3 4+ ... + n. The differential decay rate dw is

dw = ‘——l'ﬂﬂl [H(szennl)] (2 )3252 (2”)32E (27[) 8“)(p1 ézp!) *

fnnn lnna

To eliminate the 8 function first integrate over the (three-) momentum of
one of the final-state particles, and then use

410, — 3, B) = g 240 [pePdlpeldbe
=1 (a(z E,)/a|p,‘ I) (E E,)/a(cos 0,5))
j= [N 101, 64
For | — 2 + 3 the (partial) decay rate is given in the rest frame of particle 1 by

1 1
2@ m

Pl —>243) = LBy j ds zwzﬂl’ I @2,

a;nnlons

where [paa| =|ps| = | ps |-

b) Differential cross section for 1 +2 — 3 44 4- --- + n when the momenia
of particles I and 2 are collinear:
= 2 &p.
do = 5 g Al 1L @) (2;;)325 " @ny2E,

mnmunu
X (2%)‘8“’(1)1 +p— J@31),);

Ewtlplnl in the cm system di’m? =|pl=|p:D
VmE Fr = {m,|p,| in the rest system of particle 2 (lab system)

(p1- p2)! — (mym,)*  in general.
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Forl + 2 — 3 + 4, the differential cross section in the cM-system is given by

.di _-L__L 1 ll’nnl 2
(70)=7 G Ipn] o0 I @rteem)-

fatwions
One may sum over the final spin (polarization) states. If the initial particles are
unpolarized, one may sum over the initial spin states and divide by the number
of the spin states of the initial system.
X, Rules for writing —i4
a) External lines
i for each absorbed photon (or spin-one boson) ,\r’
i for each emitted photon (or spin-one boson) JJ“

(If € represents circular polarization, it should be complex-conjugated
when it appears in the final state.)

1 for each spinless boson absorbed or emitted ’,/'.,/

u‘*(p) for each absorbed spin-} fermion /*

#9(p) = (—1ya**~»(—p) for each absorbed spin-} antifermion
¥ (p) for each emitted spin- fermion .;(

v(p) = (—1)'u*~*(—p) for each emitted spin-} antifermion ¥

b) Vertex factors

o

— ey, if i = —ie Py,frd,

—iG if 3\ = G PP

Gyys if 1 == iG Poysrp, etc.
In general, take —i 5, (more precisely { .#,,) and replace the field operators
by the appropriate free-particle wave functions, Omit e*'*** and the factors
already taken care of by external lines (for example, ¢ and u‘*(p)) and nor-
malization constants (~/m/EV). The remainder is the vertex factor.}

¢) Internal lines

Photon (*covariant photon™): K‘}—,—S{—j—l—e—) SNANNNANNS
Spin-one boson: m(sw + ‘lﬁgz) AR
Spinless boson: m e em -
Spin-4 fermion: ﬁ% — o

1If the interaction density involves derivatives of field operators, 3, differs from — £
1t can be shown (using an argument originally given by P. T. Matthews for the case of
the pseudovector coupling of a pseudoscalar field) that the vertex factor in the Feynman
diagram should be read directly from i &£, rather than from —j 5. In this connec-
tion we may remark that it is possible to formulate an § matrix expansion using Zin.
(without recourse to 5#1,.). See Bogoliubov and Shirkov (1959), pp. 206-226.
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d) Caution
1) Assume energy-momentum conservation at each vertex. Integrate with
d*q/(2x)* over an undetermined four-momentum (that is, four-momentum
not fixed by energy-momentum conservation). If the Internal four-momentun
is already fixed, no integration is necessary.
ii) For each closed fermion loop take the trace with a factor (—1).
i) Put together the various pieces so that as we read from the right to the
left, we just “follow the arrow.”
iv) Multiply each matrix element corresponding to a particular diagram by
the permutation factor 8,. For example, 8 1s +1 and —1 for the direct and the
exchange term of fermion-fermion scattering, —1 and +1 for the direct and
the annihilation term of fermion-antifermion scattering. The sign of the matrix
element is of physical significance only when interference between two or more
diagrams is considered or when we are constructing an effective potential.

1V. Properties of free-particle spinors (see also Appendix B, Section 1V):
(iy+p + mu(p) =0, a(p)iv-p + m)y =0,
(—iy-p + mpS(p) =0,  FO(P)—iy-p+m =0,
(p' — p)i'oyu = i(p' + p)dlu + (m' + m)i'y,u,
(p' — Py, = (m' + m)id'oysu,
% W@ = (e

] 2m

. .

By =__I’P+m> .
2 w@e) = —(LEE)
If 4 (p) and v**’(p) are free-particle spinors satisfying

iysy - wu®(p).= u™p,  iyyy-wo(p) = v"(p),

then
@) = [ (FRLEm) (L )]
oo = (g (L )]
where

wep =0, w=lwl —wi=1, [fysyew, iyep} = 0,

(fi, 0) in the rest frame,
(1, 0) for transverse polarization,

w = (§m_l’, ﬂ%} for longitudinal polarization.

Loop(p-R) | ip-fiy .
(ﬁ+m(E+m), m) in general.
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FEYNMAN INTEGRALS; THE COMPUTATIONS
OF THE SELF-ENERGY AND THE ANOMALOUS
MAGNETIC MOMENT OF THE ELECTRON

When the energy-momentum of an internal line in a Feynman diagram is not
completely fixed, there is a nontrivial integration to be performed in four-dimen-
sional k-space. To make an attack on such a four-dimensional integral, R. P.
Feynman invented a set of very clever tricks.

Useful formulas. We first prove

d'k !
f(27r)‘ (K + s —iey  32ns (E-1a)
dk ke _q (E-ib)

@n) (k> + s —ie)
from which many other useful formulas can be derived. The second one (E-1b) is
obvious, since the integrand is an odd function of k, and the integration is over
all values of k and k,. To prove (E-1a) we start with a simpler one-dimensional
integral

- ke (" do ‘ i
e B s (E-2)

We can handle this integral by the usuval contour method. Noting that there are
poles at ky, = (/| k[* + s —i8), we get the result
= dk, i .

f_-(k“—i—s—te) MEKPE + 5 (E-3)
(whether we close the contour in the upper half-plane or in the lower half-plane).
We now differentiate both sides of (E-3) twice with respect to s to obtain

[ ST S N

-k +5—1e) 8 (kP + s
The remaining three-dimensional (k-space) integration is elementary since the
integrand is spherically symmetric. Using

J‘ d*k 4_[ |k[*d k]
QF+57 7 7)o TRF £ 57

=4 (E-5)

(E-9)

we readily obtain (E-1a).
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We now substitute k — k — p for the intcgration variable in (E-1a) and (E-1b);
we also let s — 5 — p?. We then get variations of (E-1a) and (E-1b) as follows:

dk 1 _ i "
CaY (T = 2k-p + s —iep  327%s —pb) (E-6a)
d'k k, i, (E-6b)

(27:)‘ (,k* —2%-p + s— i) 32ni(s —pY)
which are quite useful. Furthermore, differentiating both sides of (E-62) and
(E—6b) with respect to s and p,, we obtain more useful formulas:

d'k 1 _ i .
@aY(,kF =2k p ¥ s —Tie)  96xi(s — py’ (E-Ta)
d'k k _ ip, g
@)t (k* — 2k'P“+ s —1e) 96x’(s - Py’ (E-7b)
d'k K.k, B i PEVES
QY =2 p F5 =7 = 967G = 7 [2up. + 56— 5.
(E-Tc)

In practice the denominator of the integrand of a typical four-dimensionat
integral is made up of different invariant factors multiplied together, for example,
(k* —2p-k)k® + A?)". Such a product can always be rewritten so that formulas
(E-6a) through (E-7c) are immediately applicable. To see this we make use of
what is known as the parametrization method (also introduced to covariant per-
turbation theory by Feynman.) The simplest relation along this line is

i i dx -
ab ~ Jo [ax 4 b(1 — X’ (E-8)
which can easily be proved by considering

1 dz
5= ). % (&9

with z = ax + (1 — x). Diffetentiating (E-8) with respect to a we get

1 xdx .
=2/, B =P (E-10)

A slight generalization of (E-8) is
] ] l=x 1
m_ZdeL dy[a+(b—~a)x+(c—-a)y]”

the proof of which is left as an exercise for the reader. From this relation we
further obtain

___l__ _ 1 1-z (1 —x - y) .

abc 6 J-u d J.o dy[a T —ax + (c — ayf’ etc. (E-12)
Electron self-energy. Let us see how we can apply Feynman’s method to compute
the electron self-energy. According to (4.385), (4.386), and (4.389) we have

om = —ie [ Gy =L () (e )

(E-11)

» (E-13)

iy-p=-m
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where the prescription k* — k? — ie is implicit. But
Yul—iv-(p — k) + mly, = 2iy-(p — k) + 4m
= —2iy-k 4 2m, (B-14)
provided that the whole expression is sandwiched by #¢'(p) from the left and

u'*!(p) from the right. We can, of course, use (E-11) to combine the three factors
in the denominator of (E~13), but instead we choose to use

1 a
(E)eiwe) = 1. ey (E-19)
and take advantage of (E-10). We then have

d'k f g (=2iv-k + 2m)

= gl |
b= i€ | oy )y Mok 1 Y POy

. &k 2xdx(—2iy-k + 2m)
— _ip?
ie* | 27:5‘.[ d’f [T Dx + & =2p-0)(1 —xF
s (dmx — 4iy-kx)
= e f dxj d’f(zz)* K= 2k-p(1 —x) + txF
to which (E-6a) and (E-6b) are immediately applicable when we recall that k*
actually means k* — ie."The k-Space integration gives

_ 4mvc~—4zry px(l — x)
bm = e f d“,[ 32xtx — p(L — %)

(E-16)

frep=-m
_&m 2x—=x) ~
T 8xt e dx -[o 5 + mi(1 — x)? (E-17)
We integrate over £, remembering A? 3> m?, as follows:
M dt 1 [A’x + m'(l — x)’]

o X Fr(l =% x log m*(l — x)?
= L log [__Q_AZ’E____:I

x m*(l — x)*

L

X

{oe (52) + toe [ == 1 (E-18)

(When x is extremely close to zero, the approximation we have made breaks
down but note that we later integrate over x.) The final integration over x is
elementary; we end up with

o () ) e

up to an additive constant, which, of course, is insignificant when it appears togeth-
er with a divergent expression.f We may mention that this covariant calculation
is several times shorter than the original calculation of the same quantity by
V. F. Weisskopf who used the old-fashioned perturbation theory.

f

$In fact, the actual value of the additive constant is characteristic of the particular form
of the cut-off function we have used.



318 APPENDIX E

Vertex correction; the anomalous magnetic moment of the electron. As a second
application of Feynman’'s method, we consider the four-dimensional intcgral
which we encountered in connection with the vertex correction (cf. Eq. 4. 446).
Setting p* =p” = —m®, we get

An(lfl: P) Iw-»'- —m, iy pem—m

it % =i (P — k) 4 iy (=i (p — k) + by,
=€ [ Gy FE =270 — 25°F) (E-20)

This integral is divergent at both large and small values of | k?|. We therefore
modify the photon propagator as follows:

J_H( 1 ( A? )~ A — N,
A Ve 7@) KR (AR KD

1 1 ar dt
TEEA. AT L:l_ K+ 0 (E-21)

where A, is a fictitious “photon mass” assumed to be much smaller than m.

We then have
dk v N,

APy P ireprwom,tyepmmm = i€ J. z‘z"ﬂ,—)’i " dr ‘Dﬁ ’ (E-22)

with
N, =g f—iy-(p' — k) + mly—iv-(p — k) + mly,, (E-23a)
D = (k? 4 1Y(K* — 2p-k)(k* — 2p"-k). (E-23b)
Using (4.341), we can simplify the numerator ¥,.:f
Ny= 2y pyy-p — 2y pruv-k +v-kyy- p)
—2imfyy(p+ P —2) + v (P + P — 2k)y,]
+ 2k ok — 2yt (E-24)

As for the denominator we can combine the various factors in D, using (E-12):

(E-25)

16l (L= x =) _
D~ GIOdXJ-u dy[k’ +t—Q2pk +0)x—Cp'k + )

We propose to perform the indicated integrations in the order &, ¢, y, and x. The
k-space integration can be performed immediately if we take advantage of (E-7):

an ,
Quyk* —=2k-(px + p'y) + 11 —x — )
M, (E-26)

= £ K]
96m’[1(1 — x —y) — (px + PYYF

$The reader may wonder why we do not simplify further the third term of (E-24) using
vu(y-8) + (v-b)yy, = 2b,. The reason is that eventually we wish to express A,(p’, p) in
terms of g,0,, and «y,, not in terms of p, + pj, and 7.
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where
My =2y pyuyp' — 2y pyay-(px + p'¥) + v-(px + Py P
—2imly,y-(p + P —2px — 2PV + - (p + 0" — 2px — 2p'y)y,]
+2y-(px + p'Vvy-(px + pY)]
=2t(1 = x ~ p) — (px + pyYly, — 2m’y,. (E-27)
We can eliminate p and p’ in favor of m, ¢, and ¢°, remembering p" =p + ¢,
p-p’ = —[m* + (¢%/2)] and keeping in mind that —ivy- p(—iy- p’) standing on the
right (left) can always be replaced by m, for example,
ige ' leggne —> —m + iy -gq. (E-28)
We then have
M, =y {—20(l —x =) —4m*[(x + ) — (I — x — )] — 2¢°xy}
+ imyuy-ql—2x + Ax + y)y) + imy- g2y — 2x + y)x]
+o-gruy-g(—2xy + 2x + 2y — 2). (E-29)
We further note that the physically observable effects such as the magnetic moment
must be independent of the particular gauge which we use for the external poten-
tial. So we may as well assume that the external potential satisfies the Lorentz
condition which reads in momentum space as follows:
9.A(q) = 0. (E-30)

This means that we can replacey,y «q by —«- g, (or vice versa) since the difference
is just 24, which gives zero when contracted with 4,(g). Using
Vu¥ g T QY
v aruy g > — 4 (E-31)
we can write (£-29) as
M, = qu{—2() — x —y) ~ 4m*(x + y) — (1 —x — ] — 2¢*(1 — x — y)}
+ (- g Z vy 9q) [—2m(x + p( — x — Y. (E~32)

Recall that A, is given by

Ap(plr Pliy-prawm iypm-m

A (= x— )M . (E-
T 96x7 J-odx J.o dy J-;L:“ dt[t(l —-x—»+ mz(x +;)2 +q’xy]" (E 33)

It is now clear that when the x-, y-, and t-integrations are performed, A, can be
written as}

Au(p,, p)|l1-p'-—-yll,{1~p-~m = 'Yu.Gl(qz) + (1/2”1)1190»;.62(92)- (E"34)

}This form of A, can be shown to follow from Lorentz invariance, parity conservation,
and charge conservation {gauge invariance) alone.
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As we explained jn the main text, the Schwinger correction to the magnetic
moment is given by the coefficient of the g,0,,-term at small values of g*. So let us
calculate G,(0):

2oy (e (T [ (x + (1 — x —yy
Gi(0) = g=emy [ ax [ " dy L:.. dt e 2 _y() e )

The r-integration gives

Jw at 1 - 1
BT == +mME )T T—x—y

1 1
x [xi...,(l —~x=¥+mx+yy A0 —x—y+mx+ yi‘]
(E-36)
The integral is completely convergent at the upper limit; we can safely let A - oo,

We may also be tempted to set AL, = 0, but, because the domain of the x-y integra-
tion includes the point x ==y == 0, it is safer to keep A%, at this stage. Thus

am o O+ )1 —x—3) g
Gi0) = S [ ax [ ay A )

Now this integral is seen to be finite even if AL,;, = 0, since

L dx I:_z dy =}, (E-38a)
j:dxj:"dyx J‘ry= ._I: log xdx = 1. (E-38b)

It is therefore legitimate to set A, = 0 after all. This would not be the case if the
numerator in (E-37) contained a term independent of x and y; in fact, in integrating
some of the vy, terms in (E-32) it is essential to keep A to obtain a result that goes
as log(m?*/\%,,) (which is responsible for the “infrared catastrophe” as Aly, — 0).
With AL, = 0, the integral (E-37) can be trivially performed using (E-38). We get

G.(0) = a/2x, (E-39)

which is just Schwinger’s result.

We emphasize again that the anomalous magnetic moment which we obtain
from (E-35) becomes completely independent of the cut-off A and the fictitious
photon mass Ay, as we let A — oo and Aque — 0. If we are just interested in com-
puting the anomalous moment, it is actually not necessary to modify the photon
propagator according to (E-21). We have deliberately calculated it in this way
because {a) the method we have used also enables us to calculate Gy(g?) in a
straightforward way, and (b), using this method, we can easily see how the com.
puted value of the magnetic moment of the electron (muon) would be modified if
the cut-off A were not too high compared to the electron (muon) mass (cf. Problem
4-17). As we mentioned in_the main text, G,(0) = L (which is also equal to B
because of the Ward identity) is logarithmically dependent on both A and X ,;;
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the logarithmic dependence on A is readily seen to arise from (E-32) and (13 3})
since the integrand contains a term that goes like 1/¢ for large values of 1. On thr
other hand, the djfference G,(g*) — G,(0) [which is the coefficient of the v, part of
Ai(p' p)] depends only on A, (cf. Eq. 4.462). If any strength remains, the reader is
encouraged to complete the evaluation of the integral (E-33) by computing the
coefficient L and G,(g*) — G(0) (for small values of g%).
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Abraham, M., 64
absorption of photons by atoms, 36-37
adjoint equation, 82
adjoint spinor, 82
Aharonoy, Y., 16
Aharonov-Bohm effect, 16-19
Alexander, J., 132
Allen, J. S., 178
o-matrices, 81-82, 115-116
Anderson, C. D,, 133
angular momentum; see also spin
in the Dirac theory, 101, 113-114,
122-124, 152-153
of the radiation field, 30-31
angular-momentum selection rule; see
selection rule
annihilation diagram, 261-262
annihilation force, 262-264
annzhilation operator
for an electron, 145-148
for a fermion, 28
for a photon, 24~27
for a positron, 149-151
anomalous (magnetic) moment
of the electron, 109, 115, 289-290, 320
of the proton, 110
anomalous (magnetic) moment interaction,
109-110, 289-290
anticommutation relation(s)
of the Dirac field, 153-154
of the Dirac matrices, 81, 83
for electron operators, 72, 146
for fermion operators, 28
for positron operators, 149
antineutrine, 166

INDEX

anti-Stoke’s line, 53

“arrow” (see also internal line), 211-212,
215-216

axial-vector density, 105

B

bare charge, 279-280

bare mass; see also mass renormalization
of the electron, 69~70, 270-273
of the photon, 274-278

beta decay, 144, 166-167, 177-178

B-matrix, 81-82

Bethe, H. A, 70, 230, 254, 292-293

Bhabha, H. J., 261

Bhabha scattering, 261-264

bilinear covariants, 104-107

bispinor, 81

Bleuler, K., 255

Bloch, F., 291

Bogoliubov, N. N., 187

Bohm, D,, 16

Bohr, N, 16, 33, 176

Bohr-Peierls-Placzek relation, 63

Bohr radius, 127, 179

boost ; see Lorentz boost

Bose-Einstein statistics, 2,.27

bound interaction representation, 263

Breit, G., 116, 261, 267

Breit interaction, 260-261

bremsstrahlung, 229-231

C

C-matrix, 141
c-mumber field, 147
C parity; see charge-conjugation parity
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CP invariance, 174
CPT invariance, 160, 173-174
canonical (conjugate) momentum, 3, 5,
145
Casimir, H., 191
causality, 33, 58-61, 63-64, 154, 208,
282-283
Chamberlain, O., 267
Chambers, R. G., 17
charge conjugate field, 153
charge conjugate wave function, 140-143
charge conjugation, 142-143, 153, 173,
222-223
charge conjugation invariance, 173,
222-223
charge conjugation parity, 222-223
chirge conservation (see also continuity
equation), 10~13
charge-current density, 10-13, 76-78,
107-110
charge-current four-vector; see charge-
current density
charge operator
for the Dirac field, 148, 150-151
for the Klein-Gordon (scalar) field, 77
charge renormalization, 277-281, 283,
285-288
Chew, G. F., 132
chirality, 168-169
chronological product, 268
circular polarization (vector), 31, 223-224
classical description
of radiation phenomena, 35-39’
classical field, 1-19, 59-62
classical radius of the electron, 49, 179
Clebsch-Gordan coefficient, 42, 124
Clifford, W. K., 106
Clifford algebra, 106
closed loop, 273-274
Coester, F., 291
commutation relation(s)
for photon operators, 24
of the radiation field, 33
for radiation oscillators, 24
»f the scalar field, 73
comnplex conjugation, 9
complex scalar field, 9
Compton scattering, 138, 213-215,
228-231, 239-240

cross section for, 138, 229, 231
matrix element for, 215
conserved current
in the Dirac theory, 82-83
in the Klein-Gordon theory, 1011,
75-78
constant of the motion, 113-115
continuity equation, 12-13, 76-78, 82-83
Coulomb gauge, 21, 301-304
Coulomb interaction, 21, 252-256,
303-304
coupling constant (see also fine-structure
constant), 157
for beta decay, 167
for A decay, 166
for 7 * decay, 173
for the pion-nucleon interaction,
156-157, 266
for p decay, 180
covariance, 6
of the Dirac equation; see Dirac
equation
covariant Golden Rule, 312-313
covariant .#-matrix, 201, 213, 312-313
covariant perturbation theory, 179-299,
312-314
covariant photon (exchange), 255-256
covariant photon propagator, 255-256,
273-279
covariant spin projection operator; see
projection operator
Crampton, S. B., 130
Crane, H. R., 290
creation operator
for an electron, 145-148
for a fermion, 28
for a photon, 24~27
for a positron, 149-151
crossed diagram, 212
cut-off energy (momentum), 68, 270-271,
294-295
cyclotron frequency, 115

D

Dalitz, R, H., 165

Darwin, C. G., 88, 125, 193
Darwin term, 88, 119
Deaver, B. S., 18



decay rate; see mean lifetime
Delbriick, M., 284
Delbriick scattering, 284
destruction operator; see annihilation
operator
detailed balance, 47
Deutsch, M., 227, 263
dielectric constant
of the vacuum, 281-282
dimension, 180-181
of the field operators, 181
dipole-dipole interaction (see also
hyperfine splitting), 260
Dirac, P. A. M., 1, 24, 77, 131-133, 219,
278-279, 295
Dirac equation, 78-86
covariance of, 96-100
free-particle solutions of, 89-94
nonrelativistic limit of, 85-88
plane-wave solutions of, 91-94, 306-307
Dirac field; see also quantization
Hamiltonian of, 145
Lagrangian of, 145
plane-wave expansion of, 145, 155
Dirac matrices (see also gamma matrices),
80-85, 104-107, 305-311
Dirac operators, 112-117
Dirac-Pauli representation ; see gamma
matrices
Dirac sea, 132-134
Dirac spinor, 81
direct scattering, 247
disconnected graph, 243
dispersion relation, 58-64, 282-283
Doll, R., 18
Drell, S. D., 296
Dyson, F. J,, 210, 241, 268, 285, 294
Dyson-Wick formalism, 268-269

E

effective potential, 258-261
Einstein, A., 23, 47, 226
Einstein-Podolsky-Rosen paradox,
225-227
electric dipole approximation, 41
electric dipole moment
of the electron, 178
electric dipole transition, 41-44
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electric quadrupole transition, 44-45
electromagnetic interactions, 157
electron-electron scattering; see Mpller
scattering
electron-positron annihilation; see pair
annihilation, two-photon annihilation
electron-positron scattering; see Bhabha
scattering
electron propagator, 208-210, 233-239,
271-273
electron-proton scattering, 298-299
electron scattering
by an external potential, 188-189
electron self-energy; see self-energy
elementary particle interactions
classification of, 156-157
emission of photons by atoms, 37-39
energy-momentum tensor, 18
energy shift
of an atomic level, 66-69
equivalent (vector) potential, 37-39
Euler-Lagrange equation, 5
Euwema, R. N, 283
Evans, R. D,, 231
exchange scattering, 247
exclusion principle; see Pauli exclusion
principle
external lines, 313

F

Fairbank, W. M., 18
Fermi, E., 20, 130, 166, 254, 304
Fermi-Dirac statistics, 2, 28, 152
Fermi selection rule, 167
Fermi theory of beta decay, 166-167
Feynman, R. P., 137, 167, 211, 215, 231,
288, 290, 294, 315-316
Feynman diagram; see also Feynman
rules
for Bhabha scattering, 261
for bremsstrahlung, 229
for Compton scattering, 215
for Delbriick scattering, 284
for electron scattering by an external
potential, 190
for electron self-energy, 65, 268-269
for modification of the electron
propagator, 272
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for modification of the photon
propagator, 273
for Moller scattering, 255, 278
for nucleon-nucleon scattering,
246
for pair production, 230
for radiative corrections, 285, 288
for scattering of light by atoms, 48
for scattering of light by light, 284
for three-photon annihilation, 228
for two-photon annihilation, 212
for vacuum polarization, 276
Feynman graphs; see Feynman diagrams
Feynman integrals, 315~321
Feynman rules, 215, 241, 246-247, 256,
267-268, 313-314
field concept, 1-3
field operator, 29
field tensor, 12
fine-structure constant, 12, 157, 179
fine-structure splitting, 88, 127
finite charge distribution, 194
Finkelstein, R., 173
Fitch, V., 281
firctuations, 32-33, 35-36
of the electron coordinate; see
Zitterbewegung
flux density, 75-78, 83
flux quantization, 17-18
Foldy, L. L., 176
Foldy interaction, 176
form Ffactor, 194
four-gradient, 6
four-vector, 5-6
four-vector current {density), 10, 76-77,
82-83, 104-105
Fourier decomposition, 21, 117, 145,
150, 155
Frazer, W. R., 267
free field, 7
free-particle solution; see Dirac equation
free-particle spinor, 91-94, 149-150,
195-196, 306-307, 314
French, J. B., 293, 294
Friedman, J. 1., 165
Friedrich, W., 229
Fukuda, H., 294
Fulco, J., 267
finctional derivative, 5

G

g-factor; see gyromagnetic ratio
gamma (7,) matrices, 80-81, 83-85,
257, 305-311
Dirac-Pauli representation of, 80, 84,
305-306
Majorana representation of, 85, 141
standard representation of, 80, 84,
305-306
Weyl representation of, 84, 169, 175
Y5 matrix, 105
Gamow-Teller selection rule, 167
Garwin, R. L., 165
gauge transformation, 11, 14-16, 20, 301
of the first kind, 11
of the second kind, 14-16
Gaussian (cgs) units, 12
Gell-Mann, M., 11, 59, 167
Goldberger, M. L.., 59
Golden Rule (see also covariant Golden
Rule), 41
Goldhaber, M., 168, 229
Gordon, W, 108, 125, 193
Gordon decomposition, 108109, 286
gravitational interaction, 157
Green’s function; see also electron
propagator
in the Dirac (Feynman) theory,
232-239
for Poisson’s equation, 231-232
in the Schradinger theory, 298
Grodzins, L., 168
Gupta, S., 255
gyromagnetic ratio (see also anomalous
magnetic moment), 79, 109

H

Hamilton’s variational principle; see
variational principle
Hamiltonian; see also interaction density,
interaction Hamiltonian
of the Dirac field, 145, 150
in the Dirac theory, 81-82, 113
of the Maxwell field, 14
of the one-dimensional wave equation, 3
of the radiation field, 22, 2930,
302-304
Heaviside-Lorentz units, 12



Heisenberg, W., 33, 43, 50, 151, 154, 278
Heisenberg representation, 112, 182-183
Dirac operators in, 112-117
Heitler, W., 33, 36, 230
helicity, 93, 114-115, 195-196
of the neutrino, 167-170
helicity change (flip)
in Mott scattering, 195-196
helicity eigenspinor, 195
Hermitian conjugation, 9
hermiticity of the Hamiltonian, 187
Hilbert transform, 61
Hofstadter, R., 194
hole theory, 132-144
hydrogen (-like) atom, 43-44, 88, 125-131
energy levels of, 88, 127
hypercharge, 11
hyperfine splitting, 129-130, 263-264
liyperon decay, 159-166, 200-203

1

indefinite metric, 255
index of refraction, 62-63
induced emission, 38
infinitesimal rotation; see rotation
infrared catastrophe (divergence), 288,
290-291, 320
instantaneous Coulomb interaction
(potential), 252-253, 301, 304
interaction density; see also interaction
Hamiltonian
for beta decay, 167
for A decay, 159-161
for % decay, 171
for p decay, 180
for the Yukawa coupling, 7-8, 156,
242, 264
interaction Hamiltonian; see also
interaction density
for atomic electrons, 36
for the Dirac electron, 107-109,
154~155, 304
interaction representation, 181-183
intermediate representation; see interaction
representation
infernal conversion (with pair creation), 200
internal line, 208, 211-212, 313
intrinsic parity; see parity
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isospin, 11, 265
Ita, D., 291

J

Jauch, J. M, 291
Jeans, J. H,, 23
Jordan, P., 28, 33

K

K (electron) capture, 167

K meson, 11, 165

K operator, 122-124

Kilién, G., 211, 283

Karplus, R., 263

Kemmer, N., 265

Kirchhoff’s law, 55

Klein, A., 263

Klein, O., 7, 120, 138, 298

Klein-Gordon equation, 7, 75-78

Klein-Nishina formula, 138, 229

Klein’s paradox, 120-121

Kleppner, D., 130

Koba, Z., 270, 291

Kramers, H. A, 50, 58, 140, 270

Kramers-Heisenberg formula, 49-50,
55-56, 70

Kramers-Kronig relation (see also
dispersion relation), 58, 63

Kroll, N. M,, 294

Kronig, R., 58-59

Kusch, P., 109, 290

L

Lagrangian; see also interaction density
in classical mechanics, 35
of the Dirac field, 145
of the Maxwell field, 13-14
of the scalar field; 4, 9-11
Lagrangian density; see Lagrangian,
interaction density
Lamb, W. E., 71, 129, 294
Lamb shift
Bethe’s nonrelativistic treatment,
70-72
relativistic treatment, 280, 292-294
A decay, 159-166, 200~203
Landau, L. D., 170
“large” (bilinear) covariant, 107



330 INDEX

“large™ component, 86, 107
Y ederman, L. M., 165
Lzs, T. D., 165, 170, 174
level shift; see energy shift
lifetime; see mean lifetime
line breadth, 55
linear polarization vector, 21, 30-31,
§1-52, 219-222, 225-227
local commutativity (see also causality),
59
localized state, 118-119
London, F., 16, 18
longitudinal photon, 254-255
Lorentz, H. A,, 62, 64
Lorentz boost, 101-102, 192
Lorentz force, 15, 99, 114
Lorentz transformation, 5-6, 95-99
improper orthochronous, 100
orthochronous, 100

M

A-matrix; see covariant Jf/-matrix

mks rationalized units, 12

Magli¢, B. C., 267

magnetic dipole traasition, 45

magnetic moment (see also anomalous
magnetic moment), 109-110,
289-290, 320

magnetic monopole, 13

Mrjorana, E., 140

Majorana representation; see gamma
matrices

Mandelstam, S., 258

Marshak, R. E., 167

mass; see also self-energy

of the photon, 30-31, 275, 288-291

mass renormalization (see also self-
energy), 69-71, 268-273

Matthews, P. T., 313

Maxwell, C., 13

Maxwell equation, 12-14, 169

Maxwell fields, 12-15

mean lifetime, 43, 67, 296, 312

of excited states of the hydrogen atom,

43-45
of the A hyperon, 165-166
of the »* meson, 172-173
of positronium, 227

mean position operator, 176-177
mean square radius, 194
Meissner effect, 17
meson propagator, 245-246, 266-267
Michel, L., 223
mirror reflection, 100
Miyamoto, Y., 294
modified propagator
for the electron, 272-273
for the photon, 273-278
Moller, C., 250, 254
Moller scattering, 250-261
cross section for, 256-258
matrix element for, 250-253
momentum operator
of the Dirac field, 148, 152
of the radiation field, 30
Moravcsik, M. J., 266
Mott, N. F., 193
Mott scattering, 188-199, 290-291
cross section for, 192-193
matrix element for, 189-190
muon capture, 170
muonic atom, 281

N

Nibauer, M., 18
Nambu, Y., 267
natural units, 179-181
natural width, 55
negative-energy solution, 77, 90-94,
118121
negative-energy states, 77, 90-94, 104,
118-121, 131-143
neutral scalar field, 6-9, 72-73
neutrino, 144, 166-174
Newton, T. D., 119
Nishijima, K., 11
Nishina, Y., 138, 298
Nordsieck, A., 291
normal product, 268
nucleon-nucleon scattering, 242-250,
264-267
number operator
for an electron, 150-151
for a fermion, 28-29
for a photon, 24-27
for a positron, 150-151



O

observed charge; see bare charge, charge
renormalization

observed mass; see bare mass, mass
renormalization

occupation number, 26

occupation number operator; see number
operator

Oechme, R., 174

“old-fashioned” perturbation theory
(see also time-dependent perturbation
theory), 248-250

one-meson exchange, 242-250, 264-267

one-pion exchange (potential), 264-266

Onsager, L., 18

Oppenheimer, J. R., 132

optical theorem, 63, 188

Ore, A, 227

orthochronous Lorentz transformation;
see Loreniz transformation

P

pair annihilation (see also two-photon
annihilation), 133, 199-200, 237-239
pair creation; see pair production
pair production, 133, 200, 229-231,
281~-283, 297
parametrization method, 316
parity (see also space inversion), 42,
99-100, 103-104, 157-159, 175-176,
178
of antiparticles, 159
of the pion, 163
of the positron, 158-159
parity nonconservation, 160-166
parity selection rule; see selection rule
Pasternack, S., 71
Panli, W, 2, 11, 33, 77, 78, 132-133,
154, 275, 278
Pauli exclusion principle, 28, 132-134,
152, 224
Pauli matrices, 80, 84
Pauli moment interaction (see also
anomalous moment interaction),
109-110
Pauli’s fundamental theorem, 83-84,
308-311
Peierls, R, E., 278

INDEX 331
periodic boundary condition, 22
Petermann, A., 290
photoelectric effect, 23, 73, 230-231
photon (see also coyariant photon and
radiation field), 23-31, 256
photon mass; see mass of the photon
photon self-energy; see self-energy of
the photon
photon states, 26-27, 221-225
w ¥ decay, 172-174
# meson (see also one-pion exchange),
9-11, 156, 264-265
pion; see ™ meson
Pirenne, J., 227
Planck, M., 23
Planck’s radiation law, 46-47
plane-wave expansion ; see Fourier
decomposition
plane-wave spinor; see free-particle spinor
Poincaré, H., 12, 64
Poisson’s equation, 231-232, 301
polarization
of electrons (see also helicity), 114-115,
196-198, 314
polarization measurement
of a two-photon system, 225-227
polarization tensor, 273283
polarization vector; see circular
polarization, linear polarization
Pontecorvo, B., 170
positive-energy solution (see also negative-
energy solution), 90
positron, 132-134, 142~143, 207-208,
235-237
positron spinor, 149-150
positronium, 227-228, 263-264
hyperfine splitting of, 263
lifetime of, 227
potential; see Coulomb interaction,
effective potential, equivalent
potential, one-pion exchange
potential, Yukawa potential
Powell, C. F., 9
Powell, J. L., 227
principal quantum number, 127
probability conservation, 75-76, 187, 295
probability current, 75-76, 83, 105
probability density, 75-76, 83, 105
Proca, A., 19
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projection operator
for electron states, 191-192
for positron states, 192
for spin states, 197-199, 314
propagator; see electron propagator,
covariant photon propagator, scalar
meson propagator, spin-one meson
propagator
proton-proton scattering, 267
Pryce, M. H., 176
pseudoscalar density, 105
pseudoscalar field, 156
pseudoscalar (pseudoscalar) coupling,
156, 264
pseudoscalar {pseudovector) coupling,
156, 264
pseudovector density; see axial-vector
density
“pure” Dirac particle, 110

Q

g-number field, 147
quadrupole moment

of the deuteron, 266
quantization

of the Dirac field, 143-156

of the radiation field, 20-35
quantum field (see also Dirac field,

field operator, quantization), 1-3

gnantum theory of radiation, 20-74

R

radiation damping, 54

radiation field, 20-36, 301-304

radiation gauge, 21, 301-304

radiation oscillator, 23

radiative corrections, 284-291

Rainwater, J,, 281

Raman, L. V. 53

Raman effect, 53

Ramsey, N. F, 130

Ravenhall, D., 223

Rayleigh, Lord, 23, 50

Rayleigh scattering, 50~51

Rayleigh’s law, 50

reduction technique, 285

renormalized charge; see bare charge,
charge renormalization

renormalized mass; see bare mass, mass
renormalization

representation independence

of the gamma matrices, 83

resonance fluorescence, 53~57

retarded Coulomb potential, 301-302

retarded Green’s function; see Green’s
function

Retherford, R. C,, 71, 129

p decay, 180

p matrices, 82

Robiscoe, R. T., 294

Rose, M. E., 278

Rosenbluth formula, 299

Rosenfeld, L., 33

rotation, 95, 100-101, 194~196

Ruderman, M., 173

Rutherford cross section, 193

Rydberg energy, 71, 179

S

S-matrix, 184-188
Sakata, S., 200
Sakurai, J. J., 167, 267
Salam, A., 170, 294
scalar field, 511, 72-73, 156
scalar meson exchange, 242-250
scalar meson propagator, 266-267
scattering; see also Bhabha scattering,
Compton scattering, Delbriick
scattering, Moller scattering, Mott
scattering, proton-proton scattering,
Rayleigh scattering, Thomson
scattering
of the electron by an external potential,
110-111, 188-199, 290291
of light by atoms, 47-63
of light by light, 284
Schrédinger, E., 7, 117
Schrédinger equation, 16
Schridinger representation, 112, 182
Schur’s lemma, 308-309
Schwartz, M., 170
Schwinger, J., 109, 182, 241, 266,
290-291, 320
seagull graph, 48-49, 137
second quantization, 148
Segre, E., 267



selection rule
for atomic transitions, 41-42, 44-45
for beta decay, 167
for two-photon annihilation, 222-225
sell-energy; see also mass renormalization
of a bound electron, 65-68, 70~72
of the electron, 64-70, 268-273,
316-317
of the photon, 273-278
Selove, W, 132
semiclassical theory; see also classical
description
of radiation, 37-39
Serber, R., 278
Shaknov, L., 227
30 decay, 73, 130-181
o matrices; see Pauli matrices
single-level resonance formula, 56, 74
“small”” (bilinear) covariant, 107
“small” component, 86, 107
Smekal, A., 53
Sommerfeld, A., 1, 127
Sommerfield, C., 290
space inversion (see also parity), 59-100,
156-159
space-time approach (of Feynman),
232-241
space-time diagram; see Feynman diagram

spectral Jine
broadening of, 55
spin

of the electron, 78-79, 90, 100-101,
113-115, 152-153
of the photon, 30-31
spin-angular function, 124
spin-magnetic-moment interaction (see
also magnetic moment interaction),
36, 78-79
spif-one meson propagator, 266-267
spin operator
in the Dirac theory, 113-1185, 152-153
spin-orbit force; see spin-orbit interaction
spin-orbit interaction, 88, 260-261,
267, 292
spin-orbit potential; yee spin-orbit
interaction
spin projection operator; see projection
operator for spin states
spin sum, 191-193
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spontaneous emission, 38, 4145

standard representation; see gamma
matrices

Stern, O, 110

Stoke’s line, 53

strangeness, 11

strong interactions, 157, 180

Stueckelberg, E. C. G., 211, 246

subsidiary condition, 19

Sudarshan, E. C. G, 167

Sunyar, A. W, 168

superconductor, 17-18

T

T-matrix, 185, 188

T-product; see time-ordered product

Tani, S., 176

7-§ puzzle, 165

Telegdi, V. L., 165

tensor, 6

tensor density, 105

tensor force, 265~266

tensor operator, 265

8 function, 206

Thirring, W., 59

Thomas, L. H., 87

Thomas-Reiche-Kuhn sum rule, 74

Thomas term, 87-88, 261

Thomson, J. J,, 51

Thomson scattering, 51-53, 134-138

three-photon annihilation (of an electron-
positron pair), 227-228

time reversal, 173-174

time-dependent perturbation theory,
39-41, 184

time-like photon, 254

time-ordered graph, 207, 240, 244

time-ordered product, 208, 245, 251

Toll, J. S., 59

Tomonaga, S., 182, 241, 270, 291, 294

total charge operator; see charge operator

trace (of a product of gamma matrices),
192-193, 257, 306

transition matrix; see T-matrix

transition probability, 4041, 184, 312

transversality condition, 20-21, 301

transverse electromagnetic field (see also
radiation field), 20-22, 301-304
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transverse-photon exchange, 251-252
two-body decay
transition rate for, 203, 312
two-body reaction
differential cross section for, 217, 313
two-compenent neutrino theory, 167-176
two-component wave equation (see also
two-component neutrino theory),
79-80, 91, 169, 175-176
two-photon annihilation (of an electron-
positron pair), 204213, 216227
matrix element for, 213
cross scction for, 219

U

U-matrix, 183-184

Uehling, E. A, 139, 280

Uehling effect, 139, 280-281

vncertainty relation (for photons), 34-35

unitarity, 185-188, 281-282

units; see Gaussian units, Heavyside-
Lorentz units, mks rationalized
units, natural units

v

V — A interaction, 167
vacuum
in the Dirac hole theory, 132-133
vacuum fluctuation
of the radiation field, 35-36
of the scalar field, 73
vacuum polarization, 138-139, 276-281,
284-285
vacuum state, 27
van der Waerden; see Waerden
van Kampen, N, G., 59
variational principle, 3-5
vector; see four-vector
vector meson, 266-267
vector meson exchange, 266-267
vector meson propagator; see spin-one
meson propagator
vector potential, 13-18, 20-22, 36-39,
301-304
vector spherical harmonic, 45
velocity operator, 115~117

vertex correction, 284-291, 318-321
vertex factor, 313

Villars, F., 275

virtual electron-positron pair, 138-140
virtual photoen, 67, 256

von Neumana, J., 106

w

Waerden, B. L. van der, 79-80
Waerden equation; see two-component
wave equation
Walker, W. D., 267
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